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Abstract

We expand the applicability of an a posteriori parameter choice strategy for Tikhonov regular-
ization of the nonlinear ill-posed problem presented in Jin and Hou (Numer Math 83:139-159,
1999) by weakening the conditions needed in Jin and Hou [13]. Using a center-type Lips-
chitz condition instead of a Lipschitz-type condition used in Jin and Hou [13], Scherzer et
al. (STAM J Numer Anal 30:1796-1838, 1993), we obtain a tighter convergence analysis.
Numerical examples are presented to show that our results apply but earlier ones do not apply
to solve equations.
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1 Introduction

Jin and Hou [13] considered an a posteriori parameter choice strategy for Tikhonov regular-
ization [6—-10,14,18-21] of the nonlinear ill-posed problem

F(x) =y. (I.1)

Here F : D(F) € X — Y is a weakly continuous and Fréchet differentiable nonlinear
operator between the Hilbert spaces X and Y. It is assumed that y € R(F), the range of F
and that the available data is y® with

Iy® = yll < 6.

Recall that, in Tikhonov regularization for solving the problem (1.1), the solution xi of
the minimization problem

min_{|F(x) — y*|* + allx — xol%} (1.2)
xeD(F)

is used to approximate the xp-minimal norm solution (shortly, xo-MNS) of the problem
(1.1), where @ > 0 is the regularization parameter and xo € D(F) is an a priori guess of the
X0-MNS £ of the problem (1.1), i.e.,

F&) =y, [IXx—xoll= min {llx —xol : F(x) =y}
xeD(F)

It is known [9,13] that the regularization parameter « affects not only the convergence
of xg but also the rates of convergence and hence the choice of the regularization parameter
is crucial. Many discrepancy principles are considered in the literature for choosing the
parameter o (see [8,11-13,17-19]). In [13], the following discripancy principle (developed by
Gfrere in [8] for linear ill-posed problems) has been considered for choosing the regularization
parameter o.

Rule 1 Letc¢ > 1 be a given constant and xg € D(F).

1. If | F(xo) — Y0 < ¢82, then choose o = 00, i.e., take xq as approximation;
2. If || F(xg) — y5|| > ¢82, then choose & := «(8) be the root of the equation

fle) == a(F(x2) =y, (@l + F' (O F GO (F(d) —y)) =es* (1.3)

where F’(x) denotes the Fréchet derivative of F at point x € D(F) and F’(x)* denote
the adjoint of F’(x).

This rule was considered in [19] under a series of restrictive conditions on F (see the
assumptions (10)-(14) and (93)—(98) in [19]). In [13], Jin and Hou considered Rule 1 under
the following weaker and more easier to check conditions.

Assumption 1.1 Let X be an xo-MNS of the problem (1.1) such that there exists a number
p > 3|lxo — x| such that B(x, p) C D(F) and there exists a constant K such that, for all
x,z € B(x, p) and v € X, there exists k(x, z, v) € X such that

[F'(x) = F'(2)]v = F'(9)k(x, z, )
and
lkCx, z, V)]l < Kollx — zll[lv]l.
Further, it is assumed that there exist v > 0 and an element w € N (F'(%))1 C X such that

xo— %= (FR)F ) o. (1.4)
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In this paper, we further weaken the above assumption and the assumption (12) in [19]
with the following assumptions.

Assumption 1.2 Suppose that there exist constants Ly > 0, Lg > 0 such that, for all x €
B(xp,r) € D and w € X, there exists ¢(x, xo, w), ¢1(x, x0, w) € X such that

L. [F'(x) = F'(x0)]w = F'(x0)¢(x, x0, w), [l¢(x,x0, w)|| < Lollx — xolllw]|
and
2. [F'(x)" = F'(x0)"1F'(xo)w = F'(x0)" F'(x0)@1 (x, x0, w),
llo1(x, x0, w)|| < Lgllx — xoll[lw].

Assumption 1.3 There exists a continuous and strictly monotonically increasing function
@ : (0,a] = (0, 00) with a > || F'(x0) | satisfying the following:

L. lim) @A) = 0;
2. sup,-o 922 < g(a) forall A € (0, al;
3. there exists v € X such that

x0 — £ = (A Ag)v. (1.5)

Remark 1.4 The hypotheses of Assumption 1.1 may not hold or may be very expensive
or impossible to verify in general. In particular, as it is the case for well-posed nonlinear
equations the computation of the Lipschitz constant K¢ even if this constant exists is very
difficult. Moreover, there are classes of operators for which Assumption 1.1 is not satisfied
but the method (1.3) with Rule 1 converges.

In the present paper, we expand the applicability of the method (1.3) with Rule 1 under
less computational cost.

The advantages of the new approach are:

1. Assumption 1.2 is weaker than Assumption 1.1. Notice that there are classes of operators
that satisfy Assumption 1.2 but do not satisfy Assumption 1.1;

2. The computational cost of constant Lg is less than that of constant Ky, even when
Ko = Lo;

3. The sufficient convergence criteria are weaker;

4. The computable error bounds on the distances involved (including L) are less costly
and more precise than the old ones (including Ko);

5. The information on the location of the solution is more precise;

and
6. The convergence domain of the method (1.3) with Rule 1 is larger.

These advantages are also very important in computational mathematics since they provide
under less computational cost a wider choice of initial guesses for the method (1.3) with
Rule 1 and the computation of fewer iterates to achieve a desired error tolerance. Numerical
examples for 1-6 are presented in Sect. 3.

Remark 1.5 Note that the source condition (1.4) involves the Fréchet derivative at the exact
solution x which is unknown in practice. But the source condition (1.5) depends on the
Fréchet derivative of F at xg. It can be seen that the functions

o) =1", A>0,
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forall0 < v <1 and

sy [ D)7 0z,
0, otherwise

for all p > 0 satisfy Assumption 1.3 (see [15]).

Now, we give an example which satisfies Assumption 1.2.

Example 1.6 ([19], Example 2.7) Let F : H'(0, 1) — L?(0, 1) be defined by

1
(Fx)(1) :/ k(t,t)g(tr, x(v))dr, (1.6)
0

where k is continuous and g sufficiently smooth so that F is Fréchet differentiable with
respect to x and

1
F'(x)h(t) =/ k(t, 1)gx(t, x(7))h(r)dT. (1.7)
0

LetN : HY(0,1) = H(0, 1) be defined by (Nx)(¢) = gx (¢, x(¢)). Assume that N is locally
Lipschitz continuous in a neighborhood U (xg) of xg in H L j.e., there exists L = L(U) such
that

l8x (- x()) = gx (X0t = Lllx — xoll 1 (1.8)

for all x € H'. Further, we assume that there exists ¥k > 0 such that (Nxo)(r) =
gx(t,x0(t)) > k forall ¢ € [0, 1]. Then, for all x € B(xo, ﬁ), we have in turn

(N0 = 5 (1.9)
for all ¢ € [0, 1]. Note that
1
/7 /7 _ gx(f’ x(r))
[F'(x)h — F'(x0)h](t) = k(t, 1)gx (T, x0(7) | ————= — 1| h(v)dT
0 8x (7, x0(7))
= F/(xo)q)(x,xg,h), (1.10)
where
[t
o(x, x0, h) = |:gx(f, o) l] h(t).

By (1.8), gx (7, x(7)) is bounded for all x € B(xo, 57) and hence, by the Banach algebra
property [19] of H', there exists a constant K such that

he)
I < Kllge(r.x(1) — g (. =
ot s0, I < Kllge(r. x(0) = g (e st | -5
gehi —h g x() 2 k2
EKLHX—XOHHI\/’ -~ zdtx P ‘7 2
a0y e Tl
< KL|x — xoll max[% i]
= Oll g1 K2
he— 12 2+ Ih)? 1.11
xy lgehs = hs-gu (o xR + 2. (1.1
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The above estimate and the the fact that g, (z, x (7)) is bounded for all x € B(xo, ﬁ) implies
that

lloCx, x0, M1l < Killx — xoll g1l g1,

where K| is independent of x, h € H'. So F satisfies the condition 1 of Assumption 1.2.
To verify 2 of Assumption 1.2 as in [19], we introduce the Neumann operator 8 : H' —
(H')* by

(D.X, D¢)L2 + (x, ¢>L2 = (Nx, ¢>(H])*H1
forall ¢ € H'. Formally, we have 8x = (—A + I)x. Then the dual F’(x)* of F'(x) is given
by
1
Floo'h = 8" g x() / k(e Hh(nydr).
0
Then we have

[F'(x)" = F'(x0)*1F" (xo)h

r 1 1
=87 (g x () —gx(nm(-)))/o k(z, -)(/0 k(-,T)gx(r,XO(r))h(f)dr>dt}

r 1 1 . .
=8 g (. x0()) / k. -)( f k(-,r)gx(r,xo(r))[ig)‘(’x()) - 1]h<r>dr)dt]
L 0 0 &x (-, x0(+)

r 1 1
— 8 gy (o)) /0 K, -)( fo k(-,r)gx(r,xo(r))gol(x,xo,h)dr)dr],

gx(x() 1]h_

w108 %0, k) = [g 0)

As in (1.11), one can prove that
le1(x, x0, M < Kallx — xoll g1 2] g1

A 5 8
for some constant K. Let p := ||xg — X|| < 1 — \/—270 for some ¢y > 0 and let \/—370 +p:=r.

Then, for any & > «p, we have xg € B(xg,r).

The organization of this paper is as follows: Convergence analysis and parameter choice
strategy are discussed in Sect. 2 and Numerical examples are given in Sect. 3.

2 Error analysis

Considering all notations of the Sect. 1, let

\/(Lo + LY +4LoLE — (Lo + LE)
= 2LoLY '

r

Theorem 2.1 Let xg be as in (1.2) and Assumption 1.3 holds. Then

I+Lor( 6
1 (ﬁ +§0(Ol)>,

Py A
llxg — Xl <
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where ¢ = (Lo + L + LoL{r)r.

Proof Let M = fol F'(% + t(x3 — %))dt. Then we have
F(x}) = F(&) = M(x5 — %)
and hence, by (1.2), we have
(AGM +al)(x) — %) = Aj(y° — y) + alxo — £) + (F'(x0)* = F'(x0))(y° — F(x})).
Thus we have

X0 — %= (AfAg +alD) A — ) + alx — &) + Af(Ag — M) (x5 — )]
+(AE Ao+ o) TN (F ()" — F'(x0)")(y° — F(x2))

=51+ 852 + 53 + 84, 2.1)
where
s1:= (A§A0 +aD)TTAFOY —y), s2:= (AfAg 4+ o) la(xg — %),
531 = (A§Ag+al) T Af(Ag — M) (x5 — %)
and
s = (AjAo+ o) (F'(x3)" — F'(x0)")(y° — F(x3)).
Note that
8
lIs1ll < 7 (2.2)
by Assumption 1.3,
Is2ll < ¢(a), (2.3)
by Assumption 1.2,
lIssll < Lorllx) — £ (24)

and

Isall < I(AGA0 + D)™ (F'(x2)* — F'(x)))(3° — y + F(&) — FGO) I
< [(A§ Ao+ aD) N (F'(x3)* = F'(x0)")(y° — y)

+[(A§ Ao +a )T (F/(x)* — F'(x0)*)(F(®) — F(xfi))H
< (A5 A0 + D) o1 (62, x0, y2 — W)

1
+ [(A§A0 + al) T (F (x2)* — F'(x0)%) / F'G 4 t(® — xO)dtx — x0)
0

< I(AGA0 + D)~ Afp1 (x5, x0, y° — W)

1
+ [(A5Ag + a )T (F (x)* — F’(xo)*)/ F'G 4 t(® — x0)dtx — x0)
0

< Ly|Ixd

)
—X0||ﬁ

@ Springer



Expanding the applicability of an a posteriori parameter... 2819

+ H (AA0 +al) " (F'(x2)* — F'(x0)")

1
x / [F'G+ 1 — x3)) — F'(xo) + F' (o) d1 G — x2)
0

F)
< L(’;rﬁ + 1(AG A0 + a ) (F'(x2)* — F'(x0)™)

X F'(x0)p(% + 1(% = x3), x0, & = xg)|
+ (A5 Ao + D)™ (F'(x})* — F'(x0)") F'(x0) (& — x)) ||
< ngri + I(A§ Ao + o)~ F/(x0)* F' (x0)
Ja
X1 (X8, x0, (& +1(& — x8), x0, % — x|
+1(A§Ao + D)™ F (x0)* F' (x0)e1 (x5, x0, & — x)) |

< L= LIk — xolll +1G = x°) — xoll 1§ — 2]
—= =0 \/& 0 o a o
) A b
LI — xolllf — 5]

F) . .
< Lir— 4 L{Lor*| & — x2|| 4+ Lir|% — x2||
o

Ja

8
< LSrﬁ + (LELor? + Lir) |15 — x| 2.5)
The result now follows from (2.1), (2.2), (2.3) and (2.4). This completes the proof. O

In order to show that the method (1.3) has a root, we first show that the functiono — f(«)
is continuous. Observe that, if xg is differentiable with respect to ¢, then

dx?
||X2—Xg|| < sup Ha()/)H|f3—a|-
y €[min{a, B}, max{a, 8}] da

This implies limy g xg = xg. Thus our main aim is to show that xg is differentiable with
respect to «. Note that the minimizer of (1.2) satisfies the equation

F'(xQ)*(F(x3) — ¥°) + a(xg — x0) = 0. (2.6)
The formal differentiation of (2.6) with respect to « yields
dx? dx? dx?
F’(xé)*F’(xi)d—; + (F'(x9)" (F(x2) — y%) T ta— = —(x5—x0) (2.7
or, equivalently,
dxg 1o SNkl 8 PRI s S\v—1,.8
b= el + FO) FlOg) + (F/ () (Fg) = y") g —x0) - (28)
if the operator
(@l + F'(x2)* F'(x2) + (F' )" (F(x}) — y)) 2.9)

is invertible. Note that the operator (2.9) is invertible (see [19]) if the bilinear form
a(x, x) + (F'(x0)x, F'(x0)x) 4+ (F(x)) — y°, F"(x))(x, x)) (2.10)

is elliptic.
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2820 1. K. Argyros et al.

Now, we prove that the bilinear form (2.10) is elliptic.
Lemma 2.2 The bilinear form (2.10) is elliptic. Further, if Lo(Lo + 1)r < 1, then
(el + F'(xg)*F'(0xg) + (F'(x)™) (F (xg) = y*) ™'l = é
Proof Observe that
F'(x$ +tx) — F'(x%)

F/ () (x, x) = lim

t
~lim F'(x3 4+ tx) — F'(x0) + F'(x0) — F'(x3)
t—0 t
. F'(x) (xS + tx, x0, x) — @(x, x0, X)]
= lim
t—0 t
. F'(x0)p (xS + tx, x5, x)
t—0 t
and so
‘(F(x:i) =Y F () (x, x)>‘
F/ 5 t , 5’
= lim <F(x§) -, (x0)¢ (g + 13, Xg x)>
t—0 t
i | o) — 0, G0 = F'(x) + F' ()@ (xd + 1x, x5, %)
t—0 o Yo t
. (x(),x‘s, <p(x8 + tx,x‘s,x))
=1 F 8\ F 8y _ 0 ¢ 3 o o
Jim < (X)) [F(xg) — ¥°1, ;

. <,0(x5 +tx,x‘s,x)
+ lim KF’(x:i)*[F(x:i) — )Y, e e T

= lim o <x§ — X0, LA Hx’xg’x))ﬂ
t—0 t
. s (,o(x‘s +tx,x5,x)
+ lim « X, — X0, RAC A R e
t—0 t
< aLo(Lo+ Dlx} — xolllx]1%. (2.11)

This implies the bilinear form is elliptic. Again, by (2.11), we have
(F ) = ¥ /(e (x, )| < aellx]”.
Therefore, we have (see [19])
1

@l + F'(3)*F'(x3) + (F'(x3)" (F(x3) — ¥y~ M < -

This completes the proof. O

Lemma 2.3 Let y° be fixed, ¢ > 2 and a := ”;(/)2_;'1'282. Suppose that the assumptions in

Lemma 2.2 holds. Then f : (a, 00) — R is continuous. For any a > a sufficiently small,

flo) < 8.
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Moreover, we have
lim f(a) = |[F(xo) — y°|.
o—> 00

Proof Note that

i -xfls s ~al
y €[min{e, B}, max{a. B}]
1
< — X — .
= hinw ,3}” olllf —«l

This implies || F(xg) — F(xg) | = 0 as o — B and so the function f is continuous. The
rest of the proof follows as in Lemma 3.8 in [19]. This completes the proof. O

Lemma2.4 Let x (1) := Ao~ L (V). If a is chosen according to the method (1.3), then
az=¢ ' x7N(CH),
Je- gy

(Lgr+12
1—q

where C =

Proof Observe that
Vb = |Wa(AgAf + o)™ A(F () — v
< IVa(AgAY +a D) EHF () — F(R)I + 6

1
< “J&(AOA$+a1)_1/2/ [F'(% + (x5 — %))
0

—F'(x0) + F'(x0)ld1 (x} — %)

1
< "ﬁ(A0A3+aI)_I/2AO[/ @& +1(xd — %), x0, x — ®)dt
0

+(x§—a2)]H+s

< Va(Lor + Dlxd — %] +8

< Jeor 17 (LO’“) <—+ <a)) 2.12)

e

Thus we have

Lor + 1)? L 1
(ﬁ—i( °lr_+q) —1> 5 < Lort - Y Jap.

This completes the proof. O

Theorem 2.5 If « is chosen according to the method (1.3) and x ~'(c)) = x "(©)x "' (M),
then we have

Ixd — %1 = 0(x ' 5)).
Proof Let

F(xQ)*(F(x)) — ¥°) + a(xg — x0) = 0.
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Then we have

o=

X3 =% = (AfA0+al)Ta(xo — &) — (AFAg +al) " (s +14),

where
ro = (F'(x))* — F'(x0)*)(F(x}) — y°)
and
so = F'(x0)* [F(x0) — y = F'(x0)(x) — x0)].
Note that
[a(A§A) +al) ™" —ag(A§Ag +aol) (xg — %) = I} + L + L,

where

I = (1 - %)(ASAO +agD)TTAG(F () — ¥,

L = <1 - %)(ASAO +aoD) TTAF[Ap (xS — %) — (F(x3) — )]
and

— o * —1 4% * -1 ~ ) ~
I3 = (1 — ;)(AOAO +oaol)” AgAola(AgAg +al)™ (xo — x) — (x5, — X)].
Observe that
1
I < 1/2 A*A I 71/2 F 8 _ 8 ,
|I1|I_TOTO||01 (AgAo +al)” "7 (F(xy) — ¥

L] < [(A§A0 + aol) T A§[Ao(xd — %) — (F(x0) — F(®) +y — y)]I|
< I(AGA0 + oo D) T AG[ Ao (xS — &) — (F(x)) — F(®)|
+ (A A0 + o) AG(y — YOI

1
< [[(AjA0 + a0 D)1 A fo [Ag — F'(R +1(x] — £)1dt(x} — %)

+1(A§ Ao + aoD) T AF(y — ¥O)I

1
)
< [ (AjAo +oz01)_1A*A0/ P& +1(x3 = %), x0, x5 — %) | + —
0 0 0 o o «/OTO
< Lorllxd — ] + ——
< Lor|lx, oo
1151l = I1(A§A0 + D) (5o + ra)l, (2.13)

where
sa = AG(F(x3) — y° — Ao(xg — %),
re = (F'(x3)* — AD(F(x3) — ¥,
1(A§A0 + D) sall = [I(A§Ao + o) AG(F(x)) — F(&) — Ao(x — B)|
T IAS Ao+ al) ™ ARGy — D) < Lorllxd — &1+ =
Ja
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and
I(A§Ag + al) ' rgll = [(A§ Ao + D)~ (F'(x3)* — AD(F(xS) — ¥
= S4

8
< Lir— + (L{Lor* + Lin)|If — x|
Ve ¢

Thus we have
" P SN 8 8
[1 —(Q2Lo+ Ly)r + LoLyr)]llx, — x| < 070 + ¢(ap) + 070
+lle2(A§ A0 +aD)TVA(F ) — yO)

) )
< We+D—+g(ag) + —
o7} o
)
< (We+2)— + ¢(ap)
Qg

)
< We+2) <070 + <ﬂ(ao)>- (2.14)

Thus the result follows by choosing ag = ¢! x ~1(C8), where C is as in Lemma 2.2. This
completes the proof. m}

Remark 2.6 Let us denote by g, ¢ the crucial constants obtained in the convergence analysis
in [13] obtained using Assumption 1.1 instead of Assumption 1.2 (with K¢ replacing Lo and
L{). Then, we have

g—)0,

q

Lo LE .
— 0 as — — 0, — — 0, respectively.
0 Ko

oo

These estimates show by how many times our new estimates can be better than the ones in
[13]. A similar favorable comparison can be given using the rest of the constants introduced
in our convergence analysis. The rest of the advantages of our approach have already been
stated in the Abstract and the Introduction of this paper.

3 Numerical examples

In the next two cases, we present examples for nonlinear equations where Assumption 1.2 is
satisfied but not Assumption 1.1.

Example 3.1 Let X =Y =R, D = [0, 00), xo = | and define a function F on D by

ol+t
F(x) = —7 tcax+o, 3.D
14+ =

L

where ¢y, ¢y are real parameters and i > 2 is an integer. Then F’(x) = x4 ¢ isnot Lips-
chitz on D. Hence Assumption 1.1 is not satisfied. However, the central Lipschitz condition
in Assumption 1.2 holds for Ko = 1. Indeed, we have
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2824 1. K. Argyros et al.

L
IF' (x) — F'(xo)l| = ¥/ = xy/"|
|x — xol

xo +...+xl

and so
I F'(x) — F'(x0)|| < Kolx — xol.

Example 3.2 We consider the integral equations

b
u(s) = f(s)+)\/ G(s, Hu()' " dr (3.2)

foreach n € N. Here f is a given continuous function satisfying f(s) > Oforany s € [a, b],
A is a real number and the kernel G is continuous and positive in [a, b] X [a, b].

For example, when G (s, t) is the Green kernel, the corresponding integral equation is
equivalent to the boundary value problem

u =)\u1+]/n,
{u(a) = f(@), u) = f®).

These type of problems have been considered in [1-5]. The equation of the form (3.2)
generalize equations of the form

b
u(s) = / G(s, Hu()"dt 3.3)
a
studied in [1-5]. Instead of (3.2), we can try to solve the equation F'(u) = 0, where
F:QCCla,b] — Cla,b],2 ={u € Cla,b] : u(s) >0,s € la, bl},

and
b
Fw)(s) =u(s) — f(s) — A/ G(s, t)u(t)l+l/”d[_

The norm we consider is the max-norm. The derivative F’ is given by

b
F (w)v(s) = v(s) — A (l + %) / G(s, t)”(t)l/”v(t)dl

forall v € Q.

First of all, we notice that F’ does not satisfy a Lipschitz-type condition in 2. Let us
consider, for instance, [a, b] = [0, 1], G(s,t) = 1 and y(¢t) = 0. Then F'(y)v(s) = v(s)
and

1 b
IF'(x) — F'(y)|l = [Al (1 + ;)f x(n'dr.

a

If F’ were a Lipschitz function, then we have
I F'(x) = F'()Il < Lillx — yll,

or, equivalently, the inequality

1
/ x(O)Y"dt < Ly max x(s) (3.4)
0 x€[0,1]
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would hold for all x € © and for a constant L,. But this is not true. Consider, for example,
the functions

t
xj(f)=;

foreach j > 1andt € [0, 1].
If these are substituted into (3.4), then we have

b JVr < Ly 4+ 1/n)

U4+ 1/n) = j B
foreach j > 1. This inequality is not true when j — oo. Therefore, the condition (3.4) is not
satisfied in this case. Hence Assumption 1.1 is not satisfied. However, the central Lischitz
condition in Assumption 1.2 holds. To show this, let xo(t) = f(t), y = minse[q,p] f(s) and
a > 0. Then, for any v € 2, we have

b
)max / G(s, (O = F(O)V/™)u(t)dr

1
ILF/ @) = F'eo)toll = (14 ) max

n

1
< |x|<1 + f) max G (s, 1),
n/ sela,b]

where

G, Dlx@) = f(0)l
x()=D/n L x()n=2/n f()l/n 4 ... 4 f(r)r=D/n

Gn(s, 1) = lvll.

Hence we have

A1+ 1 b
I[F'(x) — F'(xo)]v]| _ A+ 1/m x/ G(s, t)dt||x — xo|

y@=D/n " sefab] J,
< Kollx = xol,

where

a1 ’
Ko — MN, N = max / G(s,1)dt.
y(n—l)/n sela,b] J,

Then Assumption 1.2 holds for sufficiently small A.
In the last example, we show that % can be arbitrarily large in certain nonlinear equation.
Example 3.3 Let X = D(F) = R, xo = 0 and define a function ¥ on D(F) by
F(x) = dox + dy + dy sin e, 3.5)

where d; for eachi = 0, 1, 2, 3 are given parameters. Then it can easily be seen that, for d3
sufficiently large and d5 sufficiently small, % can be arbitrarily large.
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