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In this article, a three dimensional finite element (FE) formulation for a multilayered magneto-electro-
elastic (MEE) beam in thermal environment is presented. The equilibrium equations of the system are
attained using the principle of total potential energy and linear coupled constitutive equations of MEE
material. The corresponding FE equations are derived and the numerical evaluation of stepped function-
ally graded (SFG) MEE beam is carried out. The influence of various in-plane and through thickness tem-
perature distributions on the direct quantities (displacements and potentials) and derived quantities
(stresses, electric displacement and magnetic flux density), across the thickness of SFG-MEE cantilever
beam is analyzed. In addition, an attempt has been made to investigate the effect of stacking sequence,
thermo-magnetic and thermo-electric coupling on the direct quantities of the SFG-MEE beam. Further, a
comparative study is made to evaluate the variations of displacements, potentials, electric displacements,
magnetic flux density and stresses at different regions of the beam. It is expected that the results pre-
sented in this article may be useful in the design and analysis of MEE smart structures and sensor
applications.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The development of smart structures made of magneto-electro-
elastic (MEE) materials offers a great potential for their use in
many advanced structural applications. This class of material dis-
plays a unique self responsive and self controllable property. Fur-
ther, the MEE materials exhibit a simultaneous coupling between
the mechanical, electric, magnetic and thermal fields which makes
the energy conversion feasible among these forms. These coupling
effects are noticed in the macroscopic composite, but are absent in
individual phase. The adverse effect of the applied mechanical load
is hindered by the strains developed due to magneto-electric load.
This reduces the excess utilization of the material and makes the
structure light-weighted. The predominant use of these materials
is found in the field of sensors and actuators which are usually
exposed to high temperature environments. More often, the tem-
perature variations serves as a contributing factor in predicting
the performance of the structure. Hence, the study of influence of
various temperature distributions on the behavior of MEE struc-
ture is an area of concern. It is necessary to accurately evaluate
the performance of MEE structures in thermal environment for
practical applications. Many pioneers have contributed their
research on analyzing the static and free vibration behavior of
MEE structures (beams, plates and shells). The predominant com-
putational techniques like approximate solution method, analyti-
cal method, state space approach, finite element (FE) method
etc., have been adopted to study the characteristic behavior of
these structures. Pan and Heyliger [1] derived an analytical solu-
tion to evaluate the free vibrations of simply supported multilay-
ered MEE plate. Sladek et al. [2] developed a mesh less method
to examine the dynamic problems of thick MEE plates. Ramirez
et al. [3] considered the free vibration problem of 2D MEE plates
and presented an approximate solution to investigate its funda-
mental behavior. Milazzo et al. [4] presented an analytical solution
to investigate the free and forced vibration of multiphase and lam-
inated MEE beams. Recently, Kattimani and Ray developed the FE
formulation for the active control of geometrically nonlinear vibra-
tions of MEE plates [5] and doubly curved shells [6]. They also
extended their study for functionally graded MEE plates [7]. Bhan-
gale et al. [8] adopted a semi analytical FE procedure to investigate
the free vibration characteristics of the functionally graded MEE
plates. Vaezi et al. [9] studied the free vibration of MEE microbeam
and the critical potential values resulting in the buckling of the
beam are evaluated. The semi analytical state space approach
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was used by Xin and Hu [10] to investigate the free vibration
behavior of layered MEE beams. Ray et al. [11] developed a FE
model for the static analysis of simply supported rectangular plate
using higher order shear deformation (HSDT) theory. Lage et al. [12]
studied the static behavior of MEE plate with the aid of mixed lay-
erwise FE formulation. Biju et al. [13] used magnetic vector poten-
tial approach to compute the transient dynamic response of MEE
sensors bonded to mild steel beam. Further, they investigated the
effect of volume fractions on the potentials of the system. Using
the finite element methods, the behavior of MEE sensors subjected
to transient mechanical loading is studied by Daga et al. [14]. Apart
from FE methods, state space approach was also used to analyze the
free vibration and static behavior of MEE plates [15–17]. Phoenix
et al. [18] performed the static and dynamic analysis of the coupled
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Fig. 1. Multilayered MEE beam.
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Fig. 2. Stepped functionally graded (
MEE plates using the Reissner mixed variational theorem. Research
is also devoted to develop the micro-mechanics model to evaluate
the effective properties of a piezo-magneto-thermo-elastic com-
posite structure [19–24].

More often, MEE structures are exposed to various high temper-
ature fluctuations which may induce larger thermo elastic stresses.
This consequently alters the performance of these structures when
used in the field of sensor and actuators. Further, in thermal envi-
ronment MEE materials displays an additional coupling between
thermo-magnetic and thermo-electric material properties. This
unique property can exhibit a significant influence on the potential,
electric displacement and magnetic flux density. It is believed that
for the precise design and development of MEE structures, it is nec-
essary to consider the effects of various thermal fields along with
the other coupling properties. Some of the research articles which
motivated in this regard are Panda and Ray [25] studied the nonlin-
ear static FE analysis of functionally graded (FG) plates in thermal
environment. Kumaravel et al. [26] evaluated the free vibration
and linear buckling of MEE beam under thermal environment. They
also investigated the static behavior of MEE strip subjected to uni-
form and non-uniform temperature loads [27]. Kondaiah et al. [28]
studied the behavior of MEE beams subjected to uniform tempera-
ture considering the pyroelectric and pyromagnetic effects. Further,
the same study was extended to MEE plates also [29]. Carrera et al.
[30] analyzed the thermo mechanical response of multilayered
plate subjected to various temperature distributions. Also, they
have studied a comparison between the classical and the advanced
theories. Sunar et al. [31] made use of the thermodynamic potential
and derived a FE formulation for fully coupled thermopiezomag-
netic continuum. Badri and Kayiem [32] adopted the first order
shear deformation theory (FSDT) to analyze the static and dynamic
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analysis of magneto-thermo-electro-elastic (MTEE) plates. Tau-
chert [33] developed an exact solution for piezo thermo-elastic
problem subjected to steady state temperature distribution. Ebra-
himi and Barati [34] analyzed the influence of the various forms
of temperature distributions on the frequency characteristics of
magneto-electro-thermo-elastic functionally graded (METE-FG)
nano beams using the third order shear deformation theory. They
also studied the thermo-electro-mechanical buckling behavior of
functionally graded piezoelectric materials [35].

To the best of author’s knowledge, literature reveals only lim-
ited understanding of the behavior of MEE beam in thermal envi-
ronment. Hence, in the present article, authors have attempted to
make comprehensive study of the behavior of stepped functionally
graded magneto-electro-elastic (SFG-MEE) beam subjected to var-
ious temperature profiles. A finite element formulation of SFG-MEE
beam is developed to study the static analysis in thermal environ-
ment. The influence of stacking sequence, pyroeffects and temper-
ature profiles on the displacements, potentials and stresses are
analyzed. In addition, the variation of direct and derived quantities
at different beam regions is evaluated.

2. Problem description

A schematic diagram of multilayered MEE beam consisting of
three layers is shown in Fig. 1. The top layer and the bottom layer
of the beam being purely piezoelectric whereas the middle layer is
of purely piezomagnetic. The Cartesian co-ordinate system is con-
sidered at the bottom left corner of the beam. The beam length L is
taken along the x-coordinate while the widthw and the thickness h
are taken along the y- and z-coordinates, respectively. The bound-
ary conditions employed for the cantilever MEE beam are given as
follows:

u ¼ v ¼ w ¼ / ¼ w ¼ 0atx ¼ 0 and u ¼ v ¼ w ¼ / ¼ w–0 at x ¼ L
2.1. Stepped functionally graded (SFG) MEE beam

A layerwise or stepped functionally graded magneto-electro-
elastic (SFG-MEE) beam is modeled by assigning each layer of
the multilayered MEE beam with the material properties corre-
Table 1
Material properties of BaTiO3-CoFe2O4 composite w.r.t different volume fraction Vf of BaT

Material property Material constants 0 Vf

Elastic constants (GPa) C11 = C22 286
C12 173
C13 = C23 170
C33 269.5
C44 = C55 45.3
C66 56.5

Piezoelectric constants (C/m2) e31 0
e33 0
e15 0

Dielectric constant (10�9 C2/Nm2) g11 = g22 0.08
g33 0.093

Magnetic permeability (10�4 Ns2/C2) l11 = l22 �5.9
l33 1.57

Piezomagnetic constants (N/Am) q31 580
q33 700
q15 560

Magneto-electric constant (10�12 Ns/VC) m11 = m22 0
m33 0

Pyroelectric-constant (10�7 C/m2 K) p2 0
Pyromagnetic constant (10�5 C/m2 K) s2 0
Thermal expansion coefficient (10�6 K�1) a1 = a2 10

a3 10
Density (kg/m3) q 5300
sponding to different volume fraction of Barium Titanate (BaTiO3)
and Cobalt Ferric Oxide (CoFe2O4) [28]. Two different layup
sequences namely, layerwise SFG-BFB and SFG-FBF are considered
for the analysis. The layerwise SFG-BFB refers to the stacking
sequence in which the top and bottom layers are made of pure
piezoelectric (PE) phase. The volume fraction of the consecutive
layers is varied in steps of Vf = 0.2 from both the ends to attain pure
piezomagnetic (PM) phase at the middle layer as shown in Fig. 2
(a). Similarly, the SFG-FBF is obtained by replacing the pure PE
phase by pure PM phase and increasing the volume fraction of
the consecutive layers by 0.2 to attain pure PE phase at the mid
layer as depicted in Fig. 2(b).

2.2. Constitutive equations

The linearly coupled constitutive relations for the multilayered
thermo-magneto-electro-elastic solid beam can be written as

frkg ¼ ½Ck
Vf
�fekg � ½ekVf

�fEkg � ½qk
Vf
�fHkg � ½Ck

Vf
�fak

Vf
gDT ð1:aÞ

fDkg ¼ ½ekVf
�Tfekg þ ½gk

Vf
�fEkg þ ½mk

Vf
�fHkg þ fpk

Vf
gDT ð1:bÞ
iO3–CoFe2O4 (Kondaiah et al. [28]).

0.2 Vf 0.4 Vf 0.5 Vf 0.6 Vf 0.8 Vf 1 Vf

250 225 220 200 175 166
146 125 120 110 100 77
145 125 120 110 100 78
240 220 215 190 170 162
45 45 45 45 50 43
52 50 50 45 37.5 44.5
�2 �3 �3.5 �3.5 �4 �4.4
4 7 9.0 11 14 18.6
0 0 0 0 0 11.6
0.33 0.8 0.85 0.9 1 11.2
2.5 5 6.3 7.5 10 12.6
�3.9 �2.5 �2.0 �1.5 �0.8 0.05
1.33 1 0.9 0.75 0.5 0.1
410 300 350 200 100 0
550 380 320 260 120 0
340 220 200 180 80 0
2.8 4.8 5.5 6 6.8 0
2000 2750 2600 2500 1500 0
�3.5 �6.5 �7.8 �9 �10.8 0
�36 �28 �23 �18 �8.5 0
10.8 11.8 12.3 12.9 14.1 15.7
9.3 8.6 8.2 7.8 7.2 6.4
5400 5500 5550 5600 5700 5800

Fig. 3. Convergence of transverse displacement component Uw.
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fBkg ¼ ½qk
Vf
�Tfekg þ ½mk

Vf
�fEkg þ ½lk

Vf
�fHkg þ fskVf

gDT ð1:cÞ

where ½Ck
Vf
�, ½ekVf

�, ½qk
Vf
�, and fak

Vf
g are the elastic co-efficient

matrix, the piezoelectric coefficient matrix, the magnetostrictive
(a) 

(b) 

(e

Fig. 4. Validation of (a) longitudinal x-direction (Ux) (b) y-direction (Uv) (c) transverse
potential (w).
coefficient matrix and the thermal expansion co-efficient matrix,
respectively; ½gk

Vf
�, ½mk

Vf
�, fpk

Vf
g, fskVf

g and ½lk
Vf
� are the dielectric

constant, electromagnetic coefficient, pyroelectric constant, pyro-
magnetic constant and the magnetic permeability constant,
(c) 

(d) 

) 

z-direction (Uw) displacement components (d) electric potential (/) (e) magnetic
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respectively; frkg, fDkg and fBkg, represent the stress tensor,
electric displacement and the magnetic flux, respectively; fekg,
fEkg, fHkg and DT are the linear strain tensor, electric field,
magnetic field and temperature rise from a stress free state,
(a) 

(b) 

Fig. 5. Validation of (a) normal stress – rx (b) normal stress – ry (c
respectively. In the above terms k represents the layer number
and the subscript Vf denotes the volume fraction of Barium
Titanate (BaTiO3) and Cobalt Ferric oxide (CoFe2O4) correspond-
ing to the kth layer.
(c) 

(d) 

(e) 

) normal stress – rz (d) shear stress – sxy (e) shear stress – sxz.
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2.3. Finite element formulation

The magneto-electro-elastic beam is discretized by eight noded
brick element with five degree of freedom at each node. At any
point within the element, the generalized displacement vector
fdtg, the electric potential vector f/g and the magnetic potential
vector fwg can be expressed in terms of the nodal generalized dis-
(a) 

(b) 

(c) 

Fig. 6. Validation of electric displacement components (a) Dx (b) Dy (c) Dz.
placement vector fde
tg, the nodal electric potential vector and the

nodal magnetic potential vector fweg, respectively as follows:

fdtg ¼ ½Nt �fde
tg; f/g ¼ ½N/�f/eg; fwg ¼ ½Nw�fweg ð2Þ

in which
(a)

(b) 

(c) 

Fig. 7. Validation of magnetic flux density components (a) Dx (b) Dy (c) Dz.
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Fig. 8. Variation of (a) longitudinal x-direction displacement component Ux (b) y-direction displacement component Uv (c) z-direction displacement component Uw (d)
electric potential / (e) magnetic potential w for SFG-BFB and SFG-FBF subjected to uniform temperature load.
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Fig. 9. Variation of (a) longitudinal x-direction displacement component Ux (b) y-direction displacement component Uv (c) z-direction displacement component Uw (d)
electric potential / (e) magnetic potential w for SFG-BFB and SFG-FBF subjected to linear temperature load.
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Fig. 10. Variation of (a) longitudinal x-direction displacement component Ux (b) y-direction displacement component Uv (c) z-direction displacement component Uw (d)
electric potential / (e) magnetic potential w for SFG-BFB and SFG-FBF subjected to sinusoidal temperature load.
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fde
tg¼ ½fdt1gTfdt2gT . . .fdt8gT �

T
;f/eg¼ ½/1/2 . . ./8�T ;fweg¼ ½w1w2 . . .w8�T ;

½Nt �¼ ½Nt1Nt2 . . .Nt8�;Nti¼niIt ; ½N/�¼ ½n1n2 . . .n8�; ½Nw�¼ ½n1n2 .. .n8�
ð3Þ

where ni is the natural coordinate shape function associated with
the ith node of the element; ‘It’ is the identity matrix; ½Nt �, ½N/�
and ½Nw� are (3 � 24), (1 � 8) and (1 � 8) shape function matrices,
respectively.

Using the Maxwell’s fundamental electrostatic equations, the
linear relation between the electric field and the electric potential
can be expressed as

fEg ¼ � @/
@x

;� @/
@y

;� @/
@z

� �
ð4aÞ

Similarly, the magnetic field and the magnetic potential is
related as

fHg ¼ � @w
@x

;� @w
@y

;� @w
@z

� �
ð4bÞ
(a) 

(b) 

Fig. 11. Effect of various through thickness varying temperature profiles on
longitudinal x-direction displacement component Ux (a) SFG-BFB (b) SFG-FBF.
The various derivatives of shape function matrices can be
expressed as

feg ¼ ½Bt�fde
tg; fHg ¼ ½Bw�fweg; fEg ¼ ½B/�f/eg ð5Þ

Using the derivative of shape function matrices, the strain vec-
tor, electric potential vector and magnetic potential vector of the
system are expressed in terms of the nodal displacement, nodal
electric potential and nodal magnetic potential, respectively as
follows:

feg ¼ Ltfdtg ¼ ½LtNt �fde
tg ¼ ½Bt�fde

tg; fHg ¼ Lwfwg ¼ ½LwNw�fweg
¼ ½Bw�fweg; fEg ¼ L/f/g ¼ ½L/N/�f/eg ¼ ½B/�f/eg

ð6Þ
where Lt, Lw and L/ are the differential operators and the sub matri-
ces [Bt], [Bw] and [B/] are generally expressed as

Bti½ � ¼

@ni
@x 0 0

0 @ni
@y 0

0 0 @ni
@z

0 @ni
@z

@ni
@y

@ni
@z 0 @ni

@x

@ni
@y

@ni
@x 0

2
666666666666664

3
777777777777775

; Bwi
� � ¼

�@ni
@x

� @ni
@y

� @ni
@z

2
6664

3
7775; B/i

� � ¼
�@ni
@x

� @ni
@y

� @ni
@z

2
6664

3
7775 ð7Þ

where i = 1, 2, 3,. . ., 8 represents the node number.

2.4. Equations of motion

The principle of total potential energy is invoked to derive the
governing equations of the magneto-electro-elastic (MEE) beam
in thermal environment as follows:

Tp¼ 1
2

XN
k¼1

Z
Xk
fekgTfrkgdXk�1

2

XN
k¼1

Z
Xk
½Ek�TfDkgdXk

�1
2

XN
k¼1

Z
Xk
½Hk�TfBkgdXk�

Z
A
fdtgTfFsurfacegdA

�
Z
Xk
fdtgTfFbodygdXk�fdtgTfFconcg�

Z
A
/Q/dA�

Z
A
wQwdA ð8Þ

where k = 1, 2, 3,. . .,N represents the number of layers and Xk
denotes the volume of the kth layer. {Fsurface} is the surface force act-
ing over the area A of the layer, {Fbody} is the body force and {Fconc} is
the point load acting at any particular point on the beam. Further, Q/

and Qw represent the surface electric charge density and magnetic
charge density, respectively.

The total potential energy is minimized by setting the first vari-
ation of Eq. (8) to zero

Tp ¼ 1
2

XN
k¼1

Z
Xk

d ek
� �TfrkgdXk � 1

2

XN
k¼1

Z
Xk

d½Ek�TfDkgdXk

�1
2

XN
k¼1

Z
Xk

d½Hk�TfBkgdXk
Z
A
d dtf gTfFsurfacegdA

�
Z
Xk

d dtf gTfFbodygdXk � dfdtgTfFconcg

�
Z
A
d/Q/dA�

Z
A
dwQwdA ¼ 0 ð9Þ
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By substituting Eq. (1) into Eq. (9), we obtain
Te
p ¼ 1

2

XN
k¼1

R
Xk d ek

� �T ½Ck
Vf
� ek� �

dXk � 1
2

XN
k¼1

R
Xk d ek

� �T ½ekVf
� Ek
n o

dXk � 1
2

XN
k¼1

R
Xk d ek

� �T ½qk
Vf
� Hk
n o

dXk;

� 1
2

XN
k¼1

R
Xk d ek

� �T ½Ck
Vf
� ak

Vf

n o
DTdXk � 1

2

XN
k¼1

R
Xk d Ek

n oT
½ekVf

�T ek
� �

dXk � 1
2

XN
k¼1

R
Xk d Ek

n oT
½gk

Vf
� Ek
n o

dXk;

� 1
2

XN
k¼1

R
Xk d Ek

n oT
½mk

Vf
� Hk
n o

dXk � 1
2

XN
k¼1

R
Xk d Ek

n oT
pk
Vf

n o
DTdXk � 1

2

XN
k¼1

R
Xk d Hk

n oT
½qk

Vf
�T ek
� �

dXk;

� 1
2

XN
k¼1

R
Xk d Hk

n oT
½mk

Vf
� Ek
n o

dXk � 1
2

XN
k¼1

R
Xk d Hk

n oT
½lk

Vf
� Hk
n o

dXk � 1
2

XN
k¼1

R
Xk d Hk

n oT
skVf

n o
DTdXk;

� R
A d dtf gT Fsurface

� �
dA� R

Xk d dtf gT Fbody

� �
dXk � d dtf gT Fconcf g � R

A d /f gQ/dA� R
A d wf gQwdA

ð10Þ

(a) 

(b) 

Fig. 12. Effect of various through thickness varying temperature profiles on
longitudinal y-direction displacement component Uv (a) SFG-BFB (b) SFG-FBF.

(a) 

(b) 

Fig. 13. Effect of various through thickness varying temperature profiles on
z-direction displacement component Uw (a) SFG-BFB (b) SFG-FBF.
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Substituting Eq. (6) into Eq. (9), we get

Te
p ¼ 1

2

XN
k¼1

R
Xk d de

t

� �T ½Bt �T ½Ck
Vf
�½Bt � de

t

� �
dXk� 1

2

XN
k¼1

R
Xk d de

t

� �T ½Bt �T ½ekVf
�½B/� /ef gdXk

�1
2

XN
k¼1

R
Xk d de

t

� �T ½Bt �T ½qk
Vf
�½Bw� wef gdXk� 1

2

XN
k¼1

R
Xk d de

t

� �T ½Bt �T ½Ck
Vf
� ak

Vf

n o
DTdXk

�1
2

XN
k¼1

R
Xk d /ef gT ½B/�T ½ekVf

�T ½Bt � de
t

� �
dXk� 1

2

XN
k¼1

R
Xk d /ef gT ½B/�T ½gk

Vf
�½B/� /ef gdXk

�1
2

XN
k¼1

R
Xk d /ef gT ½B/�T ½mk

Vf
�½Bw� wef gdXk� 1

2

XN
k¼1

R
Xk d /ef gT ½B/�T pk

Vf

n o
DTdXk

�1
2

XN
k¼1

R
Xk d wef gT ½Bw�T ½qk

Vf
�T ½Bt � dte

� �
dXk� 1

2

XN
k¼1

R
Xk d wef gT ½Bw�T ½mk

Vf
�½B/� /ef gdXk

�1
2

XN
k¼1

R
Xk d wef gT ½Bw�T ½lk

Vf
�½Bw� wef gdXk�1

2

XN
k¼1

R
Xk d wef gT ½Bw�T skVf

n o
DTdXk

�R
A d de

t

� �T ½Nt �T Fsurface
� �

dA� 1
2

XN
k¼1

R
Xk d de

t

� �T ½Nt �T Fbody
� �

dXk

�d de
t

� �T ½Nt �T Fconcf g�R
A d /ef g½N/�Q/dA�R

A d wef g½Nw�QwdA¼0

ð11Þ
Upon simplication of these equations, we obtain
(a) 

(b) 

Fig. 14. Effect of various through thickness temperature profiles on electric
potential (/) (a) SFG-BFB (b) SFG-FBF.
½Ke
tt �fde

tg þ ½Ke
t/�f/eg þ ½Ke

tw�fweg ¼ fFe
mg þ fFe

thg ð12:aÞ

½Ke
t/�Tfde

tg � ½Ke
//�f/eg � ½Ke

/w�fweg ¼ fFe
/g � fFe

p:eg ð12:bÞ

½Ke
tw�Tfde

tg � ½Ke
/w�Tf/eg � ½Ke

ww�fweg ¼ fFe
wg � fFe

p:mg ð12:cÞ
The various elemental stiffness matrices appearing in Eq. (12)

are the elemental elastic stiffness matrix ½Ke
tt�, the elemental

electro-elastic coupling stiffness matrix ½Ke
t/�, the elemental

magneto-elastic coupling stiffness matrix ½Ke
tw�, the elemental elec-

tric stiffness matrix ½Ke
//�, the elemental magnetic stiffness matrix

½Ke
ww�, the elemental electro-magnetic stiffness matrix ½Ke

/w�. The
explicit forms of these matrices are given as follows:

½Ke
tt �¼

XN
k¼1

fRXk ½Bt�T ½Ck
Vf
�½Bt �dXkg; ½Ke

t/�¼
XN
k¼1

fRXk ½Bt �T ½ekVf
�½B/�dXkg;

½Ke
tw�¼

XN
k¼1

fRXk ½Bt�T ½qk
Vf
�½Bw�dXkg; ½Ke

//�¼
XN
k¼1

fRXk ½B/�T ½gk
Vf
�½B/�dXkg;

½Ke
/w�¼

XN
k¼1

fRXk ½B/�T ½mk
Vf
�½Bw�dXkg; ½Ke

ww�¼
XN
k¼1

fRXk ½Bw�T ½lk
Vf
�½Bw�dXkg

ð13Þ
(a) 

(b) 

Fig. 15. Effect of various through thickness temperature profiles on magnetic
potential (w) (a) SFG-BFB (b) SFG-FBF MEE beam.



Table 2
Effect of various cross-thickness temperature loads on the maximum electric
potential (/) of various types of MEE beam.

Through-thickness
temperature profile

Max. Electric potential / (kV)

BFB SFG-BFB FBF SFG-FBF

Uniform 21.4 54.2 �7.7 4.22
Linear �22.6 �44.1 �10.8 �4.16
Parabolic �15.7 �27.4 �8.3 5.17
Bi-triangular �16.4 42.2 5.6 8.53

Table 3
Effect of various cross-thickness temperature loads on the maximum magnetic
potential (w) of various types of MEE beam.

Through-thickness
temperature profile

Max. Magnetic potential w (A)

BFB SFG-BFB FBF SFG-FBF

Uniform 656.2 1083.4 723.1 �2924.7
Linear �498.6 �814.4 �582.3 �1991.3
Parabolic �333.7 �446.3 �365.8 �1206.4
Bi-triangular 409.7 �882.4 532.3 �1779.2

(a) 

(b) 

Fig. 16. Effect of through thickness temperature profiles on the variation of normal
stress rx (a) SFG BFB (b) SFG-FBF MEE beam.
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Similarly, the various elemental load vectors appearing in Eq.
(12) are the elemental mechanical load vector fFe

mg, the elemental
thermal load vector fFe

thg, the elemental electric charge load vector
fFe

/}, the elemental magnetic load vector fFe
wg, the elemental pyro-

electric load vector fFe
p:eg, the elemental pyromagnetic load vector

fFe
p:mg. The explicit form of the load vectors are given by

fFe
mg¼

R
Xk ½Nt �TFbody:edX

kþR
A ½Nt �TFsurfacedAþ½Nt �TFconc:e;fFe

/g¼
R
A ½N/�TQ/dA;

fFe
wg¼

R
A ½Nw�TQWdA;fFe

thg¼
XN
k¼1

R
Xk ½Bt �T ½Ck

Vf
�fak

Vf
gDTdXk

n o
;

fFe
p:eg¼

XN
k¼1

R
Xk ½B/�Tfpk

Vf
gDTdXk

n o
;fFp:meg¼

XN
k¼1

R
Xk ½Bw�TfskVf

gDTdXk
n o

ð14Þ

In the present analysis, the load vectors fFe
mg, fFe

wg and fFe
/g are

neglected. Hence, the Eq. (12) reduces to

½Ke
tt �fde

tg þ ½Ke
t/�f/eg þ ½Ke

tw�fweg ¼ fFe
thg ð15:aÞ

½Ke
t/�Tfde

tg � ½Ke
//�f/eg � ½Ke

/w�fweg ¼ fFe
p:eg ð15:bÞ

½Ke
tw�Tfde

tg � ½Ke
/w�Tf/eg � ½Ke

ww�fweg ¼ fFe
p:mg ð15:cÞ
(a) 

(b) 

Fig. 17. Effect of through thickness temperature profiles on the variation of shear
stress sxy (a) SFG-BFB (b) SFG-FBF MEE beam.
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The condensation procedure is applied to Eq. 15.(a)–(c) and the
nodal thermal displacements, electric and magnetic potentials are
computed. Using Eq. (15.c) and solving for fweg we obtain

fweg ¼ ½Ke
ww��1½Ke

tw�Tfde
tg � ½Ke

ww��1½Ke
/w�Tf/eg � ½Ke

ww��1fFe
p:mg ð16Þ

Substituting Eq. (16) in Eq. (15.b) and solving for f/eg, we get

½Kt/�Tfde
t g�½K//�f/g�½K/w�½½Kww ��1½Ktw �Tfdtg�½Kww��1½K/w�Tf/g�½Kww��1fFp:mg�¼fFp:eg

fdtg½½Kt/�T �½Ke
/w�½Kww��1 ½Ktw�T ��f/g½½K// ��½K/w�½Kww��1½K/w�T �þ½K/w�½Kww��1fFp:mg¼fFp:eg

½K1 �fdtg�½K2 �f/g¼fFp:eg�½K/w �½Kww��1fFp:mg; ½K1 �fdtg�½K2�f/g¼fF/ solg;
f/g¼ ½K2 ��1½K1 �fdtg�½K2��1fF/ solg

ð17Þ

Further, on substituting Eqs. (16) and (17) in Eq. (15.a), we
obtain

½Ktt �fdtgþ½Kt/�f/gþ½Ktw� ½Kww��1½Ktw �Tfdtg�½Kww��1½K/w�Tf/g�½Kww��1fFp:mg
h i

¼fFthg;
fdtg½½Ktt �þ½Ktw�½Kww ��1½Ktw�T �þf/g½½Kt/ ��½Ktw�½Kww��1½K/w�T ��½Ktw�½Kww��1fFp:mg¼fFthg;
½K5�fdtgþ½K6�f/g�½Ktw�½Kww��1fFp:mg¼fFthg;
½K5�fdtgþ½K6�½½K3�fdtg�½K2��1fF/ solg��½Ktw�½Kww��1fFp:mg¼fFthg;
½½K5�þ½K6�½K3��fdtg�½K6�½K2��1fFp:egþ½½K6�½K4��½½Ktw �½Kww��1��fFp:mg¼fFthg;
½K7�fdtg¼½K6�½K2��1fFp:egþ½½Ktw�½Kww��1�½K6�½K4��fFp:mgþfFthg;
½K7�fdtg¼½K8�fFp:egþ½K9�fFp:mgþfFthg;½Keq �fdtg¼fFeqg

ð18Þ
(a) 

(b) 

Fig. 18. Effect of through thickness temperature profiles on the variation of shear
stress syz (a) SFG-BFB (b) SFG-FBF MEE beam.
The component matrices and the equivalent force vectors con-
stituting the Eqs. (17) and (18) are as follows:

½K1�¼ ½K/t ��½Kw/�½Kww��1½Kwt �; ½K2�¼ ½K//��½Kw/�½Kww��1½K/w�; ½K3�¼ ½K2��1½K1�
½K4�¼ ½K2��1½Kw/�½Kww�; ½K5�¼ ½Ktt �þ½Ktw�½Kww��1½Kwt �½K6�¼ ½Kt/��½Ktw�½Kww��1½K/w�;
½K7�¼ ½K5�þ½K6�½K3�; ½K8�¼ ½K6�½K2��1

; ½K9�¼ ½Ktw�½Kww��1�½K6�½K4�;
½Keq�¼ ½K7�; ½K1 w�¼ ½Kwt ��½Kw/�½K3�; ½K2 w�¼ ½Kww��1½Kw/�½K2��1

;

½K3 w�¼ ½Kww��1½Kw/�½K2��1½Kw/�T ½Kww��1þ½Kww��1
;

fFeqg¼ ½K9�fFp:mgþ½K8�fFp:egþfFthg;fF/ solg¼fFp:eg�½Kw/�T ½Kww��1fFp:mg
ð19Þ
3. Results and discussion

The finite element model derived in the previous section has
been incorporated for the static analysis of stepped functionally
graded magneto-electro-elastic beam (SFG-MEE). The material
properties of each layer of the beam are assigned using the volume
fractions of BaTiO3 and CoFe2O4. The FE model is developed using
3D brick element. The variations of the direct quantities (displace-
ments and potentials) and derived quantities (stresses, electric
displacement and magnetic flux density) across the thickness of
SFG-MEE beam in different thermal environment are computed.
(a) 

(b) 

Fig. 19. Effect of through thickness temperature profiles on the variation of shear
stress sxz (a) SFG-BFB (b) SFG-FBF MEE beam.
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Few of the commonly encountered in-plane and through thickness
temperature distributions are considered for the analysis. In addi-
tion, the effect of stacking sequence with respect to SFG-BFB and
SFG-FBF MEE beam are evaluated. A novel attempt has been made
to understand comprehensively the influence of pyroeffects on the
multilayered MEE beam. The variations of the direct quantities and
derived quantities at different regions of the beam are also
investigated.

3.1. Validation of the present FE model

The results obtained from the present finite element (FE) for-
mulation of the multilayered MEE beam is validated with the
results summarized by Kondaiah et al. [28]. In order to justify
the present formulation, the multilayered FE model is degenerated
into a single layer. All the layers of the SFG-MEE beam is assigned
with the material properties corresponding to the volume fraction
Vf = 0.5 as tabulated in Table 1. The beam geometry, thermal load-
ing and the boundary conditions are considered identical to those
considered by Kondaiah et al. [28]. In order to obtain accurate
results, mesh size is varied along the thickness direction and con-
vergence study has been carried out. Fig. 3 depicts the convergence
of the transverse z-direction displacement Uw with the mesh
(a) 

(b) 

Fig. 20. Effect of through thickness temperature profiles on the variation of electric
displacement Dx (a) SFG-BFB (b) SFG-FBF MEE beam.
refinement. It may be observed from this figure that for the mesh
size of 12 elements and 10 elements in the thickness and length
direction, respectively a very good convergence is attained. Fig. 4
(a)–(e) illustrate the validation of the displacement, the electric
potential and magnetic potential, respectively. It may be observed
from these figures that the present results are in very good agree-
ment with the results reported by Kondaiah et al. [28]. In order to
validate further, the normal stresses (rx, ry and rz) and shear stres-
ses (sxy and sxz) are also presented in Fig. 5(a)–(e). Similarly, the
validation plots for electric displacement components (Dx, Dy and
Dz) and magnetic flux density components (Bx, By and Bz) are shown
in Figs. 6 and 7, respectively. It is evident from these figures that
these results are also in excellent agreement with Kondaiah et al.
[28].

3.2. In-plane temperature profiles

The various one dimensional temperature profiles varying along
the length of the SFG-MEE beam are considered as follows.

3.2.1. Uniform temperature profile
The temperature of the SFG-MEE beam is uniformly raised from

a stress free temperature T0 to the final temperature Tmax. For the
(a) 

(b) 

Fig. 21. Effect of through thickness temperature profiles on the variation of electric
displacement Dy (a) SFG-BFB (b) SFG-FBF MEE beam.
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ease of calculation, T0 is assumed to be 0 K. The general tempera-
ture variation relation can be written as

DT ¼ Tmax � T0 ð20Þ
3.2.2. Half-sine temperature profile
The temperature of the SFG-MEE beam is assumed to vary along

the beam length in a manner similar to a half sine wave with its
peak at the midspan. The general equation corresponding to the
half-sine temperature distribution can be written as

DT ¼ Tmax sin
px
L

� 	n o
0 6 x 6 L ð21Þ

in which, Tmax is the maximum temperature, L is the beam length, x
is the point of interest from the clamped end.

3.2.3. Linearly varying temperature profile
In this case, the static analysis of the SFG-MEE beam is carried

out for linearly varying temperature load. The temperature
distribution is such that it varies linearly along the beam length
from an initial temperature (Ti) at clamped end of the beam to
the maximum temperature (Tmax) at the free end. The correspond-
ing general equation may be expressed as
(a) 

(b) 

Fig. 22. Effect of through thickness temperature profiles on the variation of electric
displacement Dz (a) SFG-BFB (b) SFG-FBF MEE beam.
DT ¼ fTmaxgxþ fTig 0 6 x 6 L ð22Þ
3.3. Through-thickness temperature distribution

In the present analysis, different through thickness varying tem-
perature profiles have been considered. The uniform temperature
rise mentioned in Eq. (18) also fall under this category. The remain-
ing temperature forms are encapsulated as follows.

3.3.1. Linear temperature profile
The temperature is assumed to vary linearly according to the

general expression represented as follows:

DT ¼ Ti þ Tmaxðz=hÞ ð23Þ
3.3.2. Bi-triangular temperature profile
The temperature of this profile follows a general trend of varia-

tion given by

DT ¼ Tmaxð1� zÞ 0 6 z 6 h=2
DT ¼ TmaxðzÞ h=2 6 z 6 h

ð24Þ
(a) 

(b) 

Fig. 23. Effect of through thickness temperature profiles on the variation of
Magnetic flux density Bx (a) SFG-BFB (b) SFG-FBF MEE beam.
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3.3.3. Parabolic temperature profile
The temperature distribution varying parabolically across the

SFG-MEE beam thickness can be represented as follows:

DT ¼ Tmax 1� z
h

� 	2
� �

0 6 z 6 h ð25Þ

In Eqs. (23)–(25), Ti is the temperature at the bottom layer of
the beam, Tmax is the maximum temperature, z is the distance of
the point of interest from the bottom of the beam and h is the beam
thickness.

3.4. Influence of pyro-effects

In this section, an attempt has been made to investigate the
influence of pyroeffects on the direct quantities of the SFG-MEE
beam. The term Pyroeffects generally refers to the thermo-electric
and thermo-magnetic coupling generated due to different temper-
ature profiles. In the present analysis, the study of pyroeffects is
restricted to in-plane temperature distributions (Eqs. (20)–(22)).
The values are obtained across the beam thickness at x = L/2.
Fig. 8(a)–(e) demonstrate the variation of the direct quantities
when the layerwise SFG-MEE beam subjected to uniform temper-
ature rise of 100 K. Also, it emphasizes the effect of stacking
(a) 

(b) 

Fig. 24. Effect of through thickness temperature profiles on the variation of
Magnetic flux density By (a) SFG-BFB (b) SFG-FBF MEE beam.
sequence i.e. the layerwise SFG-BFB and SFG-FBF MEE beams.
These figures also illustrate the influence of pyroeffects on the dis-
placements and the potentials. It may be observed from these fig-
ures that the pyroeffects have a significant influence only on the
electric potential of the SFG-MEE beam. In specific, the pyroeffects
tends to improve the electric potential of the system whereas the
negligible effect is observed for the displacements and magnetic
potential. Fig. 8(a)–(c) suggest that the displacement components
Ux, Uv and Uw are higher for the SFG-BFB stacking sequence then
the SFG-FBF sequence of the MEE beam. This may be attributed
to the lower stiffness of the BFB stacking sequence due to the pres-
ence of pure piezoelectric phase.

The numerical evaluation is carried out for the remaining in-
plane temperature profiles viz. linear and sinusoidal temperature
profiles. The variations of the direct quantities of the SFG-MEE
beam subjected to linear temperature profile are illustrated in
Fig. 9(a)–(e). It may be observed from Fig. 9(c) and (e) that the neg-
ligible effect of stacking sequence on the displacement component
Uw and magnetic potential w, respectively. The variation of direct
quantities for the SFG-MEE beam subjected to sinusoidal tempera-
ture profile is studied. From Fig. 10(a), the minimal influence of the
pyroeffects on the longitudinal x-direction displacement compo-
nent Ux of the SFG-MEE beam can be observed. Fig. 10(b) shows
(a) 

(b) 

Fig. 25. Effect of through thickness temperature profiles on the variation of
magnetic flux density Bz (a) SFG-BFB (b) SFG-FBF MEE beam.
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the variation of longitudinal y-direction displacement component
Uv. The variation of Uw, / and w is shown in Fig. 10(c)–(e), respec-
tively. It can be seen from Fig. 10(d) that the pyroeffects exhibit a
(a) 

(b) 

(c) 

Fig. 26. Variations of (a) longitudinal x-direction displacement component Ux (b)
y-direction displacement component Uv (c) z-direction displacement component Uw

at different regions of the SFG-BFB MEE beam subjected to parabolically varying
temperature.
noticeable influence on the electric potential while the SFG-BFB
MEE beam exhibit the higher electric potential.

3.5. Effect of cross-thickness temperature profiles

For both the stacking sequence, the influence of temperature
profiles (Eqs. (23)–(25)) on the longitudinal x-direction displace-
ment component Ux, longitudinal y-direction displacement compo-
nent Uv and transverse z-direction displacement component Uw of
SFG-MEE beam is illustrated in Figs. 11–13, respectively. It can be
seen that the uniform temperature profile have a predominant
influence on the Ux and Uv whereas, the variations of these dis-
placement components with respect to bi-triangular temperature
profile is found insignificant. From Fig. 13(a) and (b) it can be
observed that for both the stacking sequence, Uw is larger for linear
temperature profile. Fig. 14(a) and (b) demonstrate the variation of
the electric potential for SFG-BFB and SFG-FBF MEE beam, respec-
tively. It is seen that for all the temperature profiles, SFG-BFB
MEE beam has a higher electric potential than SFG-FBF MEE beam.
This may be attributed to the presence of two pure piezoelectric
layers in the stacking sequence. In addition, significant effect of uni-
form temperature distribution on the electric potential is observed
for SFG-BFB MEE beam whereas, for the SFG-FBF MEE beam the
electric potential is higher for bi-triangular temperature distribu-
(a) 

(b) 

Fig. 27. Variations of (a) electric potential and (b) magnetic potential at different
regions of the SFG-BFB MEE beam subjected to parabolically varying temperature.
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tion. Similarly, Fig. 15(a)–(b) illustrate the magnetic potential dis-
tribution across the thickness of the beam. Since, SFG-FBF MEE
beam has more pure piezomagnetic phase, this results into a
higher magnetic potential than the SFG-BFB MEE beam. For both
the stacking sequence, uniform temperature profile exhibits max-
imum magnetic potential. In addition, Tables 2 and 3 depict the
comparison of the maximum electric potential and maximum
magnetic potential of three layered MEE and SFG-MEE beam,
respectively. It may be inferred from these tables that the SFG-
MEE beam has a convincing effect over the normal MEE beam.
Further, the numerical calculations are made to investigate the
variation of derived quantities such as stresses, electric displace-
ments and magnetic flux density. It is found that the normal
stresses ry and rz follows a similar trend as that of the rx. Hence,
for the sake of brevity, only the normal stress rx distribution is pre-
sented in Fig. 16(a) and (b) for SFG-BFB and SFG-FBF MEE beam,
respectively. For uniform temperature profile, the variation in
magnitude of the normal stress rx variation is minimal for both
the stacking sequence while for the remaining temperature
profiles SFB-FBF MEE beam higher than the SFB-BFB MEE beam.
The shear stress sxy varies symmetrically across the mid-plane of
the SFG-BFB MEE beam as shown in Fig. 17(a) whereas, for
the SFG-FBF MEE beam, it varies anti-symmetrically as illustrated
(a) 

(b) 

Fig. 28. Variations of (a) normal stress rx (b) shear stress sxz (c) shear stress sxy (d) sh
varying temperature.
in Fig. 17(b). It can also be observed from this figure that the
pure piezomagnetic phase (Vf = 0.0) in the corresponding
stacking sequence experiences maximum sxy i.e. in case of
SFG-BFB stacking sequence, the maximum shear stress sxy is wit-
nessed at the middle layer whereas, in case of the SFG-FBF
sequence, it is observed at the top or bottom layer of the beam.
Further, except for the uniform temperature profile, syz varies iden-
tically across the beam thickness for both the stacking sequence as
shown in Fig. 18(a) and (b), respectively. Also, it can be observed
that syz follows the temperature distribution for parabolic and
bi-triangular temperature profiles as shown in Fig. 19(a) and (b),
respectively.

The electric displacement component in x-direction Dx with
respect to SFG-BFB and SFG-FBF MEE beam is plotted in Fig. 20
(a) and (b), respectively. According to the constitutive equation
(Eq. (1.b)), the magnitude of electric displacements mainly depend
on the piezoelectric co-efficient matrix ½e� and dielectric coefficient
matrix ½g�. The higher value of these coefficients can be observed
for pure piezoelectric (Vf = 1.0) phase (Table 1). Hence it is obvious
that SFG-BFB MEE beam results in higher electric displacement.
This holds good for Dy and Dz also, as shown in Figs. 21
(b) and 22(b), respectively. The significant effect of uniform tem-
perature profile on the Dx and Dy of SFG-FBF MEE beam is observed.
(c) 

(d) 

ear stress syz at different regions of SFG-BFB MEE beam subjected to parabolically
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However, the bi-triangular temperature profile has a predominant
effect on the Dz, for both the stacking sequences. Figs. 23–25 show
the variation of magnetic flux density components Bx, By and Bz,
(a) 

(b) 

(c) 

Fig. 29. Variations of electric displacement components (a) Dx (b) Dy (c) Dz at
different regions of SFG-BFB MEE beam subjected to parabolically varying
temperature.
respectively. As discussed earlier, the magnetic flux density is
higher for SFG-FBF MEE beam because of the fact that the piezo-
magnetic constant matrix [q] and magnetic permeability constant
(a) 

(b) 

(c) 

Fig. 30. Variations of magnetic flux density components (a) Bx (b) By (c) Bz at
different regions of SFG-BFB MEE beam subjected to parabolically varying
temperature.
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matrix [l] are higher for pure piezomagnetic phase. For both the
stacking sequence the magnetic flux density components in all
the three directions Bx, By and Bz are significantly influenced by
uniform temperature profile as depicted in Figs. 23–25. The maxi-
mum value of By is observed at the midspan of the beam for all the
temperature distributions.

3.6. Investigation at different beam region

In this section, the variations of the direct and derived quanti-
ties at different regions of the beam are investigated. The parabol-
ically varying temperature distribution is considered in the present
analysis. For the sake of brevity, the results are presented only for
the BFB stacking sequence. The investigation points are chosen
near the clamped end, at the midspan and at the free end of the
beam. It may be observed from Fig. 26(a)–(c) that longitudinal
x-direction displacement component Ux and transverse
z-direction displacement component Uw are maximum at the free
end whereas, a negligible discrepancies with respect to longitudi-
nal y-direction displacement component Uv is observed at these
regions. The electric potential is the maximum at the free end as
depicted in Fig. 27(a) while the variation in the magnetic potential
is illustrated in Fig. 27(b). It can be seen from Fig. 27(b) that near
the clamped end, the variation of magnetic potential is minimal
compared to other regions of the SFG-BFB MEE beam. The compar-
ison of the stresses at different region of the beam is illustrated in
Figs. 28(a)–(d). The normal stress rx shows an insignificant varia-
tion among the beam regions, as described in Fig. 28(a). From
Fig. 28(b) and (c), a predominant effect of the free end and clamped
end is observed on the shear stresses sxz, and sxy, respectively. The
free end of the SFG-BFB MEE beam displays a higher magnitude of
electric displacement components Dx and Dy as shown in Fig. 29
(a) and (b), respectively. Further, almost an identical variation of
Dz is observed for all the beam regions as illustrated in Fig. 29(c).
Further, from Fig. 30(a), it can be seen that at the midspan of the
beam, a slightly higher magnetic flux density component Bx is wit-
nessed whereas, the clamped end and free end almost have an
equal flux distribution. From Fig. 30(b) and (c), it may be observed
that the variation of By and Bz is greater at the free end of the SFG-
BFB MEE beam.

4. Conclusions

In this article, a finite element (FE) formulation to analyze the
static behavior of the multilayered stepped functionally graded
magneto-electro-elastic (SFG-MEE) beam in different thermal
environment is developed and implemented. Two different forms
of temperature distributions i.e., in-plane and through thickness
are considered. The cross-thickness variations of the direct quanti-
ties (displacements and potentials) and derived quantities (stres-
ses, electric displacement and magnetic flux density) of the SFG-
MEE beam are presented. The numerical study reveals that irre-
spective of the temperature profiles, only the electric potential is
influenced by the pyroeffects. The displacement components are
higher for SFB-BFB MEE beam whereas, SFG-FBF MEE beam have
a predominant effect on the in-plane normal stresses. The maxi-
mum electric potential and hence the electric displacement com-
ponents is observed for SFG-BFB MEE beam whereas, the
maximum magnetic potential and magnetic flux density is noticed
for SFG-FBF MEE beam. The reason is obvious due to increased
number of pure piezoelectric and pure piezomagnetic layers in
the corresponding stacking sequence. Among the different temper-
ature profiles considered, the uniform temperature rise is wit-
nessed to have a significant influence on the behavior of SFG-
MEE beam. In addition, the variations of the direct quantities and
derived quantities at different regions of the SFG-MEE cantilever
beam are studied.
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