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ABSTRACT

In this thesis, we consider steepest descent method and minimal error method for
approximating a solution of the nonlinear ill-posed operator equation F(z) = v,
where F': D(F) € X — Y is nonlinear Fréchet differentiable operator between the
Hilbert spaces X and Y. In practical application, we have only noisy data y° with
ly — 2°|| < 8. To our knowledge, convergence rate result for the steepest descent
method and minimal error method with noisy data are not known. We provide
error estimate for these methods with noisy data. We modified these methods with
less computational cost. Error estimate for steepest descent method and minimal
error method is not known under Holder-type source condition. We provide an
error estimate for these methods under Holder-type source condition and also with
noisy data. We also studied the regularized version of steepest descent method
and regularization parameter in this regularized version is selected through the
adaptive scheme of Pereverzev and Schock (2003).

Keywords: Ill-posed nonlinear equations, Steepest descent method, Mini-
mal error method, Regularization method, Tikhonov regularization, Discrep-
ancy principle, Balancing principle.

Mathematics Subject Classification: 65J15, 65J20, 47TH17, 47A52.
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Chapter 1

INTRODUCTION

problem and his frequently quoted statement is “We call two problems inverses of
one another if the formulation of each involves all or part of the solution of the
other. Direct problems have been studied widely for some time, while the other
is newer and not so well understood and it is called the inverse problem.” In-
verse problems are some of the most important mathematical problems in science
and mathematics because they tell us about parameters that we cannot directly
observe. They have wide application in optics, radar, acoustics, communication
theory, signal processing, medical imaging, oceanography, geophysics, computer
vision, astronomy, remote sensing, machine learning, natural language process-
ing, and many other fields. Inverse problem is a very active field of research in
applied sciences. Many inverse problems in science and engineering have their

mathematical formulation as an operator equation
F(z) =y, (1.0.1)

where F' : X — Y is a linear or nonlinear operator between suitable normed
spaces, y is the observation and x is sought for the solution. Inverse problems
most often do not fulfill Hadamard’s postulates of well-posedness (see Section [Tl
below) i.e., the equation () might not have a solution in the strict sense,
solution might not be unique and/or might not depend continuously on the data.
Hence their mathematical analysis is subtle. Problems that are not well-posed in
the sense of Hadamard [Hadamard (T953)] are termed ill-posed. Inverse problems

are often ill-posed.



Throughout the thesis we will be using the following notations.
e Let (.,.) and ||.||, respectively stand for inner product and norm.
e D(F') denotes the domain of F.
e R(F) denotes the range of F.

Fréchet derivative of F' is denoted by F’(.) (see definition IT2) and its
adjoint by F”(.)*.

B(z,r), B(x,r) stand, respectively for the open and closed balls in X, with

center x € X and of radius r» > 0.

1.1 Ill-posed problem

French mathematician Hadamard (I953) formulated the following conditions of
well-posedness of mathematical problems. The problem of solving the operator
equation () is said to be well-posed (according to Hadamard) if the following

three conditions are fulfilled:
(a) for each y €Y, there is a solution = € X of () (existence);
(b) the solution x is unique (uniqueness);
(c¢) the dependence of x upon F' is continuous (stability).

It is evident from the definition that the well-posedness of (IC) is intimately
connected not only with the operator F, but also with the spaces X and Y and
the topologies they carry, i.e., well-posedness is a property of the triple (F, X,Y).
Clearly for (a) to hold, we must have Y = F'(X) that is the mapping F': X — Y
must be surjective. Condition (b) is of course equivalent to injectivity of F' and
the condition (c) is merely another way of saying that, the inverse mapping of

F is continuous. That means the operator F' in () is bijective and F~! is
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continuous. The operator equation () which is not well-posed is called ill-
posed. Since the theory of linear ill-posed problems are well developed [Groefsch
(T984); Engl et all (T996); Nashed (T976)], we are interested in studying nonlinear

ill-posed problems.

1.1.1 Nonlinear ill-posed problem

Let X and Y be linear spaces and F' is a nonlinear operator from D(F') C X into
Y. As for linear case the theory is not so well developed in nonlinear case. If F
is not surjective, then the operator equation (IO is not solvable. We use the
concept of an z* -minimum-norm solution z. We need the following definitions in

the sequel.

DEFINITION 1.1.1 (Engl et al] (1998)). Let X and Y be Hilbert spaces and
F:D(F)C X —Y is anonlinear operator. We say that & is an x* -minimum-

norm solution of (1) if
F(@) =y

and

& = 27| = min{[le — 27| - F(z) = y}.

An z* -minimum-norm solution Z need not exist. If at all it exists, it need not

be unique.

DEFINITION 1.1.2. Let F be an operator mapping from a Hilbert space X into
Hilbert space Y. If there exists a bounded linear operator L : X — 'Y such that for

o € X

G+ h) — Flao) — L(B)|
h—0 | Rl

=0,

then F' is said to be a Fréchet-differentiable at xo and the bounded linear operator

F'(xg) := L is called the first Fréchet-derivative of F at xy.

If F is a nonlinear and Fréchet differentiable, then there are several possibilities:

3



(a) If F'(xg) is boundedly invertible at some xq, then F(z¢) is a local homeo-
morphism at this point by Inverse function theorem, but it may not be a

global homeomorphism.

(b) If F'(xg) is not boundedly invertible does not imply that F' is not a homeo-
morphism. For example, a homeomorphism F'(z() may have compact deriva-
tive, so its linearization yields an ill-posed problem. Otherwise F'(zy) may

be compact, so (ITO) is ill-posed, but F’(zy) may be a finite rank operator.

Hence for a nonlinear operator F, there are several possibilities of ill-posedness
[Rammi (2005)] as seen above (see (a) and (b) above). Thus, for nonlinear case
ill-posedness always means that the solution does not depend continuously on the

data, i.e, F'(.) is not boundedly invertible. We assume throughout the thesis that

e Equation () is ill-posed in the sense that the solution is not depending

continuously on the given data y.
e Equation () has a solution .
e The available data y° € Y such that ||y — y°|| < 6.
Next we give two examples of nonlinear ill-posed problems.
EXAMPLE 1.1.3 (Scherzer_ef all (T993)). Consider the problem of estimating
cn

—Au+cu = finQ, (1.1.2)

u = g in 0,

where Q is a bounded domain in R? or R® with smooth boundary or with Q0 being

a parallelepiped, f € L2(Q) and g € H2(09Q). Let ¢y € U, where

U={ceL*:c(x) >0 ae on N}

4



The nonlinear mapping F : D(F) C L*(Q) — L*(Q) is defined as the parameter

to solution mapping

with u(c) the solution of (II3) and, with some € > 0,
D(F):={c€ L*: ||c—¢&|| < € for some ¢ € U}.

EXAMPLE 1.1.4. (¢f. [Hoang and Ramni (12010)) Consider a nonlinear operator
equation F : H = L?[0,1] — H defined by

F(u) = /0 e~V (y)dy + (arctan(u))®.

The Fréchet derivative of F is

3(arctan(u))? /1 o
F/ — \96 y| d .
(w)w S v w + i e w(y)dy

If u(x) vanishes on a set of positive Lebesque measure, then F'(u) is not boundedly
invertible. If u € C|0, 1] vanishes even at one point xo, then F'(u) is not boundedly

tnvertible in H.

1.1.2 Regularization Method

Procedures that lead to stable approximations to an ill-posed problems are called
regularization methods. Since () is ill-posed in general, the strong conver-
gence and stability of approximate solutions can be proved only by applying some
regularization procedure. The most widely used regularization methods for (IZ0)

with nonlinear ' and approximate data y° are:
1. Tikhonov regularization method in which the solution x° of the equation
F'(2)"(F(x) = ") + alz — 20) =0

is taken as the approximate solution of ([CO) [Tautenhahn and Jin (2003)].

bt



2. If F' is monotone operator and X =Y, in this case one consider Lavrentiev

regularization method, in which the solution z? of the equation
F(x) +az —x0) = 1°
is taken as an approximate for Z [Tanfenhahn (2002)].

In our study we will be using Tikhonov regularization method for obtaining stable

approximation for z.

1.1.3 Source Conditions

To obtain error bounds on the distance |22 —Z|| one needs some additional smooth-
ness assumptions on & — xy with respect to the operator F'(z) or F'(zy) are called
the source condition. Various source conditions are used in the literature. For
example Holder-type source condition [Tanfenhahu (2002),Taufenhahn (2004)],
of the form z — zy € R((F'(2)*F'(2)"),0 < v < 1, general source condition
T —x9 € R(¢((F'(2)*F'(2))), with index functions ¢ [Semenova (2010); Argyros
ef_all (2013); Nair_and Mahalé (2013); [Argyros et al] (2014)] and the new varia-
tional source conditions [Hofmann ef all (2016)]. In our study, we will be using

Holder-type and the general source conditions with respect to the operator F”(xg).

1.1.4 Discrepency principle

An a priori choices should be based on some a priori knowledge of the exact so-
lution, namely its smoothness, but unfortunately in practice this information is
often not available. This motivates the necessity of looking for a-posteriori param-
eter choice rules. The most famous a-posteriori choice, the discrepancy principle
(introduced for the first time by Morozos (T966)) and some other important im-
proved choices depending both on the noise level and on the noisy data [Vainikkd
(T9R2); Georgd (2010a)]. In the context of iterative methods, the discrepancy prin-

ciple will be the stopping rule.



the iteration when, for the first time, ||y’ — F(22)| < 76. Denote by k(d,4°) the

resulting stopping index.

1.2 Steepest Descent Method

Steepest descent method is one of the Gradient methods. It was proposed by
Cauchy in 1847. To find a local minimum of a function using gradient descent,
one takes each step proportional to the negative of the gradient (or of the approx-
imate gradient) of the function at the current point. If instead one takes steps
proportional to the positive of the gradient, we approaches a local maximum of
that function; the procedure is then known as gradient ascent. This method is
based on the observation that if the multi-variable function f(z) is defined and
differentiable in a neighborhood of a point a, then f decreases fastest if one goes
from a in the direction of the negative gradient of f at a i.e.,—V f(a). It follows
that, if b = a —yV f(a), for v small enough, then f(a) > f(b). In other words, the
term vV f(a) is subtracted from ‘a’ because we want to move against the gradi-
ent, namely down toward the minimum. So, one starts with a guess z( for a local

minimum of f, and consider the sequence g, x1, 2, - - - such that
Tpi1 = Tp — YV f(x,),Yn > 0.

We have f(xg) > f(x1) > f(z2) > -+, so hopefully the sequence (x,) converges
to the desired local minimum. Note that the value of the step size v is allowed
to change at every iteration. With certain assumptions on the function f (for
example, f convex and V f Lipschitz) and particular choices of v (e.g., chosen via
a line search that satisfies the Wolfe conditions), convergence to a local minimum
can be guaranteed. When the function f is convex, all local minima are also global

minima, so in this case gradient descent can converge to the global solution.
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1.2.1 Steepest descent method for ill-posed equations

Our study focuses on modified steepest descent method and a modified minimal
error method for approximately solving the operator equation (ITI), where F' :
D(F) C X — Y is a nonlinear Fréchet differentiable operator between the Hilbert

spaces X and Y. Steepest descent method for () is given by
Tpt1 = xk+aksk,k = 0,1,2, ......... (123)

where s is the search direction taken as the negative gradient of the minimiza-

tion functional involved and «y is the descent.

1.2.2 Previous studies

e Neubanerand Scherzer (T995) considered the steepest descent method (SDM)
and the minimal error method (MEM) in the noise free case as:

steepest descent method

Tyl = T+ QgSk (1{32071,2,...)

si o= —F'(zp)"(F(x) — y) (1.2.4)
sl
T TF @)l

minimal error method

Tp+1 = T + QS (l{}:O,l,Q,)

sg = —F'(zp)*(F(zg) — v) (1.2.5)
o IF@) — P
) k]

e Method (X3) was studied by Scherzer (T996) when s, = —F'(xy)*(F(zx) —

[EA

) _
y°) and ay = S

e For linear operator F), Gilyazov (1997) studied (a— process) method (CX3)

when s, = —F/(e,)" (F(ay) =) and oy = s,

8



e The TIGRA-method of Ramlau (2003) is of the form (IZZX3) with s, =
—[F'(z)*(F(zx) — ¥°) + ax(mo — 21)] and a = By

e Vasin (2013) considered a regularized version of the steepest descent method

[EAS
IE7 () skl*+allse ]l

in which s, = —F'(x,)*(F(xy) —y°) +a(z) — 20) and oy, =

Zo is the initial guess.

Note that, in all these methods, one has to compute Fréchet derivative of F' at
each iterate xj in each iteration step which is in general very expensive. To reduce
the computational cost, we considered the above iterative methods which involve

Fréchet derivative of F' at only the initial guess x.

1.3 Outline of the thesis

The rest of the thesis is structured as follows.

Chapter 2 deals with the frozen regularized steepest descent method (FRSDM).
The regularization parameter is selected through the adaptive parameter choice
strategy given in (Pereverzev and Schock, 2005). Finite dimensional realization of
this method is also considered in this Chapter. Numerical example shows that the
efficiency of our method FRSDM compared to the method considered in (Argyros
ef_all, OT4).

In Chapter 3, we consider modified steepest descent method (MSDM) and
modified minimal error method (MMEM) which involves Fréchet derivative of F'
at only the initial guess x(. According to our knowledge, no convergence rate
results are known for steepest descent method and minimal error method with
noisy data. We obtained convergence rate result for both modified methods and
existing methods.

Chapter 4 deals with error estimate for steepest descent method and minimal

error method under general Holder-type source condition
g — T € R((F'(xo)" F'(xg))"), for 0 < v < 1. (1.3.6)

9



Using the above source condition we obtain the convergence rate result for
MSDM and MMEM for v = % in Chapter 3. But we could not obtain convergence
rate result for MSDM and MMEM with v # % even for SDM and MEM. So we
further modified the MSDM and MMEM with exact data y and noisy data 7°.
We obtained convergence rate result for modified form of minimal error method
(MFMEM) under the source condition (I=38) with 0 < v < 1 and for modified
form of steepest descent method (MFSDM) under the source condition (IZ34)
with 0 < v < % .

In Chapter 5, we consider nonlinear Hammerstein type operator equation which
is the composition of bounded linear operator and nonlinear operator. The solution
of linear operator equation is approximated through Tikhonov regularization and
the solution of nonlinear operator equation is approximated using the method

considered in Chapter 2.

Chapter 6 gives the conclusion of the thesis and future work.

10



Chapter 2

NUMERICAL APPROXIMATION
OF A TIKHONOV TYPE REGU-
LARIZER

In this Chapter, we present a frozen regularized steepest descent method and
its finite dimensional realization for obtaining an approximate solution for the
nonlinear ill-posed operator equation F'(x) = y. The balancing principle considered
by Pereverzev and Schock (2005) is used for choosing the regularization parameter.
The error estimate is derived under a general source condition and is of ‘optimal

order’. Numerical example provided proves the efficiency of the proposed method.

2.1 Introduction

Steepest descent method was considered by Scherzet (1996), Neubauer and Scherzer

(1995) for approximately solving the operator equation
F(x)=y. (2.1.1)

In the present study, we consider a modified form of (I23), namely frozen regu-

larized steepest descent method (FRSDM) defined for each £ =0,1,2,--- by
Tr1 = xp — BIF (x0)" (F(x) — y°) + a(zy — o)), (2.1.2)

where x( is the initial point, § > 0 is a fixed parameter and o > 0 is the reg-

ularization parameter. Further, note that in method (ZZI2), we have frozen the

11



Fréchet derivative at xy throughout the iteration. That is why, we call this method
(12) as frozen regularized steepest descent method. This is one of the advan-
tage of the proposed method. Observe that (Z12) is of the form (I23) with
sp = —[F"(20)*(F(z1) —y°) + a(zy — 70)] and ay = 3, for each k = 1,2, --- . Since
ay = [, one need not have to compute ay, in each step as in the earlier studies such
as Scherzed (1996); Neubaner and Scherzer (1995); Nasin (2013). In other-words,
the computational work is reduced considerably in the proposed method (212).
Note that method FRSDM coincide with the method considered in Argyros
ef_all (2014) when 8 = 1, but our convergence analysis is different from that of
Argyros et al] (2014) and is based on the property of the norm of a self adjoint
operator in Hilbert space (see Section 2.2). Moreover, the condition on the radius
of the convergence ball in Argyros et all (2014) is too restrictive than the condition
in this Chapter. The numerical experiments (see comparison Table E1) also show
that, the method considered in this Chapter provides better error estimate than
that of the method considered in Argyros et al] (2014). We also consider the finite
dimensional realization of the method FRSDM in Section 2.3. The error analysis
and the algorithm for implementing the method FRSDM are given in Section 2.4.

Finally the numerical results are given in Section 2.5.

2.2 Convergence analysis of FRSDM

Throughout this Chapter, we assume that the operator F' satisfies the following

assumptions.

ASSUMPTION 2.2.1.

(a) There exists a constant ko > 0 such that for every x € D(F) and v € X, there

exists an element ®(z,xo,v) € X satisfying

[F'(2) = F'(wo)lv = F'(w0) ®(z, 0, v), [|(x, 20, v)|| < kollv]ll|lz — ol

12



(b)
[F" (o) || < M.

Notice that in the literature the stronger than (a) condition

(a)f
[F'(x) = F'(2)]o = F'(2)¢(x, 2, 0), I8z, 2,0)[| < KJoll]Jz — ]|

is used for some {(z, z,v) € X. However,
ko < K

holds in general and kﬁo can be arbitrarily large [Argyros (PO0R). It is also worth
noticing that (a)” implies (a) but not necessarily vice versa and element & is less
accurate and more difficult to find than ¢ (see the numerical example in Argyros

ef_all (2014)).

ASSUMPTION 2.2.2. There exists a continuous, strictly monotonically in-

creasing function ¢ : (0,a] — (0,00) with a > ||F'(xo)||* satisfying;

o limp(d) =0
e sup aﬂi) < p(a), Va € (0,al.
A>0

o there exists v € X with ||v|| < 1 such that

o — & = @(F'(20)*F'(x0))v.

It is known that for a > 0,

F'(20)*(F(x) —°) + o — 20) = 0 (2.2.1)

has a unique solution z?, in B(zg,r) provided 0 < r < é (Argyros et all, 2014,

Theorem 2.) (see also Uin (2010), Section 4.3). Also it is known (cf. (Argyros

ef all, 2014, Theorem 4)) that if assumptions P20 and 2222 are satisfied, then

|22 — 2| < ! i—i—(p(a) : (2.2.2)
(Ga+v)

— 1—kor o
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Let 8o > 0, ap > 0 be some constants with 62 < ag and ||zg — || < 7. Let

d € (0,80] and « € [0%, ag]. Further, let 3, g, be the parameters such that

1

B e (2.2.3)
and
op=1—0af+ 35#2/60% (2.2.4)
REMARK 2.2.3.
1. Suppose 0 < r < 3]3[‘3,%. Then, we have
Qo = 1—a6+3ﬁ#2k0r

i€, Gap <1 forall0 <r< 3]\36;,60.

2. Notice that, if « — 0, then r — 0 and in this case xqg = x. Further, in
practice, we choose o from a set {0 < ag < aq,---,ay < 1} (see Section

2.4.2) and hence r > 0.
Hereafter, we assume that 0 < r < min{g-, 5755}

THEOREM 2.2.4. Let (z,) be as in (Z13) and let 0 < r < min {ﬁ, M}—gko}
Then for each & € (0,8)], a € [0% aq], the sequence (x,) is in B(xg,2r) and

converges to :rg as n — oo. Further,
|znss — 2ol < gaf lwo — 2, (2:2.5)

where qo 5 is as in (Z-27).

Proof: Clearly, o € B(xg,2r). Let A, := fol F'(2° + t(z, — 2%))dt. Since

1° € B(xo,7), Ag is well defined. Assume that for some n > 0, z,, € B(wg,2r) and

14



A, is well defined. Then, since z° satisfies the equation (2221, we have,

Tnp1 = Ty = Ty — o — B [F'(20)"(Fwa) — Fzg)) + alza — a7)]
= 2, — 20 — B[F(w0)* An + o] (2, — 2°)
= @ — 1 — B[F'(20)"(An — F'(20))] (w0 — 27,)
—B[F'(wo)* F'(wo) + al] (z, — )
= [I = B(F'(x0) F' (o) + o)) (z, — 7,

—B[F'(x0)" (A, — F'(x0))] (2, — xi) (2.2.6)

(=2}

Using assumptions 22271, we have

Tpg1 — x‘; = [I = B(F'(x0)" F'(x) + al)] (z, — a:‘;a)
1
—BF (x0)" F' (o) / @(xi + t(x, — x‘;), To, Ty, — xi)dt.
0

Now since I — B (F'(xo)*F'(zo) + o) is a positive self-adjoint operator,

11 = B(F" (o) F" (o) + ad)|
= S (I = B (w0)" F'(x0) + al)) z, )|

= | sup (1 = Ba)(z,z) — B (o) F' (w0)x, )]

< 1—ap. (2.2.7)

The last step follows from relation

« 1 Q
B (o) F' (o), 2)] < BIF ()P < BM? € s —MP = 1-—E— < 1-ja.

Hence, by assumption 22211, we have

a2l < (1~ aB)za — a2
1
+5M2k0/ (1 = t)llze = zoll + thza — woll)dtllzn — aql
0

3B8M3K
(1—046—1— 62 07") Hxn—:c‘;H
< Gagllmn — 3L (2.2.8)

IN

N
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Since g5 < 1 (see Remark 2723), we have

and

w1 = ol < lloo = @ol < v

1 = woll < [l — 2ol + 2o — all < 2r

i.e., z,11 € B(x,2r). Also, for 0 <t <1,

g, + (w1 — @0) — woll = |1 = )5, — o) + t(xns1 — 20)|| < 27

Hence, 22, +t(vn11 —22) € B(wo,2r) and A, 1, is well defined. Thus, by induction

x, is well defined and remains in B(zg,2r) for each n = 0,1,2,--- . By letting

n — oo in (EI2), we obtain the convergence of x, to 2. The estimate (2=2H)

now follows from (ZZX3R).

REMARK 2.2.5.

1. If assumption 221 is fulfilled only for all x € B(xg,r) N Q # O , where Q

1 a convex closed a priori set, for which T € Q, then we can modify method
(ZI2) by the following way
xi—l—l,a = PQ(T(fo,a))

to obtain the same estimate in Theorem [Z-24; here Pg s the metric projec-
tion onto the set QQ and T is the step operator in (Z123).

Instead of assumption 222, if we use the following Lipschitz condition:
| F'(x1) — F'(x2)|| < Lo||lz1 — 22| (2.2.9)

then from (ZZZ) and (22271), one can prove that (ZZZ1) holds with Ga 5 =
1 —af + BMLor instead of qa,p, provided 0 < r < 3.

Also by using (ZZZ2) instead of assumption ZZZ1, one can prove that (ZZ1)

has a unique solution, if 0 < r < *é—a and
0

1
lze — 2l < — (— +<P(Oé)> ~
-z \Va
Ja

16




2.3 Finite dimensional realization of FRSDM

For implementing method FRSDM one needs numerical calculations in finite di-
mensional spaces. One of the approaches in this regard is through discretization
(see Engl et al] (I996), page 63). Here the regularization is achieved by a finite
dimensional approximation alone. Regularization of ill-posed problems by pro-
jection methods can be found in literature, for e.g in George and Naii (2016);
Section is concerned with the finite dimensional realization of the method FRSDM.
Precisely, our aim in this Section is to obtain an approximation for 2, in the finite
dimensional space R(P,) of X. Here { P, };~0 is a family of orthogonal projections
of X onto R(Py), the range of P,. For the results that follow, we impose the

following conditions. Let
en = [|F'(zo)(I — Pu)|

and

bn = ||(I = By)]]

We assume that lim;,_,q€¢, = 0 and limy,_,qb, = 0. The above assumption is
satisfied if P, — I point-wise and if F’(.) is compact operator. Further, we
assume that there exist g > 0, by > 0 and oy > 0 such that €, < g and b, < bg.

We have taken the discretized version of (212) as
n,a

Ty = ol = BPy [F'(wo) (F(al) — o) + a(ald, — )| (2.3.1)
where 3:8’6 =: Ppxy. Let
(60 +€0)? < ap.
Next we prove that, for a > 0
PyF'(20)* (FPu(z) — ) + aPy(z — 29) =0 (2.3.2)
has a unique solution 2% in B(xq,r) N R(F).

17



THEOREM 2.3.1. Let & be a solution of (ZI11), assumption ZZZ1 satisfied and
let F: D(F) C X —Y be Fréchet differentiable in a ball B(zo,)NR(P,) C D(F)
with 0 < r < ﬁ Then (Z=33) possesses a unique solution x° in B(xy,7)NR(FP}).

Proof: For z € B(xg,7) N R(Py), let
1
My, = / F/(3 + (o — 2))dt.
0
If P,F'(xo)* My Py, + ol is invertible, then

(PyF'(20)*MuP, + al) (x — Py2) = aPy(zo— 1)+ PoF'(20)*(y° — v)

+PpF'(20)*My(I — Pp)Z (2.3.3)
has a unique solution 2/° € R(P,). Observe that
F(Pyw) =y’ = F(Pow) = F(2) +y —y* = My(Poz — &) +y — ¢/
and hence

PoF' ()" (F Py(x) — ) + aPp(x — 20)
= DPF' (o) (Mp(Phx — &) +y —y°) + aPpy(z — z9)
= (PhF/(ZL’())*MhPh + OéI) Ph(l‘ - i‘) — OéPh([EO - JAZ)

— Py F'(x0)* My,(I — Py)& — Py F'(z0)*(y° — ).

Therefore by (22323) P, F' (20)*(F Py(2)—y°)+aPy(x—x0) = 0 has a unique solution
a9, Clearly, 2% € B(xo,7)NR(P,). So, it remains to show that Py, F'(z0)* M}, Py, +

[0}

al is invertible for 2 € B(xg,r) N R(P,). Note that by assumption 2271, we have

|(PoF"(20)* F'(20) Py + )" PoF ()" (M, — F' () P

= sup || (PF"(xo)" F' (o) Py, + oc])f1 Py F' (x0)* (M, — F'(x0)) Byo||

llvfl<1

18



< sup || (PoF (o) F'(z0) Py + aPy) ™" PuF' ()"

lvll<1

/O (F'(i + t(z — &) — F'(20))dt Poo

< ”shlp | (PoF" ()" F' (20) Py + o) ™" PyF" ()" F' (0)

v||<L1

1
/ B (& + tx — &), 20, Pov) dt
0

< sup || (PF'(w0)* F'(w0) Py + al) ™" PyF'(20)*

lv]| <1

1
F(2o)[Py+ I — Py / B(i + tx — ), 20, Pyv)dt|
0
Eh ! . R

< ko + koﬁ /D |+ t(x — ) — xo|dt

1

3 ~

< [to+ k] [l =00l =0l + o = solle
0

< k0(1+€—h)r+r<2k07”<1.

Ja) 2

Therefore, I+ (PyF"(z0)* F' () Py + o) ™" Py F" (0)* (M), — F'(20)) Py is invertible.

Now from the relation

PhF/(Q?())*MhPh + al
= (PhF/(xo)*F/(xo)Ph + Oé[)

(I + (PuF'(20)" F' (o) Py + ) T Py F' (o) (My, — F'(0)) Ph)

it follows that P, F"(xo)* My, Py, + ol is invertible.

O

2ko 3M2ko
Then for each § € (0,00), o € ((6+¢n)?, dol, en < g0, (x2°) is in B(zo,2r) N R(P)

n,o

THEOREM 2.3.2. Let (2% be as in (Z233) and let 0 < r < min{ L 2 } .

h,o

v asn — oo. Further,

and converges to x

Hl’zle,a - 5UZ’JH < C]ZFHPMO — :z:Z;‘SH, (2.3.4)

where qo 5 is as in (Z-27).
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h,6

Proof: Since x° satisfies the equation (2232), we have

h,é h,d
Tpil,a — Lo

= ol — a0 —p [PhF/(xo)*<F<xh’6) - F(xgé)) + aPh(xZ’f; - xh’(s)}

= xZ:‘; — a3 [PoF (o) AL + aPy] (xd — 2 hoy
= ap — 1’ — B [PuF" (z0) (A} — F ’(:vo))} (wﬁz‘l —a5?)
—B[PyF'(20)*F' () Py 4+ aPy) (20 — 2/)

= [I — B(P,F (x0)" F'(x0) Py + al)] (:CZZ‘; — l‘h’a)

[0

—B [PuF (20)" (A, — F'(20))] (e — 20°).

n,a e
where Al =: fol F'(al? + t(xhd — a0))dt. Using assumptions 22271, we have

h,s h,é
Tnila — Lo

= [I — B(PuF"(x0)" F'(x0) P, + )] (xZ:‘; — xh’5)

1
— B[Py F'(20)*F'(20) / P2 4 t(dﬁ:‘; — M%), zg, (:vﬁfx — 2M%))dt.
0

Now since I — B (P, F'(xo)*F'(x0) Pr + o) is a positive self-adjoint operator, as in
(=)
|11 — B (PuF'(x0)" F'(x0) Py +al) || < 1 — Ba.

Hence,
lenty =2’ < (1 —ap)|laks, — =)

1
+5M2k‘o/ (1= t)lle?® = woll + tllans — wolldt) ay — 20”|
0

3B8M3k

g( B+ﬁ 0)II — ¢’
M

< (1- ﬁ+3ﬁ2k°)lwﬁﬂ—xﬁ’5ll-

The rest of the proof is analogous to the proof of Theorem 224,

REMARK 2.3.3.
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Instead of assumption 2221, if we use (ZZZ2) then Theorem 2231 holds with 0 <

r < ‘é—f and Theorem 232 holds with G p := 1 — a8 + BM Lor instead of qq s,

N [0
provided 0 < r < Mo

2.4 Error bounds under source conditions

Note that by (EZZ1), we have
Py F' (10)*(F(22) — y°) + aPy (2%, — 20) = 0. (2.4.1)
So, by (Z332) and (Z2), we obtain
PyF'(z0)* (F(2h®) — F(20)) + aPy (2’ — 20) = 0.
That is,

(PuF" (o)  F'(wo) Py + o) (20” = Pozy) = PuF (o) (F'(w0) — T) (25" — 20)

+ P F' (20)* F' (o) (I — Pp)xl,
where T = fol F'(2° + t(x° — 22))dt. So,

|22 — Pyl
= |[(PoF(20)" F' (o) Py + aPy) ™ [Py F (o)* (F (o) — T)(al — 20)

—|—PhF/(SL’0>*F/(xO>(I - Ph>xi} ||

S "(PhF/(xo)*F/(.CIZ‘(])Ph —|— CYPh>71PhF/(.T0)*
1
x [ [F'(x) + t(al’ — a2)) — F'(xo))dt(al® — 20) || + —=]z2]]
| *
< (PLF'(20)*F'(20) Py + aPy) Py F' (20)* F'(20) [Py + I — P
1
€h s
x [ o +t(ah® — ad)), xo, 2’ — 2d)dt| + —=||22 |
I s
1
19
< b (14 ) 10 = 0llsh — ol + et~ anllah? - o2
0

Ja
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(Ilxe, = @oll + [loll)

€hn
+_
6]

NG

< 2kor|les’ — agll +

€hn
= (r + [lao)

NG

9
2kor [l — Paad |l + [1(1 = Pa)al ] + == (r + l|zol)),

Ja

IN

hence

15
2’ — Pyl < kor|| (I — Py)ad || + —';(r Flwl)| . (242)

1
—1- 2]€0T \/_
Further, we observe that

1Pazo — 2| < | Pa(wo — a0®)|| < 7. (2.4.3)

Combining the estimates in (224), (242), (2423) and Theorem P23, we obtain

the following:

THEOREM 2.4.1. Let the assumptions in Theorem EZ32 hold and let x’nl:i be
as in (ZZ32). Then

€n
b+ Sl +1)
1

T T (% + (p(oz)) . (2.4.4)

. 1
Tas” T ok {

Further if ng :== min {n tqnp < ‘Hﬁ} and by, < ‘Hﬁ then

R 0+¢
| —g]<C ( s 90(@)) (2.4.5)

where C' =1+ #}W [1 4+ max{r + ||zol|, 2}] .

Proof: By triangle inequality, we have ||z} — &|| < ||aff — 20| + |50 —

20| + [|2S — #||. Therefore, from (222),(222), (22=3) and Theorem 2232, we
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obtain that

=
=
>
|

aid

IA

gngr + l2h® — Pl || + (11 — Pu)ad || + [l — 2]

n 1 Eh
< Gopt Tt T 2kor {QkoTH(I — Pl + ﬁ(HIO” "‘T)}
1 5
HIE = POl + 1 (e et
1 En
norb——— |||(I — Pyl || + S
< dhart g |10 = Pl + Sl + )]
(o
1—kor \Va ' 7
T — I = Pu) (@, — & + 2)|| + —=(|lzol| +7)
>~ qa”/j 1—2k0T h a \/a 0
L] S+ o)
1—]{307‘ \/a e
N — e, — &l + (I — P&l + —=(llo]| + 1)
> th,ﬁ 1-2](307" a h \/a 0
L S+ o)
— (8%
1—kor \a ' *
1 En
< - Sh
< dart g b Sl +7)
+ {1+ ! ! i+ ()
12k ) 1—kor \ Va7
1 En
< @t ——— by
< dar g |t Ol + )]
1 5
This proves (244), and (243) follows from (E24). O

2.4.1 An a priori choice of the parameter

Note that the estimate 22 + () in Theorem 221 is of optimal order for the

2
choice o := aj, which satisfies Hﬁ = (). Let ¥(A) == A/ 1(N),0 < X < a.
Then asy = ¢ ™10 + 5] satisfies ‘Hﬁ = p(a).

In view of the above observation, Theorem 2471 leads to the following:
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THEOREM 2.4.2. Let )(\) = A/ 1()\),0 < X < a and assumptions in Theo-
rem 241 hold. For § >0, let as = ¢ ' [tp=1( + &1)] and let ns be as in Theorem
ZZ.1. Then

125y a; — & = O™ (8 +en)).

2.4.2 Balancing principle

Note that the best function ¢ measuring the rate of convergence in Theorem 2471
is usually unknown. Therefore, in practical applications, different parameters

o = o are often selected from some finite set
D:={a; : 0<py<a; < <ay <1},

and corresponding elements 2% i =1,2,---, N are studied on line. Let

n,07 7

) 0+ ey
n; ::mln{n:qgﬁg
SN

and let " := z"° . Then from Theorem 24T, we have

)
Jat, =1 < € (2 4 plan) ) i 1,20 N,
We choose the regularization parameter o from the set Dy defined by
Dy :={o; = p*ag < 1,i=1,2,--- N},

where ag = (0 + ¢5,)? (see Pereverzev_and Schock (P005), Semenoval (2010)) and
w > 1. Using the ideas in Pereverzev_and Schock (2005), we consider all possible

. . . . o+ .
functions ¢, satisfying assumption 221 and ¢(«;) < % Any of such functions
is called admissible for & and it can be used as a measure for the convergence of
2" — & (see Cief all (200R)).

The main result of this Section is the following theorem, proof of which is

analogous to the proof of Theorem 4.4 in Georgd (2010K).
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THEOREM 2.4.3. Assume that there existsi € {0,1,--- , N} such that o(a;) <

%. Let assumptions of Theorem [2.4.1 be satisfied and let

5
k:max{i:ijl,Q,--- il — ot || < 4028 }
1 J \/05—]

where C is as in Theorem ZZ.1. Then | < k and

|z — 2| < 6CuY ™ (6 + ep).

«

REMARK 2.4.4. The balancing algorithm associated with the choice of the pa-
rameter specified in Theorem wmwolves the following steps:

e Choose ag = (6 +5)? and pp > 1.
e Choose o; == p*ag,i=0,1,2,--- , N.
1. Set1=0.

2. Choose n; == min {n “n,p S 65/?1} '

3. Solve x; := xl°, by using the iteration (ZZ31).

ng

4. If ||log — x4]] > 40%,]’ < i, then take k =i — 1 and return xj.

5. Else, set v =141 and go to 2.

2.5 Numerical example

Let VM CV, C V5 C ... be a sequence of finite-dimensional subspaces of X with
m = X and P, (h = 1) is the orthogonal projector of X onto R(F,) :=
Vin C D(F). Precisely, we choose orthonormal system of box function ®;(¢,7) =
V()W (7),i = (E—1)m+1, k=1,2,3,..,my, [ =1,2,3,...mq, i=1,2,...m(=

m?), where Wy(t), ¥,(7) are Ly-orthonormalized characteristic functions of the
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intervals [k — 1, k], [l — 1,1] (Luef-all (2008)), respectively, as a basis of V,, in Q =
[0,m4] x [0,m1]. We consider the following integral equation (Inverse gravimetry
problem (see V_"Vasin_and Timerkhanova (T996) and references in it) for the
implementation of the method (2231). Let F': H(Q) C L*(Q) — L*(Q) defined
by

1
T dz'dy’ = 2.5.1
// CU—ZE y y) +U2([E,7y,)]1/2 €T ay f(xay)v ( )
where Q = [0,m4] x [0, m;]. The Fréchet-derivative of the operator F' at the point

uo(z,y) is expressed by the formula

// (@ — ) uo<x V)V 0) de'dy.  (25.2)

(y —y')? =+ (uo(a', y'))?)3/?

Applying to the integral equations (2251) the two-dimensional analogy of rectan-

gle’s formula with uniform grid for every variable, we obtain the following system

of nonlinear equations:

mi mi 1
AxAy = f(xr,y);
2 2 T = 7 o= g Ay = )

(k=1,2,...,my,l =1,2,...,my). The discrete variant of the derivative F’(ug) has

the form
AL AxAyuo(x vy h(2,yl)
F°hn, 1ol g g ) 2.5.3
(Fahobia = 3.2 T = (= o+ e, S (253)

where ug(x,y) = H is constant.

We take the exact solution as

zl(x, y) =5_ 26—[(x/10—3.5)2(y/10—2.5)2] . 36—[(w/10—5.5)2(y/10—4.5)2]

Y

and fo= F(a)+ 0. Let Aw = Ay =1, m; =35, H=5.
Note that on the set

Q ={1.0 < u(z,y) <10.0}

| F'(u) — F'(up)|| < Lollu — ugl| (see N"Vasin_and Timerkhanova (I996); Vasin

(2014)). The results of numerical experiments are presented in Table EZI. Here
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Uy, is the numerical solution obtained by our method; the relative error of solution

and residual are

A i _ Fu(i) — £l
]

. A
i 1=l

respectively, for a noisy right-hand side.

Table 2.1: Comparison table for relative and residual error for method FRSDM
and method in Argyros et al] (2014)

Relative error and residual error Relative error and residual error

for the method FRSDM for the method in

Argyros et all (2014)

) (07X Al Ag (077 A1 A2

0.01
0.001
0.0002
0.0001

8.3521E-5
8.3521E-7
7.3324E-8
8.3521E-9

1.8576E-4
1.8577E-4
1.8578E-4
1.8579E-4

3.8057E-5
3.8123E-5
3.8129E-5
3.8130E-5

5.0625E-4
5.0625E-6
2.0250E-7
5.0625E-8

8.1214E-4
8.1214E-4
8.1214E-4
8.1214E-4

7.9872E-4
7.9871E-4
7.9871E-4
7.9871E-4

Comparison in Table 21 shows that the relative and residual error for method

FRSDM is smaller than that of the method in Argyros et al] (2014) for a given

data error.

Figure I, shows the exact solution, Figure 22 shows approximate solution

for 6 = 0.01 and Figure 223 shows the approximate solution for o = 0.0001.
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Figure 2.1: Exact solution.
5
4.9998 |
4.9996
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Figure 2.2: Approximate solution for 6 = 0.01
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Figure 2.3: Approximate solution for 6 = 0.0001.
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Chapter 3

MODIFIED STEEPEST DESCENT
AND MODIFIED MINIMAL ER-
ROR METHODS

A modified steepest descent method (MSDM) and modified minimal error method
(MMEM) for nonlinear ill-posed operator equation have been considered in this
Chapter. To our knowledge, convergence rate result for the steepest descent
method (SDM) and minimal error method (MEM) with noisy data are not known.
We provide convergence rate results for these methods with noisy data. The re-
sults in this Chapter are obtained under less computational cost, when compared
to the steepest descent method and minimal error method. We provide a numerical

example.

3.1 Introduction

Steepest descent method is studied extensively (see Brakhage (I987); Argyros
ef_all (2006a); Golub and O’Leary (T98Y); Kammerer_and Nashed (I971, T972);
King (T989); Lardyl (1990); Lonis (TY87); Neubaner and Scherzer (T995); Scherzen
(I996)). As already stated in Section 1.2.1, the steepest descent method for non-

linear ill-posed operator equation can be written as

Th+1 :karozksk, (311)
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where s is the search direction taken as the negative gradient of the minimization
functional involved and «y, is the descent. In this Chapter, we provide conver-
gence rate result(with and without noisy data) for the modified steepest descent
and modified minimal error method. The same idea can be extended to steepest
descent method and minimal error method with noisy data to obtain convergence
rate result. The rest of the Chapter is structured as follows. Preliminaries are
given in Section B2. Convergence analysis of MSDM and MMEM are given in
Section BZ3. Convergence analysis of MSDM and MMEM with noisy data are

given in Section B4 and a numerical example is given in Section B3.

3.2 Preliminaries
Neubaner and Scherzer (1995), considered the steepest descent method:

Tyl = T+ QgSk (/{220,1,2,...)

sl
T TF @)l

and the minimal error method:

Tpt1 — T + QS (kIO,l,Z,)

S = —F/($k)*(F($k) — y) (3.2.2)
|F () — o)
Qg
el

in the noise free case and obtained the rate
|z, — 2| = O(k™2) (3.2.3)
under the assumptions (A):

(A;) F has a Lipschitz continuous Fréchet derivative F”(.) in a neighborhood of

Zg.
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(Ay) F'(x) = R, F' (&), v € B(xg,p) where {R, : x € B(zo,p)} is a family of

bounded linear operators R, : Y — Y with

[ = 1] < Cllz — 2

where C' is a positive constant and

(As)

for some 2z € X.

zo— & = (F/(2)"F'(2))22

In this Chapter, we consider a modified steepest descent method and a modified

minimal error method, in the case of noisy free data, defined by

Tk+1
Sk

Qg

and

Tk+1
Sk

o973

T + Qg Sk (k:O,l,Q,)

—F'(w0)"(F (1) — y) (3.2.4)
£
1F" (o) 51

xp+agsy (K=0,1,2,...)

—F'(w0)"(F (1) — y) (3.2.5)
£ (k) — ylI*
I 2

respectively. Let z be the initial guess with ||zg — Z|| < p. Instead of assumptions

(A), we use the following assumptions (C):

(Co) ||F'(x)|| < m, for some m > 0 and for all z € D(F).

(C1) F'(z) = F'(x0)G(Z,20) where G(Z,x0) is a bounded linear operator from

X — X with

|G(&, 20) — 1] < Cop

where Cj is a positive constant.
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(Cy) F'(x) = R(z,y)F'(y) (x,y € B(xg,p)) where {R(z,y) : x,y € B(xg,p)} is a
family of bounded linear operators R(z,y) : Y — Y with

[R(z,y) = I|| < Ciflz -y
for some positive constant Cf.

(Cs)
2o — & = (F'(20)*F'(20))2v

for some v € X.

Observe that xy — & in (C3) is depending on the known initial guess zy, where
as in (Aj3), o — & is depending on the unknown Z. Not only this advantage but
also in our method one need to compute the Fréchet derivative only at one point
xo throughout the iteration process. As already mentioned in the introduction,
no convergence rate results are known for steepest descent method and minimal
error method with noisy data. In other words, it remains an open question whether
convergence rate results can be proven for the methods SDM and MEM with noisy
data. To answer this question, we considered the methods MSDM and MMEM
with noisy data and obtained a convergence rate result. Using the same idea we

obtained a convergence rate result for methods SDM and MEM.

3.3 Convergence analysis of MSDM and MMEM

The main purpose of this Section is to obtain an error estimate for ||z, — Z||,
under the assumptions (C). For this purpose we make use of the following result
in Gilyazov (997)[see (Gilyazov, 1997, Lemma 2)]. Let (vx) be a sequence in

X,v > 0, be some parameter such that

[ A v |)? = | A v || > e (A" oy, A%0)
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for k=0,1,2,..., where A is a positive self adjoint operator and e, > 0. Then

k—1 i
1A% v < 2(v + V)] |log]| 7 [Zeiuwn—fﬂ] . (3.3.1)

1=0

We shall apply the above result (i.c., (331)) to v, = A~2(x), — #) with A =
F'(20)*F'(20) and v = 5. Therefore, in order to apply (831), we need to prove;

2k — 2)|* — |7psr — 2[1* > en(A(xg — 2), 75 — 7) (3.3.2)
for some e, > 0 and ||A~2 (24 — #)|| is bounded. Let C' = max{C, Cy}.

LEMMA 3.3.1. Let (C) conditions hold and let Cp < /5 — 2. Let (x},) be as in
(524) or (3ZA) and & € B(xy, p). Then, x), € B(xg,2p) and

ki1 — &7 + an [L = C?p* = 4Cp] A2 (wy — &)|* < [lag — 3 (3.3.3)
forall k =0,1,2,.... Moreover,
> ol A2 (a, — 2)|* < .
k=0

Proof: We shall prove the result using induction. Note that zy € B(xg, p) and

suppose x € B(xo, p). Then using (B7Z4) or (B=2H), we have

2rp1 = 2I° = [ — 22
= =20 (xy — 2, F' (o) (F(x) — y)) + | F' (x0)* (F(xx) — »)|”
= 2ap{xp — &, F'(x0)" [F(xr) — F(2) — F'(x0)(x — 2)])

+ay, [OékHF/(ﬂCo)*(F(xk) — I = 2z — &, F'(w0)" F' (o) (x, — 7))
= =204 (F'(xo)(xp — i),/0 (F'(2 4+ 0(x), — 2)) — F'(0))dO(zy, — 1))

+ay, [akHF’(xo)*(F(fck) —y)|* = 2/| A2 (2 — )] (3.3.4)
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So by (Cs), we have
wpsr = 2]|* = flow — 2]
1
= —2ap(F'(z0)(z1, — ﬁ),/ [R(% + 0(x), — %), 20) — I|dOF' (z0) (21, — 7))
0

o |l F o) (F () = )I? = 2] A (e — &)

1
< 20 / |R( + 0, — 2), 20) — T|IIF (o) (. — 26
0
o [nl|F'(zo)" (F(wn) = )12 = 2/ A3 (o1 — D)1
< 20, C|7 + Oy — &) — wo|||| A2 (2x — )|

|l F' (o) (Fle) = ) = 20|43 (i — 2))2] (3.3.5)

Observe that ay||F'(xo)*(F(zx) — y)||* = || F(zx) — y||* in the case of MMEM and
in the case of MSDM, we have

(F'(wo)sr, F(xx) — )

2
ESE < | F(zg) —ylI*

|| F' (o) (F(ar) — y)lI* =

So for both methods MSDM and MMEM, we have

|| F (20)* (F(z4) — y)|I?
< ||F<fk>—y||2
_y / F(i + 0ax — 2))db(ay — &)
= H/O [R(i'—l—@(xk—:%),xo)—I+[]d0F’(:c0)(a:k—3?:)H2
< (Cl|3 + Oz — &) — xol| + 1) || F (o) (s — )

< (Cp+1)" || A2 (- ) (3.3.6)

Therefore, by (B23H) and (B=30) we have
lzna = &> = llax — &]* < [(Cp+1)” +2Cp — 2] | A% (w, — )]”

This completes the proof.
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Let

26, 56 4
t) =2t — 2 4 =t — .

Note that p(0) = —3 < 0 and p(1) = 2 > 0. So p(t) has a zero in (0,1). Let

ro be the smallest zero of p in (0,1). Next, we shall prove the boundedness of

| A2 (2 — 2)]|.

LEMMA 3.3.2. Let (C) conditions hold and Cp < min {/5 — 2 ro} = 0.0740.

Let (x1) be as in (324) or (3ZA) and & € B(wo,p). Then |A~2(zy — )| is
bounded.

Proof: Using (C3), one can prove that z, — z € R(A%) forall k=0,1,2,....

Therefore, we can apply the operator A73 to Try1 — 2 and xp — T to obtain

1A% (zpg — 2|2 — [| A2 (2 — &)
= —200( A3 (z — 2), A2 F (o) (F(ax) — v)) + 0| A7 F' (o) (F () — )|
= 20 (A3 (wy — £), A2 F ()" (Fly) — F(&) — F/()(ax — 2)))
o | ATEF (@) (Fai) = )l
€

1

—2(A7H (@ — 8), AHF (20)" F' (@) (2 — )

— (A (e — ), /0 (F'(3 + (s — 2)) — F'(3)) dO(zs — 7))

o, [akHF(xk) — oyl = 2AE (0 — 2), F'(3) (s — @)ﬂ . (3.3.7)
So by (Cy) and (B=372), we have

1A% (@1 — &) — | A2 (2 — 2)?
_ —2ak<A2(xk—x),/0 (R + 0z — &), %) — I) dOF'(3) (a5 — )
|l F(a) = 2 = 2(A7 (2 - 8), F'(2) (@ — )]
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= 204 (A7 (g — 2), /01 [R(& + 0(xy, — 2), &) — 1] dOF(2)(zy, — 7))
o onl|F(or) = ylI* = 2(A7H (i — £), F' (o) (w1 — 2)
—2(A7H (w — &), [F'(3) = F'(a0)] (s — 2))]

— o0 A (- ), /01 (R(G + 0z, — 7), &) — 1] dOF () (s — 2))

_1

o[ F(e) — ol — 2A7b (s — 8), )i — )

(AT (ay — &), F'(20)[G(&, w0) — ] (n — @)ﬁ .
The last step follows from (Cy). So, we have

IA72 (21 — @)1 = | A7 (2 — )

IN

1
2| A2 (wp — i)llc/ Ol — 2(|dO|| R(2, xo) — I + I||[|F" (o) (xx — 2)]|
0

1
o [aull [ F(6 + an — ))db(a — )P = 2o = 2l + 2Cpl — ol
0

IN

1
20| A7 (g — fi‘)HC/ Ollvk — 2(|dO|| R(Z, o) — 1 + I|[[[F" (o) (zx — 2)]
0

1
+ay, [akH / [R(& + 0(zy, — 2),20) — I + I dOF' (x0) (2 — 2)||* — 2|21 — 2|7
0

+2Cp|la — 2]

IN

1 . C . i )
arl|A72 (zr = D)l 5 llon — 211+ Cp)|F" (o) (xx — 2)]

o |a(1 + Cp)2| Ab (g — D) = 2oy — 712 + 2Cpllax — 2]
Therefore by Lemma B=31, we have

IA72 (21 — ) — A7 (2 — )

1 LA . - . « X
< opllA7E (ze — 2)[[Clla — 2[(1 4 Cp)l|F' (o) (x — 2)|| — ngfck — 2|
(1+Cp)? = 9 112
_ _ 200, — = _
Ll Farorreer i 2, — 2
< agl[A72 (2 = 2)[|C (1 + Cp) ||z — 2|[|F' (o) (zx — 2)]]
o} .
—f!lxk — &% (3.3.8)
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The last step follows from the fact that for Cp < ry, we have

(1+Cp)?
1—4Cp — C2p?

9

20y < =.
+ P

Now using the relation 2ab < a® + b? with

1 R /ooy = = 1 . R
a =/ poullze — 2] and b=~ EC(1+ Cp)| A2 (zr — &) || F (o) (wr, — 3|

in (B233R), we have

|A™2 (241 — 2)]) — [|A72 (2% — )|

5 _ _ R N
= 102(1 + Cp)Paul| A% (wy, — )2 F (o) (e — 3| (3.3.9)
Now, since Cp < min{v/5 — 2,7} < 0.0740, we have by (8-39)

A= (g1 — 2)||2 — | A2 (2, — 2)|?

< 1.4418C%00 || A2 (zp — 2)|]?| A2 (2 — )|
Set z, = ||[A~2 (2 — 2)||. Then
2, < (1 +1.4418C% 0y, || A% (24 — ;e)||2) 2.

By induction

k
22 < (1 +1.4418C 20| A2 (2; — 55)||2) 2. (3.3.10)

i

|
—

Il
o

The convergence of [[;°, (1 + 1.4418C 20y || A2 (x; — .:%)H2> follows from the con-
vergence of > % ;|| A2 (z; — #)|2. By Lemma B33, Yoo ;|| A2 (z; — 2|2 < oo.
Therefore, there exists M > 0 such that Zf:ol C2a;||A2 (z; — #)||2 < M, which
implies that

k—1

_ k— S0 nad s
[ 1+ 1.4418C% ;|| A% (2, — 2) %) = (Tt (1414418020 |42 (2:-3)]?)
=0

IA

el AdIsM, (3.3.11)

38



From (BZ310) and (BZ33), we have 27 < e!4418M 22 Since by (C3), 20 = | Az (2o —

Z)|| = ||v]|. So we have
22 < et AHEM |y 12, (3.3.12)

This completes the proof.
(I

REMARK 3.3.3. Note that, in (B=28), one can split —2||z —Z||* into two parts,
say —c||lzx — 2||* and (¢ — 2)||zx — Z||* such that % +2Cp < 2—c. In this

way one can choose a larger p. We choose ¢ = % for our convenience.

THEOREM 3.3.4. Let (C) conditions hold and Cp < min {v/5 — 2,7y} = 0.0740.

Let (xx) be as in (524) or (3Z3F). Then
|z, — 2| < Ck™/2
where C' = \/3el-4418M =1/2||y||.

Proof: Observe that ag > || F'(z0)]| 72 So for € := ¢ = 0.6985|| F'(xq)|| 72, we
have, from Lemma BZ31, the conditions (C) and Cp < 0.0740;

v

~ ~ = = 1 N
o — 212 = s — 27 > (1—4Cp — C%p?) al| A3 (2 — )]

0.6985| F" (o) || ~2[| A2 (zy, — 2)]|?

v

]| A2 (z), — 2)||?

llF (o) (s — 2)|°
= €<A($k - i"),l’k - i)

An application of (BZX), yields

-1/2
ok — 2] < VB[ A73(x) — 2)[|2P V2

k—1
>4 @ — )7
=0
E—1 —-1/2
= V3P [Zziz/?’] . (3.3.13)
=0
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So by (B=3T2) and (B=3T3), we have

ka—f” < ‘/361'4418M6_1/2k_1/2HUH
< Ck'2 (3.3.14)

This completes the proof.

3.4 Convergence analysis of MSDM and MMEM
with noisy data

In this Section, we consider methods MSDM and MMEM with noisy data g°

instead of y. As already mentioned in the Chapter 1, we assume that

ly =’ < 0.
Precisely, we define:
). = a)+ajs) (k=0,1,2,...)
spo= —F(z0)"(F(a}) —¢°) (3.4.1)
5 [EAls
ap = T
17 (o) s |I?
and
.Ti+1 = xldc + OéiSi (k - 07 1727 . )
o= —F(20)" (F(a7) —¢°) (3.4.2)
o IEGD - P
* Isgll>

instead of zy, in (B24) and (B=Z3), respectively. We will use the following assump-
tion together with the assumptions (C):
(Cy4) F satisfies the local property

|1F(w) = F(v) = F'(xo) (u — )| < nl|F(u) = F(v)]| (3.4.3)
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for all u,v € B(zo, p) with max{3 — %, 0} < n < 3. It was shown in Kam-

merer and Nashed (1971, 1977); King (T989); Lardy (T990); Louis (T987) (for linear
ill-posed problems) that the steepest descent method converges in the case of ex-
act data, but due to the instability of the steepest method it is impossible to use
a-priori parameter choice strategies as stopping criteria. Therefore, a-posteriori
strategy is used in the literature (Scherzer (T996)) for stopping (82-1) and (B=222),
but no error estimate for ||z — Z|| was given (as far as the authors are known). In

this Section, we propose a discrepancy principle for method (B2) and (B222).

3.4.1 Discrepancy Principle

PROPOSITION 3.4.1. Let (C) conditions hold. Let (x3) be as in (341) or
(BZ3). Then, 22 € B(xo,2p) C D(F) for all k =0,1,2,... and if

|F(x3) —°|| > 76 (3.4.4)
where
(1+1)
2 2 4.
T> 20— 20 > 2, (3.4.5)

then, for all 0 < k < k, with 7 as in (54-3), we have

ki—1

ko (76)? < kzzo 1P~ o1 < 7| " (o) |

~ 112
— . 3.4.6

Proof: Note that zy € B(zg,2p). Suppose 28 € B(w,2p). Using (BZ1) or
(B22), we have

gy — 2l* = g — 2
= —2aj(a] — & F'(20)" (F(x}) = y")) + o |F'(w0)" (F(x}) — ")
= 204(F(2}) = y° = F'(wo) (2} — @), F(a}) — /")

+a [oRl|F" (o) (F(a3) = ))II° = 21 F(a}) — o°II°]

205 || F(23) — F(&) +y —y° — F'(wo) (), — D) | F'(a7) —

IN

ol [l F (o) (F(a) — )12 = 2| F(ad) — o1 (3.4.7)
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So by (C4), we have by (B21)

sy — 211 = [l — 21

< 205 (0| F(2R) — F@)]| +6) [1F () — o]
+a [oRl|F" (o) (F(ay) — y)II” = 21 Fay) — " II°]
< 205 [l F(23) = o'l + (1 +n)o] | F(a3) — o]

+af [oRl|F" (o) (F(a3) = y")II* = 21 F(a}) — o°II°]
= ap(2n = DIIF@R) =y I* + ag2(1 + m)d|| F () — ol
+af [ || F (zo) " (F(23) — ") I* = | F(23) — °[P] -
In both methods, i.e., (B2) and (8432),
|| F' (o) (F(ay) = ") I* < |1F(a3) — v
Therefore, we have
251 = @01 = fla — 2]
< ol [2n—DIF@ED — g2+ 200+ ndllPEd) —o7ll],  (3.48)
so, by (B24), we have
21 — @01 = fla — 2]

< al <<2n 1)+ o j 77)) IF(8) — 1|2 < 0. (3.4.9)

This implies ||z,; — 2| < ||z) — 2| < |lwo — & < p. Thus [|z},, — x| <
21 — 2| + |lzo — 2|| < 2p ie., 20, € B(xo,2p) C D(F) for all k =0,1,2,....
Now since ad > ||F'(x0)|| 72, we have by (B29)

Pl (0 20) - 2550 ) ) - 12

< lag = 2] = [lage, — 2] (3.4.10)
Adding the inequality (8210) for k& from 0 through k. — 1, we obtain
ka1
- 1 +n . .
15 (o)l 7 ((1 —2n) - ) Z 1F(23) = y°II* < w0 — 2|* — la3, — 21>
(3.4.11)
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This completes the proof.
O

REMARK 3.4.2. Note that (54.11) implies, for y° # y, there must be a unique
index k, such that (8Z.4) holds for all k < k, but is violated at k = k, [see also
(Engl et all, 19986, page 282)].

Let € := | F"(x0) [ ((1 —2n) - 2M) Let © := || F'(z0)|| ((1 — o) — 2(1+n)>

T T

and

q=1—9< = )2. (3.4.12)

T—1
Now, we shall prove that ¢ < 1 for 7 > 2. Note that, to prove ¢ < 1, it is enough

to prove that

0 (25) = ireoi (0o —20E0) (1) <

for 7 > 2. That is to prove that

p(r) =77 =277+ (1= [|F" (o) | 7*(1 = 2n)m*)7 + 2(1 + m)m? | F'(wo)]|~* > 0,

_ IF (o)
2m?2

for 7 > 2. This follows from the condition n > %

THEOREM 3.4.3. Let (C) conditions hold and p < min{%, ﬁﬁ} Let
:ltiJrl be as in (54-1) or in (543). Then for 0 < k < k.,

O(¢'s) if &< gt

o =l =8 % (3.4.13)
O(52) if ¢ <o
where ¢ :==1 — %
Proof: By the definition of k,, we have for k < k,;
76 < |[F(z3) =9l
< 1P (23) = F@)I + lly = v (3.4.14)
So, we have
|F(x3) — F(2)| > (1 — 1)0. (3.4.15)
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Again by (BZT4), we have
70 < ||F(x3) =o'l

1
I /0 F'(& 4602 — 2))do(z — 2)|| + 0

< mla) — 2| + 6,

A\

ie.,
5 &
5 < Ml = 2] (3.4.16)
T—1
Thus, by (B4T3) and (B218), we have
1F(z) =yl = [[F(a}) = F(@)]| =6
5 &
> (r—1)o— a2l (3.4.17)
T—1
mp
> —1)0 — 0.
=Y ) T—1 ”
Thus by (B22T1), we have
5 22 o (il = #1\
[F(xy) —¢°° = (7—1)%0" + — 1
—26m||z) — &||. (3.4.18)
So by (B41IX) and (BZM), we have
- 2
274 — &)* < (1 -0 (m) ) |, — &)
—Q(1 — 1)%6% + 2Q0m||x) — 2
2
< (1 -Q (L> ) |l — 2
T—1
—Q(7 — 1)%6* + 2Q6mp (3.4.19)
2
m 3
< <1—Q(;jj))Wﬁ—$W
+2Q0mp.

Therefore we have,
241 — 211° < gllag — 21> + Lo
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where L = 2Qmp. Then,

lagy — 217 < ") — &P + ¢" Lo+ ... + qLo + Ld
Lé
1—gq

IN

k+1p2 4

q (3.4.20)

This completes the proof.

3.4.2 Convergence rate result for steepest descent method

and minimal error method with noisy data

In this Section, we considered the steepest descent method and minimal error
method with noisy data and obtained a convergence rate result which is not avail-
able in the literature. The steepest descent method and minimal error method

with noisy data are defined by

xi+1 = xi—i_aisi (k:O71727)
s, = —F(@)"(F(z}) -y (3.4.21)
[EAS
of = %
127 ()71
and
'Z.i-ﬁ—l = .Z'i + aisi (k = O? 1727 N )
s, = —F(@)"(F(z}) -y (3.4.22)
N LV R
[EAls

respectively. We have the following convergence rate result.

THEOREM 3.4.4. Let (C) conditions hold and p < min{%,#ﬁ}. Let
20, be as in (B4.21) or (B4-23). Then for 0 <k < k.,
) O(¢'%) if 6<q*!
[ = ) . (3.4.23)
O(62) if ¢ <o
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where

wm2

=1—- —.
g (r—1)2
with

W= | F(ad)] ((1 Cop) - 2M) .

T

Proof: Simply follow the proof of Theorem BZ73.

3.5 Example

In this Section, we implement MSDM and MMEM for both noisy data and noisy

free data through below example.

EXAMPLE 3.5.1. (cf. [Hoang and Rammi (2010)) Consider a nonlinear operator
equation F : L?[0,1] — L?[0,1] defined by

F(z) := (arctan(z))?. (3.5.24)

The Fréchet derivative of F' is

F(2)w = 2a71°c_2|5_a;12(w)

If () vanishes on a set of positive Lebesgue measure, then F’(z) is not bound-
edly invertible. If z € C|0, 1] vanishes even at one point ¢y, then F’(x) is not
boundedly invertible in L?[0, 1].

Note that

F'(2)w = F'(x0)G(%, xo)w,

and

F'(z)w = R(x,x0) F' (xo)w
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with

1+ 22 arctan(z)

G(&,20) = -
(%, o) 1 + 22 arctan(x)

and

1+ 22 arctan(z)

R(z, = )
(z, o) 1 + 22 arctan(xg)

respectively. Further, for zy # 0,

HG@ww—IHs[ +2mwﬂﬂmmwﬂui—mu

||arctan(zo)||

and

HRmmw—fns[ +2mwwwLMﬂﬂnx—mw

||arctan(zo)||

That is, assumptions (C;) and (Cy) are satisfied. Let #(t) = ¢,t € [0,1] and
y(t) = arctan(t)?. Initial guess xo(t) = t/2 and 7 = 2.1. For nosiy free data error
estimates are given in Table BTl and approximate of solutions are given in Figure
B0 and Figure B8. For noisy data, error estimates are given in B2 with different
values of 0. Approximate solutions are given in Figures BZ2-B1 for MSDM and in
Figure BZ2-8710 for MMEM.
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Table 3.1: Error estimate for MSDM and MMEM with exact data

MSDM MMEM
k ||m5 — 2| [l 2] ||x6 — 2| g~
k Vk k Vk

10 | 1.3031E-02 | 4.1208E-03 | 1.3044E-02 | 4.1248E-03

20 | 6.9204E-03 | 1.5474E-03 | 6.8454E-03 | 1.5307E-03

30 | 3.6819E-03 | 6.7222E-04 | 3.6393E-03 | 6.6445E-04

40 | 1.9186E-03 | 3.0336E-04 | 1.8962E-03 | 2.9981E-04

50 | 9.8853E-04 | 1.3980E-04 | 9.7693E-04 | 1.3816E-04

60 | 5.0629E-04 | 6.5362E-05 | 5.0036E-04 | 6.4596E-05

70 | 2.5850E-04 | 3.0897E-05 | 2.5548E-04 | 3.0535E-05

80 | 1.3177E-04 | 1.4733E-05 | 1.3023E-04 | 1.4561E-05

90 | 6.7118E-05 | 7.0748E-06 | 6.6334E-05 | 6.9923E-06

100 | 3.4172E-05 | 3.4172E-06 | 3.3773E-05 | 3.3773E-06
Table 3.2: Error estimate for MSDM and MMEM with noisy data

MSDM MMEM
S k I 5 | [l —2]] k I 5 Al [l —2ll
0.1 2 | 1.5130E-01 | 4.7845E-01 | 2 | 2.0772E-01 | 1.4688E-01
0.01 4 | 2.7T174E-02 | 2.7174E-01 | 4 | 3.4426E-02 | 1.7213E-02
0.001 | 14 | 8.9047E-03 | 2.8159E-01 | 19 | 5.9390E-03 | 1.3625E-03
0.0001 | 49 | 8.7804E-04 | 8.7804E-02 | 54 | 5.9459E-04 | 8.0914E-05
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Chapter 4

ERROR ESTIMATES FOR MSDM
AND MMEM UNDER A GEN-
ERAL HOLDER-TYPE SOURCE
CONDITION

An error estimate for steepest descent and minimal error method for nonlinear
ill-posed problems, under a general Holder-type source condition is not known.
We consider modified form of a steepest descent method (MFSDM) and modified
form of minimal error method (MFMEM) for nonlinear ill-posed problems. Using
a general Holder-type source condition, we obtained an error estimate. We also
consider the methods MFSDM and MFMEM with noisy data and provide an error

estimate. A numerical example is also provided.

4.1 Introduction

In Chapter 3, we have studied modified steepest descent method:

Tp+1 = T+ Sk (/422071,2,...)

sp = —F'(x)*(F(zy) —y) (4.1.1)
o lsl?
T TF @)l

o4



and modified minimal error method:

Tpi1 — T + Sk (k:O,LQ,)

si = —F'(z0)"(F(zy) — ) (4.1.2)
£ (k) — ylI*
(073 .
sl

As far as the authors are known, for a steepest descent method and a minimal error

method, no error estimate is known under a general Holder-type source condition
o — & = (F' (&) F'(2))"v (4.1.3)

or
o — & = (F'(x9) F'(x9))"v (4.1.4)
for v # 1. Let xy is the initial guess such that ||zg — & < p. In order to obtain

error estimate under the general source condition (E-14), we consider the following

modified form of steepest descent method:

Tpy1 = Tk + QpSg
S = —F/(xo)*(F(%)—y) (4-15)
I
| A2sy |2

and the following modified form of minimal error method:

Tp+1 = T + Qg Sk (k:O,l,Q,)

sg = —F'(x0)"(F(xx) —y) (4.1.6)
|7 () — ylI?

[A2(F (zx) — y)|1?

where A = F'(z)*F'(z0) and 0 < ¢ < 3.

a

REMARK 4.1.1.

(a) For q = %, the methods ({-1-3) and (f-1-4) are reduced to modified steepest
descent method and modified minimal error method considered in Chapter 3, but

proof in this paper cannot be applied for the method considered in Chapter 3.
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(b) Note that, for q close to zero, in MEMEM, v is close to %, i.e., we obtained the
error estimate O(k™"), for 0 < v < % (see Theorem [-2.4) and in MFSDM, v is

close to 1, i.e., we obtained the error estimate O(k™) for 0 < v < 1 (see Theorem

£Z3).

The rest of the Chapter is organized as follows. Convergence analysis of meth-
ods MFSDM and MFMEM is given in Section B2 and convergence rate result of
methods MFSDM and MFMEM with noisy data is given in Section B=3. Numerical

example is given in Section B,

4.2 Convergence analysis of MFSDM and
MFMEM

To obtain an error estimate for ||z — Z| under the assumption (ET4), we use

(B2X). To apply (B233d) with vy = A™"(x, — 2), one has to prove that
lzr — 21> — ||lzrsr — 2))* > ex(Alxy — ), 21 — 7) (4.2.1)

for some ¢, > 0 and [|[A™"(x; — )| is bounded.
Let B = [[A37]| < v2 and D = VIHE(B41),

LEMMA 4.2.1. Let (xy) be as in ([G-1.9) or in (F-1-4). If assumption (Cy) holds
and 0 < Cip < D, then x, € B(xg,2p) and

lewss — &1 + LA (2 — )| < llew — 21 (4.22)

with
I'=2— (B*C?p* +2(B*+1)Cip + B?), (4.2.3)

forall k=0,1,2,.... Moreover,

(o]
1 A
> ]| A2 (2 — 2) | < 0.

k=0
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Proof: We shall prove the result using induction. Note that z¢ € B(xo,2p)

and suppose zy € B(xo,2p). Then using (B-13) or (EI8), we have

e = 21 = [l — 2
= 20wy — & F'(xo)"(F(xr) = v)) + ok F'(20)" (F () = y)|”
— 20y (wy — &, F'(20) [F(ax) — F(&) — F'(x0)(w — 2)))
Foulonl[F(wo)"(F(w) = y)II* = 2wx — &, F(w0)" F' (o) (w = &))]
— 20, (F'(wo) (x4 — ), /O (F'(& + t(zy — &) — F'(w0))dt(zy — 7))

o[ F (o) (F (k) — y)II? — 21| A2 (@ — 2)|]7]. (4.2.4)
So by (C3), we have

s — 2% = [l — 2]
= 20 (F" (o) (zx — 1), /0 [R(& + t(xg — &), 20) — IJdtF (z0) (w — 2))

oo F' (o) (F(ay) — 9)||2 — 2]| A2 (24 — )|

1
< 20y / IR(E + t(xx — &), 20) — I|||| F (z0) (zx — &)t
0
oo ' (0)* (F (k) — 9)||> — 2)| A% (2 — )|
< 20,1 ||7 + t(wy — &) — o | AZ (a — 2)|?

Fanlanl| F'(@0)* (F (1) — )| — 20|43 (i — ). (4.2.5)

By the definition of oy, we have by MFSDM

<Aq8k’qu$k>2
| A9sy|[?
[ A%k |2 A= sy |
- | Adsp[[?
A7 F () — I

|| F' ()" (F(xr) — y)II”

IN

and by MFMEM

Q[P (o) (F ) = 9)IIP = aullA29AY(F () — y)|?
<A 2| F () — gl

o7



So in both methods MFSDM and MFMEM

| F' (o) * (F(zy) — y)II* < [|AZ79)2||F (z4) — y|.

Therefore,
P (@) (Plo) = )P
1
_ B2H/ F/(i + ta, — 2))dt (s — )|
0
1
_ BZH/ (R(G + Hap — 2), 70) — I + NdtF (29) (2 — )]
0
1
< B / (Cull2 + t{ag — &) — zol| + 1)2dE]| F' (o) (zx — 2
0
< BX(Cip+ 1| Az(x — )| (4.2.6)

Hence by (B2231) and (E=28) we have
l2x1 — 22 — |7k — ]|* < —Ta[| A2 (2 — &)
This completes the proof.
(I
Next, we will prove the boundedness of ||A™(z — 2)||. Let By = ||Az»~1||

with 0 < v < % —qgand 0 < g < % We have the following Lemma for MFMEM.

LEMMA 4.2.2. Let (zx) be as in (G-1-0). Assume that the assumptions (Cy) and
(Cs) hold and 0 < Cip < D. If the source condition (f-1.4) holds with 0 < v <

1 —4q,0<q<3, then |A™(zx — )| is bounded.

Proof: By using (BI4), one can prove that, xy — & € R(A”) for all k =
0,1,2,....So, we can apply A™" to x;+1 — 2 and x} — T, as in Lemma BZ32. Then,
we have

IA™ (2pr — @)1 = [|A™ (2 — 2)||?
= 20 (A" (g — 2), ATV F ()" (F (1) — y))
o | AT F (o) (F () — y)|I”

20| AT (g — B)|[| AT F" (o) (F () — 9

IN

+ogl| ATV F (o) (F () — )|”
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ie.,
[A™ (@1 = D) < A (@ — 2) [ + awl| A F(@0)" (F' () — )l (42.7)
By the definition of ay, we have

| AT F (20)*(F (1) — y)|?
= | AZTVTIAYF (zy) — y)|?
< (AR F () — y)?

1
- ||A2‘”‘q||2||/ F(i + tlag — 2))dt (g — 3)]2 (4.2.8)
0
Using assumption (Cy) in (A=Z8), we get

arl| AT F (xo)" (F(xx) — y)|I”

1
A [ IRG + s — 8),0) — T+ Dt (o) o~ )P
0

1
< [lAzT)? / (Cyl|2 + t(ag — &) — @ol| + 1)2dt]| F (o) (% — )|
0
< BXCip+ 12| A3 (z) — 3)|? (4.2.9)
SO,
V| ATF (o) (F(zx) — )| < Bi(Chp + 1)||A2 (2, — 7)]]. (4.2.10)

Therefore by (2210) and (E=271), we have
A (a1 = 2| < [|A™(@x — 8)]| + VaxBi(Cip+ DI A2 (w — 2)]. - (4.2.11)

Let z;, = [|A7"(zx — 2)||. Then by (E=211), we have

Zhsr < 2z + Bi(Cup + 1) Jag|| Az (z) — 2)]],

i.e., we have

k—1
2 < 20+ Bi(Cip+1) D Varl| A2 (w; — 7). (4.2.12)
1=0



By Lemma B2, we have
2 < zo+ Bl(Clp + 1)M,

where M is such that

> ]| A2 (zy, — )| < M2
k=0
Now since zg = ||A™"(x¢ — 2)|| = ||AVA"v|| = ||v||, we have
2 < |Jo]| + By(Chp + 1) M. (4.2.13)

This completes the proof.
(]

Let By = ||A"|||]A%*2V*q|| with 0 < 2v < 2 — ¢ and 0 < ¢ < 3. Then we have
the following Lemma for MFSDM .

LEMMA 4.2.3. Let (zx) be as in ([G-1.3). Assume that the assumptions (Cy) and
(Cs) hold and 0 < Cyp < D. If the source condition (f-1.4) holds with 0 < 2v <

1 —q,0<q<3, then |A™(zx — &)|| is bounded.
Proof: Analogous to the proof of (2271), one can prove
JA™ (xps1 — 2)|| < AT (@ — )| + | A F ()" (F(xx) — y)||. (4.2.14)

By definition of ay,

_ AP A sl -
A I/F/ * F o 2 < || A v 2
o | (zo)"(F(xx) —y)[I” < ECENE A7 s
| AV ||? g 13
_ Alg, A~2v—a
[ w2 A5 AT o)
< AP AP F () =yl
< BF() -l (42.15)



Using assumption (Cs) in (-ZI3), we get

| AT F (z0)" (F(ar) — y)II”

B /0 (R(: + t(x — ), 20) — T + I dtF (o) (g — 2)]2

1
< B} / (Cull& + t(a, — &) = ol + 1)° ]| F" (o) (wy, — )]
0
< BCip+ 1) A% (2 — 1))
SO,
Var| ATV F (20)*(F(xi) — y)|| < Bo(Cap + 1) A% (x — ). (4.2.16)

Therefore by (B2218) and (A=214), we have
A (@es — DI < A (s — )| + VaRBo(Crp+ DIl A — ). (£2.17)
Let zx = ||A™" (2 — 2)||. Then as in (I2213), one can prove that
2k < |Jv|| + Bo(Cip+ 1) M. (4.2.18)

This completes the proof.
O
By Lemma 822 and Lemma B=23, [|[A™"(x;x — Z)|| is bounded if zj is in
MFMEM or MFSDM.

THEOREM 4.2.4. Let (x) be as in (f-1.9). Assume that the assumptions
(Co) and (Cy) hold and 0 < Cip < D. If the source condition (f-1.4) holds with

0<1/<%—q,0<q<%, then
|zp — &) < Ck™
where C = [2(v 4+ 1)]?e ™ (||v]| + By(Cip + 1)M).

Proof: Note that oy, > ||A?)|72. Since (Cs) and (BI4) for 0 < v < 5 — ¢ hold
and C1p < D, set ¢, := ¢ = T'|| A?|| 72 where T is as in (223). Now Lemma 72
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implies that,

|z = &7 = lwken — 2] > Tayl|A2 (@ — 2)|?
> DA% (o - 2)°
= el A (i - 2)?
= e(F'(xo) F'(xo)(x) — 2), 11, — )
= e(A(zy — ), 2 — T).
Therefore by (BZ3), we have
k—1 v
low =2l < 20+ DA™ (@ — 2)|[ 7 [Z &l A7 (w — 3|7
L opa
< R+1D))z e [ z; VTN (4.2.19)
i=0

So by (A213) and (E=219), we have
lox =2l < 2+ D (ol + Bi(Cip+ 1) M) k™
< Ck™.
O

REMARK 4.2.5. Note that as ¢ — 0, v — % So, we obtain the error estimate
|zx — &|| = O(k™), for 0 < v < 3 under a Hélder-type source condition (§-13)
for the method MFMEM.

THEOREM 4.2.6. Let (x) be as in (f-1.J). Assume that the assumptions
(Co) and (Cy) hold and 0 < Cip < D. If the source condition (f-1.4) holds with

0<21/<%—q,0<q<% then
|zp — &) < Ck™
where C = [2(v 4+ 1)]’e ™ (||v|| + B(Cip + 1) M).

Proof: Proof is analogous to the proof of Theorem E—X4.
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REMARK 4.2.7. Note that, as ¢ — 0, v — %. So we obtain the error estimate
|zx — 2| = O(k™), for 0 < v < } under a Holder-type source condition (§-1.3)
for the method MFSDM.

4.3 MFSDM and MFMEM with noisy data

In this Section, we study MFSDM and MFMEM with noisy data 7°, instead of
exact data y. We assume that ||y — y°|| <, as stated in the Chapter 1. MFSDM
and MFMEM with noisy data are defined by

0, = 2 +adsy (k=0,1,2,...)
sho= —F'(2)"(F(z}) — o) (4.3.1)
P

’ | A9sg |
and

. = a)+ajs) (k=0,1,2,...)

sho= —F'(x0) (F(a}) — ") (4.3.2)
F 5\ _ ,,0012

v _Fab -/

[A?(F (23) — y°)II*
respectively. As in Chapter 3, we assume:

(Cs) F satisfies the local property

1F(u) = F(v) = F'(zo)(u = v) || < 0l F(u) = Fv)], (4.3.3)

for all u,v € B(xo, p) with max{%, 1 - B2l 0} <n<1-— B;_

2 2m?2

4.3.1 Discrepancy Principle

PROPOSITION 4.3.1. Let the assumption (Cs) holds. Let 28 be as in ({-3-1)
or in (§=33). Then, x5 € B(xo,2p) C D(F), for all k =0,1,2,... and if

| F(x3) —°|| > 76 (4.3.4)
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where

(1+mn)
2—2n— B2

then, for all 0 < k < k, with T as in (-3.9), we have

T>2 > 2, (4.3.5)

k-1
\ 7|1 F" (o) |1* 12

k(o) < ) NIF(ah) —3°|* < lzo = 2[]7. (4.3.6)
kz:; F 2—2n—B)r—2(1+n) """ |

Proof: Note that zo € B(zo,2p). Suppose 28 € B(wo,2p). Using (E231) or
(E232), we have
I — 3l = o, —

= —2al(z} — &, F'(w0)"(F(a}) — 4")) + ' |F'(w0)"(F(2}) — ")II”

= 20)(F(2}) =y’ — F'(xo) (@), — 2), F () — )
+a [ F (20)" (F(23) — ") I = 2l F(23) — 7]
200 || F(2}) = F(2) +y —y° — F'(wo) (2}, — D) | F(a7) — o
+a [ | F (z0) (F(23) — ") I = 2l F(23) — 7] - (4.3.7)

IN

So by (Cs) and (B=371), we have

lhsr — 201 = [l — 21

< 20p (Ml F () = F(@)]| +0) | Fzh) — 3|
+ag [og||F" (o) (F(a}) — y))II* = 21 F(a}) — o°II°]
< 205 [l F(23) = o'l + (1 +n)o] | F(a3) — o]

+ag [0b]|F (z0)"(F(x5) — ")II* — 2| F () — °||?]
= aj(2n—2)| F(z}) — v*|* + ad2(1 + n)d|| F(z}) — o
+(ad)2[|F (o) (F(a) — )1
Note that
4| F' (o) (F(zd) — )| = ofl|A2(F(2}) — )|
ol || A2 |2 AY(F () — o)

IN

< BIF(ap) —y'|1*
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Therefore we have
l2h ) — &[> = llag — 2]
< ay [(2n+ B* = 2)[|[F(z}) —9°|I> + 2(1 + n)8||F(23) — o°ll] , (4.3.8)
so by (E333R),

25y — 2)* = (2] — 2|7
(1+mn)
T

< o ((277 + B?—2) +2 ) | F(z9) —y°||> < 0. (4.3.9)

This implies [|z},, — 2| < [z — 2|| < |lzo — &|| < p. Thus, ||z, — zo| <
20,1 — 2| + |zo — &) < 2p Le., 2}, € B(xo,2p) C D(F) for all k =0,1,2,....
Now since ad > ||A9]|=2, we have by (E=39)

_ 1+n
a1 (2= 20 - 5% - 2550 pa) - P
<l — &l — o, - 2l (4:3.10)

Adding the inequality (E=310) for k from 0 through k. — 1, we obtain

ku—1
- (1+7)) < ) .
17~ ((2 — = B’) -2 — Y@ =9I < oo — &)° = |23, — 21
k=0
(4.3.11)
This completes the proof.

O

REMARK 4.3.2. Note that ([#-3.11) implies that, for y° # y, there must be a
unique index k. such that, ({-3-4) holds for all k < k, but is violated at k = k,
(see also (Engl et all, 1998, page 282)).

T

Let = || 472 ((2 - 27 — B?) — 220

THEOREM 4.3.3. Let the assumptions (Cz) and (Cs) hold and p < min { (T_Ti)%, #ﬁ} :
Let 2, be as in ([{-312) or in ([{323). Then for 0 <k < k.,

k41

O 2 : (5< k+1
ol —a =4 %) 0<d (43.12)
O(s2) if ¢+ <6
QOm?

where qp == 1 — CsVER
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Proof: Analogous to the proof of Theorem B2 in Chapter 3. O

4.4 Example

In this Section, we consider the Example B2 to implement the method (A123)
and (E13).

EXAMPLE 4.4.1. Returning back to the example @21, We take &(t) = t,t €
[0,1] and y(t) = arctan(t)®>. We have taken initial guess xzo(t) = t/2 and q = 1.
Then v < % for MFSDM and v < }L for MEMEM. Error estimates for exact
data are given in Table G 1 and for noisy data, we have taken T = 2.1 and the
error estimates are given in Table f.3 with different values of 6. For MFSDM
approximate solutions are given in Figures [.14.3 and for MFMEM approzimate
solutions are given in Figures [-0-F-10.

Table 4.1: Error estimate for MFSDM and MFMEM with exact data

MFSDM MFMEM

[x — 2]

lze =2l
1
k8

[z — 2|

lze =2l
1
k4

10

20

30

40

20

60

70

80

90
100

1.2173E-02
6.3958E-03
3.3920E-03
1.7654E-03
9.0892E-04
4.6533E-04
2.3753E-04
1.2107E-04
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Figure 4.1: Approximate solutions of MFSDM for exact data
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Figure 4.5: Approximate solution of MFSDM with 6 = 0.0001
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Figure 4.6: Approximate solutions of MFMEM with exact data
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Figure 4.10: Approximate solution of MEFMEM with § = 0.0001
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Table 4.2: Error estimate for MFSDM and MFMEM with noisy data

MEFSDM MFMEM
5 k I 5 | [lg—2]| k I 5 | lleg—||
0.1 2 | 5.3985E-02 | 1.7072E-01 | 2 | 2.0772E-01 | 1.4688E-01
0.01 4 | 3.0498E-02 | 3.0498E-01 | 4 | 3.4426E-02 | 1.7213E-02
0.001 | 13 | 8.7840E-03 | 2.7778E-01 | 19 | 5.9390E-03 | 1.3625E-03
0.0001 | 48 | 8.6070E-04 | 8.6070E-02 | 54 | 5.9459E-04 | 8.0914E-05
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Chapter 5

FROZEN STEEPEST DESCENT
METHOD FOR NONLINEAR ILL-
POSED HAMMERSTEIN TYPE
OPERATOR EQUATIONS

In this study, we consider an inverse free iterative method for approximating a
solution of the nonlinear ill-posed Hammerstein type equation K F(z) = y. Our
approach is to solve Kz = y and then F(z) = z. We use Tikhonov regularization
method for approximating the solution of Kz = y and Frozen steepest descent
method for approximating the solution of F'(z) = 2. The adaptive parameter
choice strategy of Pereverzev and Schock (2005) is used for choosing the regular-

ization parameter.

5.1 Introduction

In this Chapter, we considered the problem of approximating the solution z of the

nonlinear ill-posed Hammerstein type equation
KF(z) =y (5.1.1)

where F': D(F) C X — Z is a Fréchet differentiable nonlinear operator, K : Z —

Y is a bounded linear operator and X,Y, Z are Hilbert spaces. A typical example
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of the Hammerstein type equation (B11) is

KF(2)(t) = / k(s, 1)2%(s)ds

where K : L?[0,1] — L?[0,1] is a bounded linear operator defined by

1
Ka(t) = / k(s, £)2(s)ds,
0
with kernel k(s,t) € L?([0,1] x [0,1]) and F : D(F) C L?[0,1] — L?[0,1] is the
nonlinear operator defined by

Fx(s) = 2°(s).

In general (A1) is ill-posed in the sense that the solution need not depend contin-
uously on the right-hand side data y. (2006) studied an iterative Newton-
Tikhonov regularization (NTR) method for approximating a z, -minimum norm
solution # of (511). Further in practice, only an approximation of y, say 3° with

ly — v°|| < 9 are available. So one has to consider

KF(x) =1y’ (5.1.2)

instead of (BID). As in Argyros et al] (20168); George (2006);

Naid (200R); George and Kunhanandan (2009); George and Shobha (2012, 2014);
Shobha et all (2014), we approach the problem (5-1=2) by solving the equation

Kz=y° (5.1.3)

first and then
F(z) =2 (5.1.4)

For approximating z, iterative regularization methods are studied by

(2016H,0), (2008), George and Nain (2008), George and Kunhanandan
(2009), George and Shobha (2014) and Shobha”ef"all (2014). Note that, in all

these methods, one has to compute the inverse involving Fréchet derivative of F’

at each iterate x; or at initial guess xg.
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In the present study, we apply Tikhonov regularization to solve the linear
operator equation (E13) and then we consider the inverse free iterative method
to solve the non-linear operator equation (A14). The method involves, Fréchet
derivative of F' only at z (see (B232)).

The rest of the Chapter is organized as follows: Section 5.2 contains prelimi-
naries, Section 5.3 contains convergence analysis of inverse free iterative method,
Section 5.4 contains error bounds and source conditions and Section 5.5 contains
finite dimensional realization of inverse free iterative method. Finally the Chapter

ends with an academic example in Section 5.6.

5.2 Preliminaries
The following assumption is used for obtaining the error estimate.

ASSUMPTION 5.2.1. There exists a continuous, strictly monotonically in-

creasing function ¢ : (0,a] — (0,00) with a > | K||? satisfying;

o limp(A) =0
. sup%@ < p(a), Vo € (0,al.
A>0

e there exists v € X with ||v|| < 1 such that

F(z) — F(x) = o(K*K)v.

Let
2 = (K*K 4+ ol) ' K*(y° — KF(x0)) + F(0). (5.2.1)

It is known that (see (4.3) in George and Kunhanandan (2009)) under the as-
sumption b2

1F(2) = zall < o(a) + (5.2.2)

9
7
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5.3 Convergence analysis

Let dg > 0, ag > 0 be some constants with 67 < ag and ||xg—2Z| < r. Let § € (0, &)

and « € [07, ap). Then as in Argyros et al] (2014), for o > 0, one can prove that

F'(z0)*(F(z) — 2°) + “ (2 — z0) = 0 (5.3.1)
c
has a unique solution 2% in B,(xy) provided 0 < r < 5. To obtain an approxi-
mation for 22, we consider the iteration defined for n = 0, 1,2,... by
Q
Tny1 = Tn — BF ()" (F(x,) — 20) + E(xn — o). (5.3.2)

We need the following assumption for the convergence analysis of (B=32).

ASSUMPTION 5.3.1.

(a) There exists a constant ko > 0 such that for every x € D(F) and v € X, there

exists an element ®(z,xo,v) € X satisfying
(F'(2) — F'(ao)lo = F'(20)®(x, 70,0), (2, 70,0)]| < kollo]llz — o]l

(b)
Vo € B(z,r), ||F'(z)| <m.

Further, let 3, go 3 be parameters such that

1
N (5.3.3)
and
38m2k
qa5_1—? Brg (5.3.4)

The main result of this Chapter is the following theorem.

THEOREM 5.3.2. Let assumption B23 holds and let (x,) be as in (E232) and
0<r< mm{% ,3m2k }. Then for each ¢ € (0,00] and ¢ < a. Then (z,,) is in

B(wo,2r) and converges to 2%, as n — oo. Further,
|21 — 23]l < g5 2o — 23, (5.3.5)
where qo 5 is as in (B-34).
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Proof: Clearly, o € B(xo,2r). Let M, := fol F'(2° + t(x, — 2°))dt. Since

1° € B,(w), My is well defined. Assume that for some n > 0,, € B(zo,2r) and

M,, is well defined. Then, since z° satisfies the equation (E231), we have

0
T+l — Lo =

ty = 2, = 8| F(0)" (F(2,) = F(ab)) + (2, — 8|

Tn— 125 — B [F’(mo)*Mn + %1} (an — 2°)

Tn = xf = B[F'(20)* (M — F'(w0))] (w0 — 23)

B [F/(w0) F'(wo) + 21| (w0 — 25)

[I — B (F'(w0) (o) + %1)} (a0n — 22)

—B[F"(w0)" (M, — F' (o)) (2 — 2,). (5.3.6)

Using assumptions b=31, we have

tan—ah = |18 (F(@o) F(wg) + 1) | (vn —a5)

1
—BF’(xo)*F'(xo)/ @(:pi +t(x, — xi),xo, Ty — xi)dt.
0

Now since I — 3 (F'(zo)*F'(x) 4+ 2I) is a positive self-adjoint operator,

IN

1= 8 (F'(xo) F'(z) + 1) |

sup [((1 =8 (F/(x0)"F'(wo) + =1) ) )|

ll=[=1
su _ g2 x,7) — B(F (x0) F'(x9)x, x
[ sup (1= 57) (z.) = BUF (w0)"F'(wo)a. o)
1— O‘—f. (5.3.7)

The last step follows from the relation

BICF (o) F' (o), )]

< BIIF (zo)|?

< pm?

< ! 2

T omi4

< 1 2 ajc | af
- om?4 2 m?+ a/c c



Hence, by assumption b=31, we have

«
fows =8 < (1= 22) fo -

1
+5m2’€o/ (1 = t)llzwe, = woll + tllwn — @ol)dtlwn — 25
0

af 3kom?r
e

< gugllen — 2l (5:38)

IN

Since gn 3 < 1, we have
l#oss — 2ol < llwo — 2ol < v
and
01 = zoll < ll@ns — 25l + o — 2g ]l < 2r

i.e., x 11 € B(x,2r). Also, for 0 <t <1,
|20+ t(wns1 — 20) — ol = (1 = 1)(22, — o) + t(zps1 — 23| < 27

Hence, 22 +t(z,+1 —2%) € B(wo,2r) and M, is well defined. Thus, by induction
x, is well defined and remains in B(zy,2r) for each n = 0,1,2,.... By letting
n — oo in (B232), we obtain the convergence of x,, to 23. The estimate (E3H)

now follows from (AZ3R).

5.4 Error bounds under source conditions

In this Section, we need the following assumptions in addition to the earlier as-

sumptions to obtain the error bound.

ASSUMPTION 5.4.1. There exists a continuous, strictly monotonically in-

creasing function oy : (0,b] — (0,00) with b > | F'(xo)||* satisfying;

s =0
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° sup%(a’\) < (), Vo € (0,0].
A>0
e there exists v € X with ||v]| <1 such that
o — i‘ = ng(Fl(l'o)*F/<iL'0))U.
ASSUMPTION 5.4.2. For each x € B(xzg,r), there exists a bounded linear
operator G(x,xq) such that
F'(z) = F'(20)G(x, z0)
with ||G(z, zo)|| < k1

Let ky < % and assume that ¢;(a) < ¢(a). Proof of the following Theorems

643, b 44 and b3 are analogous to the proof of Theorems 3.14, 3.15 and 3.16

in Argyros et al] (R0T6H).

THEOREM 5.4.3. (cf. (P0168), Theorem 3.14) Let x5 be the
solution of ((B=31) and assumption BZ-1 and assumption p-4.3 hold. Let 0 < r <
min{ﬁ,gci—%ko} and ky < 11_—1“27' Then

p1(a) + ||F (@) — 2l
1—kor — (1 —c)ky
THEOREM 5.4.4. (cf. (20168), Theorem 3.15) Let (x,) be as in
(6=32).1f assumption 2.1 and assumptions in Theorem BZ.3 and Theorem B3 2
hold and ¢1(a) < @(a), then

[

)
ol < gt + K (2610 + )

_ 1
where K = TR0

THEOREM 5.4.5. (cf. (20168), Theorem 3.16) Let (x,) be as in
(B=32) and assumptions in Theorem hold. Let

. o
ny = min {n LQnp < T} :
a
Then

o, = 2l = & (i(a) + 7).

where K = max{2K,r + K}.
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5.5 Finite dimensional realization of FRSDM

Let Vi CV, C V3 C ... be a sequence of finite-dimensional subspaces of X with

UnenV, = X and P, is the orthogonal projection of X onto V,,. Let
en = |K(I = Bl
7= |[F'(x)(I — P)|l, Vxe D(F).
Let {by : h > 0} is such that lim ”(I_fw =0, lim w =0 and lim b, =
h—0 h

h—0 h h—0
0. We assume that ¢, — 0 and 7, — 0 as h — 0. The above assumption is

satisfied if, P, — I point wise and if K and F’(x) are compact operators. Further
we assume that ¢, < eg, 7 < 79, b, < byg.
In the discretized Tikhonov regularization method for solving equation (B=21),

the solution of z° of the equation
(B K P+ SR (G5 = PuF (o)) = Pu [y = KCF (x0)] (5.5.1)
c
is taken as an approximation for F'(Z).

THEOREM 5.5.1. (See [George and Shobhd (2012), Theorem 2.4) Let 2™° be as
in (B223). Further, if by, < Mﬁ and assumption BZ1 holds, then

5 _ o0 o 0+ ep
1F@) — 22 so(w )+ 222 ) (5.5.2)

where C' = max{mr, 1} + 1.

5.5.1 An a priori choice of the parameter

Note that the estimate (%) + 53;2? in (B232) is of optimal order for the choice

a := «(d, h) which satisfies p(«(d, h)) = \/5%. Let p(A\) := A/ 1 (N),0 < A <
a. Then we have § + €5, = \/a(d, h)p(a(d, h)) = Y(p(a(d, h))) and

a(d,h) = (W10 + en))-
So from (5552) we have |[F(2) — 29| < 2C%~1(6 + &p).
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5.5.2 An adaptive choice of the parameter

Let
Dy ={a;=p'ag:i=1,2,...N,u> 1,09 >0}

be the set of possible values of the parameter a.

Let
[ := max {z co(ay) < 5;@?} <N, (5.5.3)
k=max{i:o; € Dy} (5.5.4)

where D}, = {ai € Dy ||28, — Zin < %,j =0,1,2,....,i— 1}.

THEOREM 5.5.2. (c¢f. [George and Shobhd (2012), Theorem 2.5) Let | be as in
(B33), k be as in (B:54) and 2l be as in (A1) with o = oy Then | < k and

4
I1F(@) - A < € (2420 ) om0+ 2.

Proof: Analogous to the proof of Theorem 2.5 in George and Shobha (2012).
O

The discretized version of (5232) is defined as:

h,s , , ,
O xz,ik - ﬂph F/($0)*(F(xz,ik) - Zh 6) + n,ap

Dk (ghd a;gﬂ)] (5.5.5)
where xg"s =: P,xg and ¢ < ay,. Let
(50 + 80)2 < ag.

It is known that (George and Shobha, 2012, Theorem 3.7.) under the assump-
tion B2
PuF' (o) (FPy(z) — 21%) + %Ph(a: —20) =0 (5.5.6)
has a unique solution z/v* in B(zg,r) N R(P;) and the following Theorems hold.

THEOREM 5.5.3. (cf. [George and Shobhd (20112), Theorem 3.8) Suppose x™?

A

1s the solution of B2 8 and assumption B2 and Theorem H4.3 hold. In addition

if To < 1, then

Jhs —af || < 1 (OFen
o P =10\ Var )
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Proof: Proof is analogous to the proof of Theorem 3.8 in (George and Shobha
(P012).
O
The proof of the following Theorem b5 is analogous to the proof of Theorem
632 in Section 5.3.

THEOREM 5.5.4. Let xM be as in (=2A) and let 0 < r < min {31\42521907 211%}
Then for each § € (0,60], o € ((6 4 €1)?, do),en < €0 the sequence {x?, } is in

B(xo,2r) N R(P,) and converges to x:° as n — oo. Further,

21 0 — TR0 < gL Pawo — )], (5.5.7)

where qa, g is as in (B-34) with a = oy,.

THEOREM 5.5.5. Let x° be the solution of (G28) and assumptions in Theo-
rem [0.4.3, Theorem B-2-3 and Theorem hold. If p1(a) < p(«), then

>+K(J (2+%))mp Y6+ ep).

where qa, g is as in (B34) with a = a,.

1
h,o A n
Hxn»ak - x” < o8 T (<K * 1—1

By combing the results in Theorem B54 and Theorem B, we obtain the

following Theorem.

h.6 - - -
THEOREM 5.5.6. Let 2y, be as in (ia-d) and assumptions in Theorem B

holds. Let
. { n < 5 + En
N =M qn: g, 5 < e |
k
Then

230, — &l = O (8 + ).

5.5.3 Algorithm

The balancing algorithm associated with the choice of the parameter specified in

this Section involves the following steps:
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e Fori,j€{0,1,2,...,N}

2 =20 = (a; — ) (K"K + od) ' [K*(y° — KF(x0))];

e Choose g = (6 +&5)? and pu > 1;

e Choose o; := p*ag,i=0,1,2,--- , N;

e Solve for w; : (K*K + o;)w; = K * (y° — KF(x);
e Solve for j <,z (K*K + a;1)z;; = (o — ov)wy;
o ||z > 40%, then take k=i-1;

e Otherwise repeat with i+1 in place of i;
e Choose ny := min {n Cn s < %} :

e Solve x, := 29 by using the iteration (5253).

ng,0k

5.6 Numerical Example

We consider the space X =Y = L?(0,1) and the operator KF : X — Y, where
F:D(F)C X — Y is a nonlinear operator defined by

F(u):/o k(t, s)u®(s)ds

and K : X — Y is a bounded linear operator defined by

K(x)(t) = /0 k(t, )2 (s)ds.

Here



The Fréchet derivative of F is given by

1

Fl(u)w = 3/0 k(t, s)u?(s)w(s)ds.

We have taken the exact solution #(t) = 0.5 + ¢* and initial guess zo(t) = 0.5 +
t* — 2(t — 1%). Let § = 1/1000. Then the error estimates are given in Table 51
and approximate and exact solutions for various values of § are given in Figures

E1-H1 .

Table 5.1: Error estimate

N[k o | el —al | et
32 | 4| 1.06E-01 2E-02 7.47E-02
62 | 4 | 1.06E-01 1.67TE-02 5.28E-02
124 | 4 | 1.06E-01 1.18E-02 3.74E-02
256 | 4 | 1.06E-01 8.35E-03 2.64E-02
512 | 4 | 1.06E-01 5.91E-03 1.87E-02
1024 | 4 | 1.06E-01 4.18E-03 1.32E-02
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Chapter 6

CONCLUSION

Several iterative methods have been studied for solving nonlinear ill-posed operator
equations. Our Study in this thesis is focused on steepest descent method and
minimal error method.

In Chapter 2, we have studied the frozen regularized steepest descent method.
Our convergence analysis in this method is based on the property of norm of self
adjoint operator. The balancing principle considered by Pereverzev and Schock
(2005) was used for choosing the regularization parameter. Finite dimensional
realization of this method is also studied. We applied the method considered
in this Chapter to nonlinear ill-posed Hammerstein type operator equation in
Chapter 5.

In Chapter 3 and Chapter 4, we have studied modified steepest descent method
and modified minimal error method.

Some of the problems that were thought about and where further research may
be possible, are discussed below.

In order to improve the order of convergence, many authors [George and Naii
(I997); Egger and Neubauey (2005); George et all (2013); Goldenshluger and
Pereverzev (2000); Krel n_and Pefunin (T966); Lo ef-all (2010); Nafferen (I984);
lanfenhahn (T996); Neubauer (2000); George and Naiy (2003)] studied ill-posed
problems in the setting of Hilbert scales. Even though other iterative method are
studied in the Hilbert scale setting, steepest descent method and minimal error
method are not studied in the setting of Hilbert scale.

It is proposed to study, steepest descent-type method in the setting of Hilbert

scale.
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