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ABSTRACT

The convergence set for Newton’s method is small in general
using Lipschitz-type conditions. A center-Lipschitz-type condi-
tion is used to determine a subset of the convergence set
containing the Newton iterates. The rest of the Lipschitz
parameters and functions are then defined based on this sub-
set instead of the usual convergence set. This way the result-
ing parameters and functions are more accurate than in
earlier works leading to weaker sufficient semi-local conver-
gence criteria. The novelty of the paper lies in the observation
that the new Lipschitz-type functions are special cases of the
ones given in earlier works. Therefore, no additional computa-
tional effort is required to obtain the new results. The results

ARTICLE HISTORY
Received 22 November 2015
Revised 31 July 2017
Accepted 27 November 2018

KEYWORDS

Banach space; Kantorovich
hypothesis; Newton’s
method; restricted domains;
semi-local convergence

AMS SUBJECT
CLASSIFICATION
47H17; 49M15;
49J53; 65G99

are applied to solve Hammerstein nonlinear integral equations
of Chandrasekhar type in cases not covered by earlier works.

1. Introduction

We are seeking solutions x* of equation

F(x) =0, (1.1)
where : Q C B; — B,. is a differentiable operator in the sense of Fréchet,
Bi, B, are Banach spaces and Q is a convex set.

A plethora of problems in optimization, control theory, signal and image
processing, inverse and ill-posed, least squares, mathematical physics, math-
ematical chemistry, mathematical biology, mathematical economics and
also problems in engineering can be written like Equation (1.1) using
mathematical modeling [1-9, 13, 15, 16]. The solution methods for solving
(1.1) are usually iterative since closed form solutions although desirable can

be derived only in some cases. The celebrated Newton’s method
Xni1 = Xu—F(xs) "'F(xy) (1.2)

has been utilized by numerous authors to generate a sequence {x,}
approximating x* [1-27]. Here F'(x) € ¢(By, B;) stands for the space of all
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bounded linear operators from B; to B, and F'(x) denotes the derivative of
operator F(x) in the sense of Fréche [4, 7, 16, 21].

Using Kantorovich-like conditions, Rheinboldt [23] presented a convergence
theorem for Newton’s method. Later an improved result was given by Dennis
n [12], Deuflhard and Heindl in [14], Potra in [20, 21].

Miel [17, 18] improved the error estimates given by Rheinboldt [23].
Under stronger conditions than those of Rheinboldt, Moret [19] not only
obtained a convergence theorem and error estimates for Newton’s method
but also, using a numerical example showed that his estimates are sharper
than those of Miel. But, no proof was given in [19]. Yamamoto in [26] pre-
sented a method for finding error estimates under Dennis conditions and
showed that the estimates obtained extend those of Rheinboldt, Dennis and
Miel and reduce to Moret’s estimates if we replace the conditions by his
strong conditions. It was also shown that Moret’s results can be derived
from Rheinboldt’s. Related works can be found in Zabrejko and Nguen
[27]; Amat et al. [1], Hernandez et al. [15] Proinov [22], Nashed [27], Chen
[10], Chen and Yamamoto [11] where the method of recurrent relations
was used. Argyros et al. [2-7] using the technique of recurrent functions
presented a unified convergence theory with the following improvements
denoted by (A): weaker sufficient semi-local convergence conditions, more
precise error estimates on the distances ||x,41—xy||, |[x,—x"||, (n > 0),
and an at least as tight information on the location of the solution. The
above improvements are obtained while using the needed center-Lipschitz
instead of the Lipschitz condition commonly used for the derivation of the
upper estimates on the norms ||F(x,) ' F'(xo)|| (n > 0). This modification
leads to more precise majorizing sequences, which in turn result
weaker sufficient convergence conditions in most interesting cases (see also
Section 4).

The Kantorovich theory is a powerful tool for studying equations. Many
papers have been written in this area providing local and semi-local con-
vergence results for Newton-type methods. The convergence criteria are
sufficient but not necessary and the convergence domain is small in gen-
eral. Therefore, it is important to extend the convergence domain without
additional conditions and also provide new insight into iterative methods.
In particular, in the present paper, we extend the applicability of Newton’s
method even further than in the preceding works using more precise
domains containing the iterates x, leading to smaller Lipschitz conditions
which finally lead to a finer convergence analysis for this method. The nov-
elty of the paper lies in the fact that the improved results are obtained
under the same computational effort as in the preceding studies. Indeed, in
practice we utilize Lipschitz functions which are tighter and special cases of
the functions appeared in the works mentioned previously (see also the
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Remarks and the Examples). This approach can be utilized to extend the
applicability of other iterative methods using inverses

The rest of the paper is structured as follows: Sections 2 and 3 contain
the semi-local convergence of Newton’s method. Special cases and applica-
tions are given in Section 4 to show that our results can apply to solve
equations, where earlier ones cannot.

2. Semi-local convergence analysis

Let U(v,p), U(v,p) stand, respectively for the open and closed balls in B,
with center v € B; and of radius p>0. Let also xo € D,R>0 and K:
[0,R] — Rso,L:[0,R] = Rx0,L; : [0,R] > Rsp be continuous non-
negative and non-decreasing functions. Suppose that F/(xo)~" € £(By,B;).
Moreover, suppose that there exists 7 > 0 such that

|IF'(x0) " F(x0)]] < 1. (2.1)

Furthermore, we define functions ¢,y and ¥, on the interval [0, R] by
t

o(t) = n—t + J K(s)(t—s)ds

Y(t) =n—t+ Jt L(s)(t—s)ds

and

Define
Ry :=sup{t € [0,R) : ¢/(t) < 1}. (2.2)
Suppose that: the center-Lipschitzian condition holds for each
r€[0,Rl,u € U:=U(xp,r)ND
||F'(x0) ™" (F' () —F (x0)) || < K(r)|[u—x0]l; (2.3)
the Lipschitzian condition holds for each r€[0,Rl,u,ve Uy=
U(y,r) N U(x0,Ro) ND
1P (x0) ™ (F () =F (9) ] < L(r) Ju—v] (2.4
and the Lipschitzian condition holds for each r € [0,R], u,v € U.
|[F'(x0) " (F' (1) =F (v))|| < Ly(r)||u—v|]. (2.5)

We have by (2.3) and (2.5) that
K(r) < Li(r) (2.6)

and by (2.4) and (2.5)
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L(r) < Ly(r), (2.7)

since Uy C U. Moreover the ratio % can be arbitrarily large [2-7].

The semi-local convergence results for Newton’s method in the literature
(with the exception of our works that are based on (2.3) and (2.5)) have
used only (2.5) [8-27]. Notice that (2.5) implies (2.3) or (2.4) but not
necessarily vice versa. In the present study we use (2.3) and (2.4). This way
we obtain smaller than L; functions K and L leading to the advantages (.A)
of the new semi-local convergence analysis for Newton’s method.

Define scalar sequences {r,}, {s,} and {¢,} by

ro =0, rn =n,
_ @(n)=e(r)—=¢'(r0)(n—10)
rp=r- )
@'(r1)
_ lp(”n)_lp(rnfl)_lpl(rnfl)(rn_rnfl)
ng1 = I'n—
' (rn)
so =0, Spy1 = sp— tﬁ/(sn)
(sn)

to=0, tyr1 = ty— iig:; . (2.8)

Suppose that sequences {r,}, {s,} and {#,} are convergent under some
conditions and

VB ()= () (B—a) _  Y()
@' (B) = V() 29)
for each a, 8,y € [0, Ro] with o < <y and
Q) o V1(9) (2.10)

Vo) )
for each 7,0 € [0,Ro] with y < J. Then, a simple inductive argument shows
that:

"n < Su, (2.11)
Tno1—Tn < Spy1—Sp, and r* := lim r, < s* := lim s, (2.12)
n—odo n—oo
if (2.9) holds and
Sp < ty, (2.13)
Spr1—Sn < tpp1—ty, and s* = lim s, < t* := lim t,, (2.14)
n—oo n—oo

if (2.10) holds. Inequalities (2.11), (2.13) are strict for n = 2,3, ... and first
inequalities in (2.12) and (2.14) for n = 1,2, .... These results indicate that,
if sequence {r,} or sequence {s,} is found to be majorizing for Newton’s
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method, then the earlier results using {#,} as majorizing sequence are
improved under the same computational cost, since in practice the compu-
tation of function L, requires the computation of K or L as special cases.

Let F : D — B, be m— times differentiable in the sense of Fréchet. Then,
for any u,v € D and any integer 4 =0, 1,2, ...,m, we can write

4 (v—u)k
T(F;u,v) = F(v)= ) DF(u) ==
k=0 ’

for the remainder of the Taylor expansion of F to order A, centered at x
and evaluated at v. It is well known that, if 2 4+ 1 < m and, if the segment
[u,v] C D, then

(v—w)’

T,(F;u,v) = J FUD () dw.

" 2

Next, we state the main semi-local convergence result for Newton’s
method using the preceding notation.

Theorem 2.1. Let F: D C B; — B, be a differentiable operator in the sense
of Fréchet, and let xy € D be such that F'(xo)~" € (By, B;). Suppose: func-
tion \ defined by (2.1) has a unique zero s_ in the interval [0,Ry),
U(xo,Ro) € D, Y(Ry) < 0, K(t) < L(t),t € [0,Ry], where R, is defined in
(2.2); conditions (2.2) and (2.3) hold. Then, the following assertions hold.

(a)  The scalar sequence {s,} generated by (2.8) is well defined, remains in
[0,s_] and nondecreasingly convergent to s_.

(b) The sequence {x,} generated by Newton’s method is well defined,
remains in U(xy,s_) and converges to a unique solution x* of equation
F(x) = 0 in U(xg, Ry). Moreover, the following error bounds hold

||-xn+1 _xn” < Sn+1—Sn (215)
and

[, —x"|] < s_—sp. (2.16)

Proof.
(a) Notice that /" > 0. Then, the proof is standard [27].
(b)  We shall show using induction that (2.15) holds. If n = 0, (2.15) holds
by (2.1), since

|lx1=20]| = ||F (x0) "' F(x0)|| < 11 = s1—50.

Suppose that (2.15) holds for all integers k smaller or equal to n. Using
the induction hypothesis, we get that
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k—

k-1
| ee—2o]| = Z |1 =i | < Z (Sit1 — Si) = Sk—So = Sk < s—.
i=0 i=0
Then, by (2.3) we get that

[1F'(x0) ™" (F'(xa) = F (x0)) | < 1+ ¢/ ([ |xi=o]l) 2.17)
<1+ ¢'(s) <1. '

It follows from (2.17) and the Banach lemma on invertible operators [7,
16, 20, 21] that F'(x;)~' € ¢(B,,B;) and
1

[1F (xie) ™ F (o)l < 17— [1F (x0) ™" (F (x) — F'(x0))]]
! 1
) < o (2.18)
1
Ve

Hence, x4 is well defined. Using the Taylor expansion of F at x;_; and
the definition of x; we can write

F(x) = F(Xpq1) + F (1) (xk—2k—1) + T1(F; %1, Xx) = T1(F; X1, %)
(2.19)

Then, by (2.19) the first Lemma in [27], the definition of s; and the
induction hypothesis estimate ||xx—xx_1|| < sk—sk—1, we have in turn

1y (F (x0) Pt )| < Ta(Wsseer,s0)

= ‘P(Sk)—lp(sk—l) (2.20)
— ' (Sk—1) (Sk—Sk—1)
= ¥(s0):
That is we have
|[F' (x0) " F (i) || < o (sk)- (2.21)

Then, in view of (2.18) and (2.21) we get that
[16k1 =l | < [[F (k) " F () [ [ F' (x0) ™" F(xe) |

¥ (sk) o (2.22)

= Sk+1—Sk-

V' (s)

The induction for estimate (2.15) is complete. It follows from (2.22) that
{xx} is a complete sequence in a Banach space B, and such it converges to
some x* € U(xg,s_) (U(xo,s—) is a closed). If k — oo in (2.21), we deduce

that F(x*) = 0. Estimate (2.16) follows from (2.15) by using standard majo-
rizing techniques (2, 4, 7, 16, 23]. Finally, to show the uniqueness part, let
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y* be a solution of equation F(x) = 0 in U(xq, Ro) and let g = W <1.
Using induction we shall show

1% —y*|| < ¢* (Ro—sk) (2.23)

leading to x* = y*, since we showed limy_,, xx = x*. Estimate (2.23) is true
for n = 0. Suppose that it holds for all integer up to k. We get in turn as
in (2.20) that (since /" = L)

12 (F (o) ™ Pyt x°) 1| < T(W s s+ | ¥ = )

skt o=y | .
— J ' (s) (sk + ka—y*||—s)ds

Sk

Ry
< [ e Re-9as
- ok+1 ‘

=q (Y(Ro)—=¥(sk)—V'(st)(Ro—sk)).  (2.24)
Using (2.18) and (2.24), we conclude that
e Y (Ro) =W (sk) =¥ (sk) (Ro—s)
W' (sx) '
But, by hypothesis y/(Ry) < 0, (2.25) yields (2.23). 0

1=y < —q (2.25)

The uniqueness part can be extended as follows:

Proposition 2.2. Under the hypotheses of Theorem 2.1 further assume that
there exists R; € [0, Ro] such that

1
J ¢@(Ry + (1—t)R;)dt <1, and U(xo,R;) C D, (2.26)
0

then, the point x* is the unique solution of equation F(x) = 0 in U(xo,R;).

Proof. Let y* be a solution of equation F(x) = 0 in U(xo,R;). Define M =
fol F'(x* + 0(y*—x*))d0. Then, as in (2.17), we get by (2.26) that

1
||F'(x0) ™" (M—F'(x0))|| < J @(Ro 4+ (1—t)Ry)dt < 1. (2.27)
0
It follows from (2.27) that M~! € ¢(B,,B;). Then, by the identity 0 =
F(y*)—F(x*) = M(y*—x*), we conclude that x* = y*. O
Remark 2.3.

(@) If K=L =1L;, then Theorem 2.1 reduces to the corresponding one in
[27]. Moreover, if Ly < L;, then Theorem 2.1 reduces to our earlier
results [2-7]. However, if
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K<L<IL, (2.28)

then the new results improve the older ones. In particular, under the
hypotheses of Theorem 2.1: if (2.9) holds then sequence {r,} can replace
sequence {s,} in Theorem 2.1 (see also (2.13) and (2.14)). If (2.10)
holds and the hypotheses of Theorem 2.1 hold with R,L; replacing
Ry, L, respectively (ie., the hypotheses of Theorem 2.4 in [27]) in
Theorem 2.1, then we have the advantages (A) and (2.11)-(2.14).
Notice, however, that a direct study of the convergence of scalar sequen-
ces {ry} and {s,} can lead to even weaker convergence criteria (see
Section 4.). Concluding and in view of the estimate ¢(t*) < y(t*) <
Y, (") = 0, we see that the results in [27] always imply our results but
not necessarily vice versa.

(b) The radius R can be chosen such that R=R0 or by R =sup{t>0:
U(xo,t) C D} or some other way.

3. Semi-local convergence for m > 2

We suppose again that condition (2.3) holds in this section, so we can
define R, and keep the Newton iterates {x,} in U. Moreover, suppose that
for each i = 2,3, ..., m there exist

¢ > ||F (x0)""F (x0) | (3.1)
and a continuous non-negative and non-decreasing function L,, : [0, R] —
R>( satisfying

1F (o)™ (F (1) = F ™ () )| <Lon(r) [
for each r € [0,R] and u,v € Uy. (3.2)

Furthermore, define function g, on the interval [0, R] by

t? o (t—s)™
gm(t) =n—t+ czi—k et cmﬁ—k L Lm(s)Tds.

Finally, suppose that
1

1
WIOREA0

Define, scalar sequence {s,} by

for each t € [0, R]. (3.3)

_ &m(Sn)
&(sn)
Then, we can show the following semi-local convergence result for

Newton’s method.

(3.4)

So =0, Sy41 =Sy
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Theorem 3.1. Let F : D C By — B, be a m—times differentiable operator in
the sense of Fréchet for m > 2, and let xo € D be such that F'(x,) ' €
¢(By, By). Suppose that: hypotheses (2.3), (3.1), (3.2) and (3.3) hold; function
gm has a unique zero s_ in the interval [0,Ry), U(xo,Ry) € D and gn(Ry) <
0. Then, the following assertions hold.

(@)  The scalar sequence {s,} defined by (3.4) is non-decreasingly convergent

tos_.
(b) The sequence {x,} generated by Newton’s method is well defined,
remains in U(xg,s_) for each n =0,1,2,... and converges to a unique

solution x* of equation F(x) = 0 in U(xo,R). Moreover, the following
error bounds hold

| |xn+1 _xn| | < Spp1—Sn
and

[l —x"|] < s_—sp.
Proof. Define function L by

Lit)=g /() =ca+ ... +cm——+ | Lun(s) ds

m! 0 (m —2)!
and t, = ||u—xo||. We shall show that the hypotheses of Theorem 2.1 are
satisfied with (f) = g,(t). We have again by the first Lemma in [27]
applied to FU"~1 that

I o) () o)) = [ (o)

e Case m = 2. We have

T (F(x0) "0, 1) = F(x0) ™ (F"(1)=F' ().

Then, its norm is bounded above by fot“ Ly(s)ds = Ty—2(g,,7; 0, ty).

e Case m > 3. The integral form of the Taylor remainder of F” to order
m - 3 yields to

/ —1p, _ ! —1p, _(m) (u_xo)m—Z
Tm—2 F(x()) F yXo, U) = 1y—3 F(Xo) F X0, U F (.X()) (m—2)|
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SO

to—t
(o) 0 )l € L)
= 1lm-2 (g:n/; 0, tu)

leading to
(i-2

m
_ f
|| Ton—2 (F'(x0) IF”;XOM)H < €
(i—2)!
i— :

+ TmfZ(g;/;; 0,t) = g;:q(tu)'
O

If we take the limit of the previous result when m approaches infinity, we
obtain the following result.

Proposition 3.2. Let F: D C By — B, be a co—times differentiable operator
in the sense of Fréchet and let xo € D be such that F'(xo)"' € {(By,B).
Define function g, : [0,Ro] — Rxo by

o) i

goo(t) = n—t+ZC,~E.

i=2

Suppose that (2.3), (3.1), (3.2), (3.3) hold (with g,, replaced by g,), func-
tion g is well defined and has a unique zero s_ in the interval
[0,Ry), U(xo,Ry) C D and g.(Ry) < 0. Then, the following assertions hold.

(a)  The scalar sequence {s,} defined by
8o ($n)

&ho(sn)’

o =0, Syy1 = S—

is well defined, remains in [0,s_] and is nondecreasingly convergent
tos_.

(b) The sequence {x,} generated by Newton’s method is well defined,
remains in U(xo,s_) for each n=10,1,2,... and converges to a unique
solution x* of equation F(x) = 0 in U(xo,R). Moreover, the following
error bounds hold

||xn+1_xn|| < Sut1—Sn

and
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|2, —x" || < s_—sp.

Proof. Define again function L by L(t) = g/ /(¢). Using the Taylor expan-
sion of F” at x,, we get for each x € U

[|F' (x0) " F" ()] < L(||x—2o]|)- (3.5)
Hence, the hypotheses of Theorem 2.1 hold with ¥/(t) = g (¢). 0

Remarks analogous to Remark 2.3 can be made for the results of this
section (see also Section 4).

4. Special cases and examples

Case 4.1 m=2 (a) Let K, L and L, be constant functions. Then, the con-
vergence conditions of Theorem 2.1 become:

1
h=1Ly< 3 (4.1)
which is weaker than the celebrated Newton-Kantorovich condition [12]
1
hy =Lin < 7 (4.2)
Notice that
1 1
h <-==h<-. (4.3)
2 2

The convergence is not true unless, if L = L;. The corresponding majo-
rizing sequences are:

L rn—ro 2
ro=0,r=nnrn=rn +ﬁ7
- 1
’ — L(rn+l_rn>2
n+2 — 'n41 2<1 — Krn+1)
L(sn—sn_1)2

=0 =
So »Sut1 = Sy + 2(1=Lsy)

and
Ll(tn_tn—l)2
2(1 — Lyt,)
Notice that {r,} is a majorizing sequence provided that (4.1) holds and
L < K, whereas the other two are majorizing sequences provided that (4.1)

and (4.2) hold, respectively. Then, the analogous to (2.9) and (2.10) condi-
tions for (2.11)-(2.14) to hold are respectively

t() - O,tn+1 - tn +
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L<K (4.4)
and
L<IL; (4.5)

(see also the numerical examples). Finally, notice that a direct study for the
convergence of these sequences yields even weaker sufficient semi-local
convergence conditions in this case (see [5-7]).

e Case m = 0o Let g, be a rational function with numerator of degree 2
and denominator of degree 1. Suppose there exists y, > 0 such that

F'(%0)~ 1F“< Xo)

70 2 |l H_
for each i > 2 and let ¢; = iy} !, so that g.o(t) = n—t + {2 . Set g =
nYo- Then, according to Proposition 3.2 we should have
1
Ry < —
Yo
and
to =y < 3—2v/2. (4.6)
The corresponding «— conditions given by Smale [24] are:
1
R< —
Yo

and (4.6). Therefore, the new conditions are weaker, since Ry < R.
e Case m =2 (b) Wang’s condition [25] is given by

2
|[F' (x0) " 'F"(u)]] < yl sforeach u € U
(1=71[u=2xol])

and some 7y, > 0. But in our case the condition is

2
||F'(x0) "' F"(u)]] < —y3 for each u e U
(1=[[u=xol[)
and some y > 0. Then, again we have:
Y S Y1

whereas the corresponding a— convergence criteria are
% =7yn <3-2V2
o=yn< 3-2V/2.
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Notice that:
o < 3-2V2 == o < 3-2V2.

The convergence is not true unless, if y =7,. Let us define sequence

{un} by

Sp—S_

Uu, = .
Sn = S+

Then, it is simple algebra to show that

o 8l
- ST g s 1=ysy 2
n+l — - .
st T

Hence, sequence {s,} can be expressed explicitly in terms of «,# and y.

Example 4.1. Let B =B, =R,x) =1,Q = {x: [x—x| < 1-0}, 0 € [0,3),
R =1-0,Ry = 1. Define function F on Q by

F(x) = x—0.
By the hypotheses of Theorem 2.1 we get:
1 1

SO
K<L<L;, and Ry <R,

(4.4) and (4.5) hold as strict inequalities. The Newton-Kantorovich condition
(4.2) is not satisfied, since
4

5(1—0)(2—9) >1land 0 € {0,%). (4.7)

Hence, there is no assurance that Newton’s method (1.2) converges to x* =
V03, for xo = 1. However, our condition (4.1) is satisfied for all 0 € I =
0.4619832,3). Hence, the conclusions of our Theorem 2.1 can apply to solve
equation F(x) = 0 for all 0 € I.

Example 4.2. Assume B, = B, =C[0,1]. Let Q= {z € C[0,1];||z|]| < R},
such that R >0, where ||.|| stands for the norm max. Define F on Q by [14]:

F(z)(s) = z(s)—g(s)—rj G(s,t)z(t)’dt, z € C[o,1],s € [0,1].
0

Here, ¢ € C[0, 1] is a given function, T is a real constant and the kernel G
is the Green’s function

(1—s)t, t<s,

Gls,t) = {s(l—t), s
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Notice that nonlinear integral equation F(z)(s) =0 is of Chandrasekhar
type [9]. Then, F'(z) is a linear operator given for each z € Q, by
1

[F'(2)(v)](s) = v(s)—3rJ G(s, )z(t)*v(t)dt, v e C[0,1],s € [0,1].
0

Let us choose xo(s) = ¢(s) =1 to obtain that ||[I—F'(xo)|| < 3|t|/8, so, if
7| < 8/3, F(xo)” " exists and

||F' (x0)7!]| < 5
— 837’
Notice that
1FGa)l < 9,
-8
SO
n=||F'(xo) 'F(xo)|| < ki )
~ 8 — 3|1

Moreover, for u,v € Q we get

1+ 3J|(||u+v|]) 1+ 6R[1]
I )P 1] < a2 ED gy L ORI
and
1+ 3|z|(JJul] + 1 1+3(1+R)|z
I )P )] < [t AL g gy 233+ R

Let Tt =1.175 and R = 2. Then,we get n = 0.26257...,L; = 2.76875...,K =
1.8875...,% = 0.529801...,L = 1.47314.... Notice that (4.4) and (4.5) are
satisfied as strict inequalities. Finally, we conclude that condition (4.2) is not
satisfied:

h' =1.02688...> 1,

whereas condition (4.1) is satisfied: h' = 0.986217... < 1. Therefore, the
convergence of the Newton’s method is assured by Theorem 2.1.
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