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ABSTRACT

In this thesis we consider nonlinear ill-posed operator equations of the form F(z) =
f, that arise from the study of nonlinear inverse problems, where F' : X — X is a
nonlinear monotone operator defined on a real Hilbert space X. In applications, instead
of f, usually only noisy data f° are available. Then the problem of recovery of the
exact solution 2 from noisy equation F(x) = f° is ill-posed, in the sense that a small
perturbation in the data can cause large deviation in the solution. Thus the computation
of a stable approximation for & from the solution of F(x) = f°, becomes an important
issue in ill-posed problems, and the regularization techniques have to be taken into
account. Approximation methods are an attractive choice since they are straightforward
to implement, for getting the numerical solution of nonlinear ill-posed problems. Thus in
the last few years more emphasis was put on the investigation of iterative regularization
methods.

We consider Newton type iterative regularization methods and their finite dimen-
sional realizations, for obtaining approximation for z in the Hilbert space and Hilbert
scales settings. We use the adaptive scheme of Pereverzyev and Schock (2005), for

choosing the regularization parameter.

Keywords: Ill-posed nonlinear equations, Regularization, Hilbert scales,

Monotone operator, Newton-Lavrentiev method, Adaptive parameter choice.
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Chapter 1
INTRODUCTION

The field of inverse problems is a wide and important area in applied mathematics
and other sciences that has been rapidly growing over the last decades. The reason
for the increasing interest is due to the wide variety of applications in sciences and
engineering. This thesis is devoted to the mathematical theory of iterative regularization
methods for nonlinear ill-posed problems that arise from the study of nonlinear inverse
problems, with special emphasis on the development of parameter choice and stopping
rules which leads to optimal convergence rates. We specifically present Newton-type
iterative regularization method for approximately solving the ill-posed equation F'(x) =
f, when the operator F' is nonlinear and monotone, from the perspective of our research

program.

1.1 GENERAL INTRODUCTION

In this thesis we consider the nonlinear equation
Fz)=f (1.1.1)

that arise from the study of nonlinear inverse problems, where F' : D(F) C X — X
is a nonlinear monotone operator defined on X. Throughout the thesis (.,.) and |.]
respectively stand for the inner product and the corresponding norm in the real Hilbert
space X.

Inverse problems are problems where causes for a desired or an observed effect are
to be determined. They have, always driven by applications, been studied for nearly
a century now. An important feature, both theoretically and numerically, of inverse

problems is their ill-posedness. Many problems which appear in science and engineering
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( eg: Signal and Image Processing, Computerized Tomography and Heat conduction,
etc.) can be formulated as an equation of the form (1.1.1). In general the equation
(1.1.1) is not well-posed in the sense proposed by Hadamard (1923) given in Definition
1.3.1 below. We study the operator equation (1.1.1) with a noisy data f? in place of the
exact data f satisfying ||f — f°|| < & with the known noise level .

The ill-posed problems are generally handled using the regularization techniques.
The process of obtaining a stable approximate solution for (1.1.1) is called a regulariza-
tion method. In a regularization method, the ill-posed equation is replaced by a family
of well-posed equations based on a regularization parameter. A regularization method
for (1.1.1) with f? in place of f is said to be convergent, if the regularized solutions
converge in the norm to a solution of (1.1.1) as ¢ tends to zero.

We will first set up the definitions and notations and then introduce the formal

notion and difficulties encountered when one tries to solve (1.1.1).

1.2 DEFINITIONS AND NOTATIONS

Throughout this thesis X is a real Hilbert space, (.,.), ||.||, D(¥) and BL(X,Y’) stand
respectively for the inner product, the corresponding norm, the domain of F' and the set
of all bounded linear operators from X to Y. Also, do, p, 7, Vp,€n, €0 and g are generic

constants which may take different values at different occasions.

Definition 1.2.1. (Fréchet derivative) Let F be an operator mapping a Hilbert space
X into a Hilbert space Y. If there exists a bounded linear operator L : X — 'Y such that

lim ||[F(xzo+ h) — F(zo) — L(h)||
1] =0 1]

=0,

then F is said to be Fréchet differentiable at ¢ and the bounded linear operator F'(xq) =

L is called the first Fréchet derivative of F' at xy.

Definition 1.2.2. (Monotone operators) Let F': D(F) C X — X be an operator defined
on a real Hilbert space X. Then F' is said to be monotone if (F(z) — F(y),x —y) >

0,Vz,y € D(F).
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1.3 ILL-POSED PROBLEMS

Hadamard’s concept of a well posed problem, reflected the idea that any mathematical
model of a physical phenomena must have the properties of existence, uniqueness and
stability of the solution.

Now we shall formally define the concept of well-posedness.

Definition 1.3.1. (Well-posed) Let F' : D(F) C X — Y be an operator (linear or
nonlinear) between Hilbert spaces X and Y. The equation (1.1.1) is said to be well-posed

if the following three conditions hold.
1. (1.1.1) has a solution
2. (1.1.1) cannot have more than one solution

3. the solution x of (1.1.1) depends continuously on the data f.

In the operator theoretic language the above conditions together means that F'is a
bijection and F~! is a continuous operator.
The equation (1.1.1) is said to be ill-posed if it is not well-posed.

We give examples for ill-posed problems.

Example 1.3.1. Ezponential growth model (see, Groetsch (1993)): For a given ¢ > 0,

consider the problem of determining x(t),t € (0,1), in the initial value problem

Y~ s, vl0) = (13.2)

where y € L?[0,1]. This problem can be written as an operator equation of the form

(1.1.1), where F : L*[0,1] — L?[0, 1] is defined by

F(x)(t) = celor®ds g g L*0,1], t€(0,1).
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It can be seen from the following argument that the problem is ill-posed. Suppose,

in place of an exact data y, we have a perturbed data

3

Y1) = y(£)e) e (0,1).
Then, from (1.3.2), the solution corresponding to y°(t) is given by

2(t) = 4 log(y°(t)), t€(0,1).

S dt
Note that,
ly =4l =0 as &—0.
But
d . d t
22(t) — z(t) = pr log(e*™37) = E((Ssinﬁ),
so that

0 2

1 1
|z° —z||5 = —=sins + = — o0 as §—0.

Hence, the solution does not depend continuously on the given data and thus the problem

is ill-posed.

Example 1.3.2. The Vibrating String (see, Groetsch (1993)): The free vibration of a
nonhomogeneous string of unit length and density distribution p(z) > 0,0 < x < 1, is

modeled by the partial differential equation
P(T) Uy = Uy

where u(z,t) is the position of the particle x at time t. Assume that the ends of the

string are fized and u(z,t) satisfies the boundary conditions
u(0,t) = 0,u(1,t) = 0.
Assuming the solution u(z,t) is of the form

u(z, t) = y(x)r(t),
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one observes that y(z) satisfies the ordinary differential equation
Y +wip(z)y =0 (1.3.3)

with boundary conditions

Suppose the value of y at certain frequency w is known, then by integrating equation

(1.8.3) twice, first from zero to s and then from zero to one, we obtain

/01 Y (s;w)ds =y (0;0) + 0 /01 /OS p(z)y(z;w)drds = 0.

/O (1= s)p(s)y(s;w)ds = V(0w (1.3.4)

w2

The inverse problem here is to determine the variable density p of the string, satisfying

(1.3.4) for all allowable frequencies w.

Example 1.3.3. Simplified Tomography (see, Groetsch (1993)): Consider a two di-
mensional object contained within a circle of radius R. The object is illuminated with a
radiation of density Iy. As the radiation beams pass through the object it absorbs some
radiation. Assume that the radiation absorption coefficient f(x,y) of the object varies

from point to point of the object. The absorption coefficient satisfies the law

dr

—=—fI
dy /

where [ is the intensity of the radiation. By taking the above equation as the definition

of the absorption coefficient, we have

()
]Z‘ — ]067 fgy(z) f(z,y)dy



6 Chapter 1

where y = vV R? — 22, Let p(z) = ln(%), i.e.,
y(z)
po) = [ rlady
—y(x)
Suppose that f is circularly symmetric, i.e., f(x,y) = f(r) with r = \/x? + y2, then
W= [ s (135
x) = r)dr. 3.
P . VrE_a?

The inverse problem is to find the absorption coefficient f satisfying the equation (1.3.5).

Example 1.3.4. Nonlinear singular integral equation (see, Buong (1998)): Consider

the nonlinear singular integral equation in the form
t
/ (t —s)w(s)ds + K(2(t)) = fo(t), 0<A<1, (1.3.6)
0
where fo € L?[0,1] and the nonlinear function K (t) satisfies the following conditions:
[ |K(t>| §a1+ag|t|, ai, CL2>O,
° K(tl) < K(tg) < t; < 1o, and
e K is differentiable.

Thus, K is a monotone operator from X = L*[0;1] into X* = L?[0;1]. In addition,
assume that K is a compact operator. Then the equation (1.5.6) is an ill-posed problem,

since the operator ' defined by

Fz(t) = /o (t —s)x(s)ds,

18 compact.

It is clear from the definition of ill-posed problems, that if (1.1.1) is ill-posed then
(1.1.1) need not have a solution in the usual sense. So one has to modify the notion of

a solution.
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1.4 GENERALIZED INVERSE AND GENERAL-
IZED SOLUTION

If f ¢ R(F), the range of F, then clearly (1.1.1) has no solution and hence the equa-
tion (1.1.1) is ill-posed. In such a case we may broaden the notion of a solution in a
meaningful sense. For F' € BL(X,Y) and f € Y, an element u € X is said to be a least

square solution of (1.1.1) if
[ (w) = fII = nf{[| F(x) = fI| : = € X}

Observe that if F' is not one-one, then the least square solution (cf. Groetsch (1984))
u, if exists, is not unique since u + v is also a least square solution for every v € N(F),
the null space of F. The following theorem provides a characterization of least square

solutions.

Theorem 1.4.1. (see, Groetsch (1993), Theorem 1.3.1) For F € BL(X,Y) and f €Y,

the following are equivalent.
(1) |F(u) = fl| = inf{[|F(z) — f[| : v € X}
(ii)) F*F(u) = F*f

(iii) F(u) = Pf

where P :Y — Y is the orthogonal projection onto R(F).

From (iii) it is clear that (1.1.1) has a least square solution if and only if Pf € R(F).
i.e., if and only if f belongs to the dense subset R(F)+ R(F)* of Y. By Theorem 1.4.1
it is clear that the set of all least square solutions is a closed convex set and hence by
Theorem 1.1.4 in Groetsch (1977), there is a unique least square solution of smallest
norm. For f € R(F)+ R(F)*, the unique least square solution of minimal norm of
(1.1.1) is called the generalized solution or the pseudo solution of (1.1.1). It can be
easily seen that the generalized solution belongs to the subspace N(F)* of X. The map
F': D(F') := R(F) + R(F)* — X which assigns each f € D(F') with the unique
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least square solution of minimal norm is called the generalized inverse or Moore-Penrose
inverse of F. Note that if f € R(F) and if F is injective then the generalized solution
of (1.1.1) is nothing but the solution of (1.1.1). If F' is bijective then it follows that
Ff=p-1

Theorem 1.4.2. (see, Nair (2009), Theorem 4.4) Let F € BL(X,Y). Then FT :
D(F") == R(F) + R(F)* — X s closed densely defined operator and F' is bounded
if and only if R(F) is closed.

If the equation (1.1.1) is ill-posed then one would like to obtain the generalized solu-
tion of (1.1.1). But by Theorem 1.4.2, the problem of finding the generalized solution of
(1.1.1) is also ill-posed, i.e., F'! is discontinuous if R(F) is not closed. This observation
is important since a wide class of operators of practical importance, especially compact
operators of infinite rank falls into this category (see, Groetsch (1993)). Further in
application the data f may not be available exactly. So one has to work with an ap-
proximation f? of f. If F't is discontinuous then for f? close to f, the generalized solution
FTf9 even when it is defined need not be close to FT f. To manage this situation the so

called regularization procedures have to be employed in order to obtain approximations
for FTf.

1.5 REGULARIZATION METHOD

Definition 1.5.1. A family of operators {R, : 0 < a < g} is called a regularization
method for the problem (1.1.1) with f in range of F, if there exists a parameter choice
rule o = a(d, f°) such that

lim

5_>OSUP{”Ra(&fé)f&—FTfH e f - <=0

1.5.1 Regularization principle and Tikhonov regularization

Let us first consider the problem of finding the generalized solution of (1.1.1) with
F € BL(X,Y) and f € D(F"). For § > 0,f° € Y be an inexact data such that
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|f — %Il < 6. By a regularization of equation (1.1.1) with f° in place of f we mean
5

%) of vectors in X such that each 2°,a > 0 is a

a procedure of obtaining a family (x
solution of a well posed equation and 2% — FTf as a — 0,6 — 0.

A regularization method which has been studied most extensively is the so called
Tikohonov regularization (see, Groetsch (1984)) introduced in the early sixties, where

2° is taken as the minimizer of the functional Jo(z), where

Jo(x) = |F(z) — f2II” + o). (1.5.7)
The fact that 29 is the unique solution of the well-posed equation
(F*F + al)zd, = F* f°

is included in the following well known result (see, Nair (2009)).

Theorem 1.5.1. (¢f. Nair (2009), Theorem 4.9) Let F € BL(X,Y). For each o > 0
there exists unique x° € X which minimizes the functional J°(z) in (1.5.7). Moreover

the map f° — 2° is continuous for each o > 0 and

1) = (F*F +al)"'F* f°.

1.5.2 Lavrentiev regularization method

If X =Y and F is a positive self-adjoint operator on X, then one may consider (see,
Bakushinskii (1965)) a simpler regularization method to solve equation (1.1.1), where

the family of vectors w?, satisfying
(F 4 al)wl = f°, (1.5.8)

is considered to obtain approximations for Ff. Note that for positive self-adjoint oper-
ator F, the ordinary Tikhonov regularization applied to (1.1.1) results in a more com-
plicated equation (F? + al)z?, = Ff? than (1.5.8). Moreover it is known (see, Schock
(1985)) that the approximation obtained by regularization procedure (1.5.8) has better
convergence properties than the approximation obtained by Tikhonov regularization. As
in Groetsch and Guacaneme (1987), we call the above regularization procedure which

gives the family of vectors w? in (1.5.8), the simplified regularization of (1.1.1).

«
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One of the prime concerns of regularization methods is the convergence of 2%, (w? in

the case of simplified regularization) to F'f, as a — 0 and § — 0. It is known that (see,
Groetsch (1984)) if R(F) is not closed then there exist sequences (d,,) and a,, = a(dy,)
such that é, — 0 and a,, — 0 as n — oo but the sequence (z2") diverges as 4, — 0.
Therefore it is important to choose the regularization parameter a depending on the
error level § and also possibly on f°, say a = a(d, f°) such that a(d, f°) — 0 and
2% — FTf as § — 0. Practical considerations suggest that it is desirable to choose the
regularization parameter at the time of solving x° using a so called a posteriori method
which depends on f° as well as on § (see, Pereverzyev and Schock (2005)). For our work
we have used the adaptive selection of parameter proposed by Pereverzyev and Schock
(2005). Before explaining this procedure in detail we shall briefly refer to the topic of
Tikhonov regularization for a nonlinear ill-posed operator equation.

For the equation (1.1.1) with F' a nonlinear operator, the least square solution Z is

defined by the requirement
F(z) — = inf F - 1.5.9

and an xp minimum norm solution should satisfy (1.5.9) (see, Engl et al. (1989)) and
also

| — o = min{||lz — @0l : F(x) = f,x € D(F)}
here xy is some initial guess. Such a solution:

e need not exist

e need not be unique, even when it exists (see, Scherzer et al. (1993)).

(Let S:={x: F(z) = f}. Then Sis closed and convex if F' is monotone and continuous
(see, e.g., Ramm (2007)) and hence has a unique element of minimal norm, denoted by
% such that F(z) = f.)

Tikhonov regularization for nonlinear ill-posed problem (1.1.1) provides approximate

solutions as solutions of the minimization problem J2(x), where
Tp(x) = | F(z) = fII* + allz — o], o >0.

If 2° is an interior point of D(F), then the regularized approximation z? satisfies the

normal operator equation

F™(2)[F(2) = f°] + alz — 20) = 0
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of the Tikhonov functional J2(x). Here F'*(.) is the adjoint of the Fréchet derivative F'(.)
of F. For the special case when F' is a monotone operator the least squares minimization
(and hence the use of adjoint) can be avoided and one can use the simpler regularized
equation

F(x) + a(z — x9) = f°. (1.5.10)

The method in which the regularized approximation z? is obtained by solving the
singularly perturbed operator equation (1.5.10) is called the method of Lavrentiev reg-
ularization (see, Lavrentiev (1967)), or sometimes the method of singular perturbation

(see, Liu and Nashed (1996)).

1.5.3 Regularization parameter selection

)

% can be written as 7° = R, f°, where R, is a regular-

In general a regularized solution z
ization function. A regularization method consists not only of a choice of regularization
functions R, but also of a choice of the regularization parameter a. A choice a = ay of
the regularization parameter may be made in either an a priori or a posteriori way (see,
Groetsch (1993)).

Suppose there exists a function ¢ : (0,a] — (0,00) with @ > ||F'(Z)|| and v € X
such that

o — 3 = p(F'(2))v, (1.5.11)

where zg is an initial guess, 7 is the solution of (1.1.1) and F”(Z) is the Fréchet derivative

of F' at Z and
12 — Raf]l < ¢(a),

then ¢ is called a source function and the condition (1.5.11) is called source condition.

Note that (see, Groetsch (1993)) the choice of the parameter as depends on the
unknown source conditions. In applications, it is desirable that « is chosen independent
of the source function ¢, but may depend on the data (§, f?), and consequently on the
regularized solutions. For linear ill-posed problems there exist many such a posteriori
parameter choice strategies. These strategies include the ones proposed by Archangeli
(see, Groetsch and Guacaneme (1987), Guacaneme (1990), George and Nair (1993) and
Tautenhahn (2002)).

Pereverzyev and Schock (2005), considered an adaptive selection of the parameter

which does not involve even the regularization method in an explicit manner. Let us
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briefly discuss this adaptive method in a general context of approximating an element
# € X by elements from a set {z? : o > 0,6 > 0}.
Suppose 2 € X is to be approximated by using elements 2% for a > 0,8 > 0. Assume
that there exist increasing functions () and (t) for ¢ > 0 such that
limy(t) = 0 = limy(t)

t—o t—o
and
i a3l < pla) + 77
T—x a) + ——
=TT )y
for all & > 0,0 > 0. Here, the function ¢ may be associated with the unknown element
#, whereas the function ¢» may be related to the method involved in obtaining . Note
that the quantity ¢(a) + ﬁ attains its minimum for the choice o := a; such that

olas) = ﬁ, that is for

as = (pv)1(0)
and in that case

12 — 25l < 2p(cs)-

The above choice of the parameter is a priori in the sense that it depends on the unknown
functions ¢ and 9.
In an a posteriori choice, one finds a parameter as without making use of the un-

known source function ¢ such that one obtains an error estimate of the form
- 5
12 — aq, || < colas),

for some ¢ > 0 with as = (p1)71(d§). The procedure in Pereverzyev and Schock (2005)

starts with a finite number of positive real numbers, «q, a1, ao, . . . , ay, such that
Oy < < Qg <--- < Qan.

The following theorem is essentially a reformulation of a theorem proved in Pereverzyev
and Schock (2005).

Theorem 1.5.2. (c¢f. George and Nair (2008), Theorem 4.3, Semenova (2010), Theo-

rem 3.1) Assume that there exists i € {0,1,2,--- N} such that o(c;) < w(ii) and for

some [ > 1,

@ZJ(O[Z) S ﬂ¢(ai_1) Vi € {07 1, 2, ce 7N}
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Let
l:zmax{i:@(ozi)g 0 }<N,
(o)
k::max{i:]\xi—xiﬂ_él i : VjZO,L"'J}
P (ay)

Then | < k and

12— 22, || < 6uplas), a5 = (p)"1(5).

1.5.4 Iterative regularization methods and convergence rate

The last few years, many authors (see, Bakushinskii (1992), Hanke et al. (1995), Hanke
(1997a), Hanke (1997b), Blaschke et al. (1997), Kaltenbacher (1997), Ramlau (1997),
Ramlau (2003) and George (2010)) considered iterative methods for solving (1.1.1). An

iterative method with iterations defined by
xfwrl = (I)(x(:” T 75637 f(s)?xg = o

for a known function ® together with a stopping rule which determines a stopping index

ks € N is called an iterative regularization method if ||z, — &|| — 0,0 — 0 (see, Mahale

and Nair (2009)). Here zo € D(F') is a known initial approximation of the solution Z.
A sequence (z,) in X with limz, = x* is said to be convergent of order p > 1, if

there exist positive reals 3, , such that for all n € N
|zn — 2% < Be ", (1.5.12)

If the sequence (z,) has the property that ||z, —2*| < 8¢", 0 < ¢ < 1 then (z,,) is said
to be linearly convergent. For an extensive discussion of convergence rate (see, Ortega

and Rheinboldt (1970), Kelley (1995)).

1.6 OUTLINE OF THE THESIS

Chapter 1: In this chapter we present a general introduction to the problem, some
known examples of nonlinear ill-posed problems and some well known results and back-

ground materials related to the thesis.
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Chapter 2: We consider an iterative regularization method TSMNLM (Two Step Mod-
ified Newton Lavrentiev Method) for approximating the zero x% of (1.5.10) defined by:

W= — RN wo)[F(,) — 7+ a(ad, — )] (1.6.13)
and
Toira = Yna — Ba (@) [F(yh0) = F* + alyy o — 0)] (1.6.14)

where @ , := 2o and Rq(20) = F'(20) + al.

We prove that under a general source condition on zo— 2 the error || —x?2 || between
5

n,o

the regularized approximation x° = and the solution Z is of optimal order.
The regularization parameter « in this chapter as well as in the other chapters are

selected from a finite set
Dy(a) = {a; = p'ag,i =0,1,--- , N} (1.6.15)

where p > 1 and o > 0.
We prove that

where the stopping index ns and the regularization parameter «y, are selected according
to the adaptive method.

Also in this chapter we consider the finite dimensional approximation of TSMNLM.
Analogous to the iterative scheme (1.6.13) and (1.6.14), we define the iterative sequence
to obtain an approximate solution for the equation (1.5.10), in the finite dimensional

subspace of X as:

~1/ hd
U = Tno — R (@) PalF () = f° + alans, — o))

n,a

and
hd 8 peliphOyprphdy g e )]
Lrntl,a = Yno @ (xO,a) h (yn,a) f + a(yn,a ‘TO)
where a:g:i := Pyxo is the projection of the initial iterate xo on to R(P,) , the range

of P, and R,(x) := P, F'(z)P, + aP, with a > a9 > 0. Here {P,},~0 be a family
of orthogonal projections on X and the regularization parameter « is chosen from the
finite set defined in (1.6.15), according to the adaptive method. A numerical example
and the corresponding computational results are exhibited to confirm the reliability and

effectiveness of our method.



Chapter 1 15

Chapter 3: In this chapter, we present Cubically converging two step Newton Lavren-
tiev Method (CNLM) and its finite dimensional realization for finding an approximate
solution for equation (1.1.1).

Numerical example and the corresponding computational results are presented.
Chapter 4: In this chapter, we suggest and analyze another iterative method and its
finite dimensional realization for obtaining an approximate solution for nonlinear ill-
posed operator equation (1.1.1), and prove that the methods converge locally quarticaly
to #°. We also obtain an optimal order error estimate by choosing the regularization
parameter o according to the adaptive method considered by Perverzev and Schock
(2005). Numerical results were provided.

Chapter 5: In this chapter, we consider the variant of the method (1.6.13) and (1.6.14)
defined by

SR (F'(xo) + Ost)’l[F(:lc‘S ) — 1o+ aLs(ximS — Zo)]

yn,a,s n,a,s n,a,s

and
4 ) / s\—1 1 d s/, .0
xn—i—l,oa,s - yn,a,s - (F (ZL'Q) +alL ) [F(yn,a,s) - f +alL (yn,a,s - l’o)]

in the setting of Hilbert scales {X,},cr generated by a densely defined, linear, un-
bounded, strictly positive self adjoint operator L : D(L) C X — X. Where xaw = 1o,
is the initial approximation for the solution & of (1.1.1). We selected the regulariza-

tion parameter o using adaptive method and obtained an optimal order error estimate.
5

a,s

The sequence in this chapter converges linearly to the solution z° . of the equation
F(Ig,s) + O[Ls(‘réa,s - I’Q) = f(S'
Chapter 6: We conclude the thesis in this chapter, by highlighting the scope for some

future works.

EON
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Chapter 2

MODIFIED NEWTON METHOD
FOR NONLINEAR LAVRENTIEV
REGULARIZATION

In this chapter a Two Step Modified Newton Lavrentiev Method (TSMNLM) is consid-
ered for obtaining an approximate solution for the nonlinear ill-posed equation F(z) = f
when the available data are f° with || f — f°|| < § and the operator F is monotone. The
derived error estimate under a general source condition on xg — & is of optimal order,
here x( is the initial guess and  is the actual solution. The regularization parame-
ter is chosen according to the adaptive method considered by Pereverzyev and Schock
(2005). We consider also the finite dimensional approximation of the TSMNLM. A nu-
merical example and the corresponding computational results are exhibited to confirm

the reliability and effectiveness of our method.

2.1 INTRODUCTION

For monotone operators one usually uses the Lavrentiev regularization method (see, Jaan
and Tautenhahn (2003); Pereverzyev and Schock (2005); Semenova (2010)) for solving
(1.1.1). In this method the regularized approximation z° is obtained by solving the
operator equation (1.5.10). It is known (cf. Tautenhahn (2002), Theorem 1.1) that the
equation (1.5.10) has a unique solution 2% € B,(2) :={z € X : ||z — 2| < r} C D(F)
for any a > 0 provided r = ||zg — Z|| + §/a. The optimality of the Lavrentiev method
was proved in Tautenhahn (2002) under a general source condition on xy — Z. However

the main drawback here is that, the regularized equation (1.5.10) remains nonlinear and

17
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one may have difficulties in solving them numerically. Thus in the last few years more
emphasis was put on the investigation of iterative regularization methods (see, Blaschke
et al. (1997); Deuflhard et al. (1998); Jin.Qi-Nian (2000a,b); Mahale and Nair (2003);
George (2006); George and Nair (2008)). In this chapter we consider a modified form of
the method considered in George and Elmahdy (2012), but we analyze the method as
a Two Step Modified Newton Lavrentiev Method (TSMNLM). The proposed analysis
is motivated by the Two Step Directional Newton Method (TSDNM) considered in
Argyros and Hilout (2010), for approximating a zero z* of a differentiable function F
defined on a convex subset D of a Hilbert space H with values in R. The TSMNLM for
approximating the zero 2% of (1.5.10) is defined by:

W= a0 — RN wo)[F(2S,) — f7 + (el — )] (2.1.1)

and
Tyt = Yna — Ba ' (20)[F(yha) — °+ a(yy o — 70)] (2.1.2)
where zf , = 2 and Ra(z9) = F'(x0) + al. Here the regularization parameter a is

chosen from the finite set
Dy(a)={ai:0<ap<a; <ag <--- < an}. (2.1.3)

The plan of this chapter is as follows. In section 2.1, we introduce the Two Step
Modified Newton Lavrentiev Method (TSMNLM) and prove that the method converges

to a solution of the equation
F(x) 4+ a(z —x0) = f° (2.1.4)

in section 2.2. The error analysis under a general source condition is considered in
section 2.3, precisely we consider an a priori parameter choice in section 2.3.1 and the
balancing principle (adaptive method) considered by Pereverzyev and Schock (2005), in
section 2.3.2. Section 2.4 deals with projection method and its convergence. In section
2.5 we consider the error analysis in finite dimensional case. Section 2.6 deals with
the implementation of adaptive parameter choice strategy. Finally an example and the

computational results are given in section 2.7.

2.2 CONVERGENCE ANALYSIS FOR TSMNLM

We need the following assumptions for the convergence analysis of TSMNLM.
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Assumption 2.2.1. (see, Semenova (2010)) F possesses a locally uniformly bounded
Fréchet derivative F'(.) at all x in the domain D(F) i.e., |[F'(z)|| < Cp, x € D(F)

for some constant Cp.

Assumption 2.2.2. (¢f. Semenova (2010), Assumption 3) There exists a constant
ko > 0,7 > 0 such that for every x,u € B.(zo) U B,.(2) C D(F) and v € X, there exists

an element ®(x,u,v) € X such that

[F'(z) = F'(w)]o = F'(u)®(z,u,v), [|®(z,u,0)]| < Kollo]lllz — ul|

Hereafter we assume that dy < 72, for some ag > 0 and |zg — || < p where

1+ (§— 2oy 1

@Q

< 2.2.5
p < e (2.2.5)
Let
ei,a = ||yz,a - xi,a”avn >0 (226)
and
50 kO 2
= — 4 = . 2.2.7
Yo a TPt (2.2.7)

)

For convenience, we use the notation x,,y, and e, for =

¥ and € respectively.

Lemma 2.2.1. Let § € (0,00], Assumption 2.2.2 hold and v, be as in (2.2.7). Then
€0 < V.
Proof. Observe that

eo = |y — o

= |[R;" (20)(F (o) — )
= |[R; (20)[F(w0) — F(2) — F'(wo)(wo — &) + F'(wo) (w0 — &) + F(2) — f°]|

= IIRJI(%)[/O (F'(xo + t(& — wo)) — F'(wo)) (w0 — 2)dt + F'(wo) (0 — )

+F (@) = £
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Now, since ||R; (xo) F'(z0)]] < 1, we have

1
e < / ®(x0 + 1 — x0), w0, w0 — T)||dt + 2o — &|| + | RS (o) (F(&) — f°)
0

ko . . 1 .
< Dllno— a2+ llzo — 2l + I F(@) - £]
k )
< P Hpt—
2 «Q
k 1)
< P Hpt—
2 Qp
= ’Yp_

The last step follows from (2.2.5).
Let
q = kor. (2.2.8)

Then {& < r, if
—q

1—\/1—4]{30’)//) 1+\/1_4k07p
re o : o . (2.2.9)
0 0

Theorem 2.2.2. Let y,, x, and e, be as in (2.1.1), (2.1.2) and (2.2.6) respectively
with § € (0,60] and o € Dy(c). Let v,, q and r be as in (2.2.7), (2.2.8) and (2.2.9)

respectively. Then

(@) [lzn = yn-1ll < qllyn—1 — znall;
(®) llyn — @all < llYn-1 — Ta-all;
(c) en < ¢

(d) 7, yn € B,(x0).

Proof. Observe that if x,,,y, € B,(x), then by Assumption 2.2.2 we have

Tn —Yn—1 = Yn—1 — Tp—1 — R;1($0)[F(yn—l) - F(xn—l) + a(yn—l - ZEn_l)]
= R, (20)[Ra(20) Yn-1 — Tn-1) = (F(yn-1) — F(2n_1)) — a(Yn-1 — Tn_1)]
= R(Zl(%)/o [F'(z0) = F'(@p—1 4+ t(Yn-1 — Tp-1))](Yn—1 — Tpp_1)dt

1

= R;I(J]())F/({L‘O)/ q)(x(]’xn—l + t(yn—l - xn—1)7yn—l - xn—l)dt
0
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and hence,

2 = Ynall < Forllgn-—1 = @nll. (2.2.10)
Again observe that if z,,,y, € B,(x¢), by Assumption 2.2.2 and (2.2.10) we have
Un = Tn = Tn— Yoot — RL(@0)[F(20) = Fyn-1) + a(zn — Yn-1)]

= R, (0)[Ra(20)(Tn = Y1) = (F(2n) = F(Yn-1)) — (@0 = Yn-1)]

1
= Rc_ul(x())/ [F,(JJO) - F,(yn—l + t(‘rn - yn—lﬂ(xn - yn—1>dt
0
1
= Ral(x(J)Fl(:CO)/ (b(x()?ynfl + t(xn - ynfl)a-rn - ynfl)dt
0
and hence,
19 — 2nll < Korllzn — g1l < @Y1 — Tl (2.2.11)

Thus if z,,, yn, € Br(zo) then (a) and (b) follows from (2.2.10) and (2.2.11) respectively.
Now using induction we shall prove that x,,,y, € B,.(x). Note that zo,yo € B,(xy) and
hence by (2.2.10)

|21 — ol < |l — woll + llyo — 2ol
< (I+q)eo
<
S
< I
S 14
< r

i.e., z1 € B,(x9), again by (2.2.11)

lyr —zoll < flyr — 21| + |21 — 20|
< gPeg+ (14 q)eg
< &
S
< I
S 1.
< r

i.e., y1 € B,(xg). Suppose z, yx € B,.(zo) for some k > 1. Then since

[@rs1 = 2ol < llznsr — @l + lzw — @p—all + -+ + [lz1 — 20| (2.2.12)
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we shall first find an estimate for ||z — %||. Note that by (a) and (b) we have

N

|Tes1 — 2ell < rgr — well + [y — 2]
(g + D)|lyr — il
< (1+q)¢*ep.

IN

Therefore by (2.2.12) we have

ok —2oll < (1+ Qg™ + 2D + -+ Teg (2.2.13)
1 — g2k
< (I+9q) {1_—(12} €o
<
S 1y
< _p
S 1.y
< T

So by induction z,, € B,(xo) for all n > 0. Again by (a), (b) and (2.2.13) we have

e+ — 2ol < |yks1 — Trsal| + ([ Trg1 — 20|
< q2k+260 +(149q) [q% + q2(k—1) + -4 1eg
1 — q2k+3
< (1+Q)[—1_q2 }60
< X
l—yq
< e
= 1y
< T

Thus yr+1 € Br(zo) and hence by induction y, € B,.(xg) for all n > 0. This completes
the proof of the theorem.

The main result of this section is the following theorem.
Theorem 2.2.3. Lety,, and z,, be as in (2.1.1) and (2.1.2) respectively and assumptions

of Theorem 2.2.2 hold. Then (z,,) is Cauchy sequence in B,(xq) and converges to x° €

B,(1o). Further F(2°) + a(z?, — x¢) = f° and

2n
|z — 2l < T
1—gq
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Proof. Using the relation (b) and (c¢) of Theorem 2.2.2, we obtain

Hxn+m - an

AN
1
o

=
3
t
£

|
&
3
T

VAN
1
[en)

—~

[a—

_l’_

=

D

3

t

m—1
< (1+ q)q*" e
=0
1 — q2m
< (1+q)¢™ { 1 €0
R
2n
< g €0
l—q
2n
q
< .
S T

Thus w, is a Cauchy sequence in B, (zy) and hence it converges, say to z° € B,(z).

Observe that

IF (20) = f° + alw, — 20| [ Ra(0) (2 = yn)l
< [Ra(zo)l[llzn — ynll

(Cr + a)g*™,. (2.2.14)

IN

Now by letting n — oo in (2.2.14) we obtain F(2°)— f°+a(x® — ) = 0. This completes
the proof.

2.3 ERROR BOUNDS UNDER SOURCE CONDI-
TIONS

The objective of this section is to obtain an error estimate for ||z, — Z| under the

following assumption on zy — Z.

Assumption 2.3.1. (see, Semenova (2010)) There ezists a continuous, strictly mono-

tonically increasing function ¢ : (0,a] — (0,00) with a > |F'(z)|| satisfying /\hfo(p()\) =
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0 and v € X with ||v|]| <1 such that
zo — & = o(F'(2))v
and

sup ()
A> 0N+«

<p(a), VYA€ (0,aq].
Remark 2.3.1. [t can be seen that functions

p(A) =X, A >0
for0 <v <1 and

(Ing)™ ,0 <X < e ®HD

() =

0 , otherwise

for p > 0 satisfy the Assumption 2.5.1 (see, Nair and Ravishankar (2008)).

We will be using the error estimates in the following Proposition, which can be found

in Tautenhahn (2002) , for our error analysis.

Proposition 2.3.2. (¢f. Tautenhahn (2002), Proposition 3.1) Let F': D(F') C X — X

be a monotone operator in X and let € D(F) be a solution of (1.1.1). Let z, be

the unique solution of (1.5.10) with f in place of f° and 2% be the unique solution of

(1.5.10). Then
J

lzf — zall < =

a_

e

and

[0 = &[] < [lzo — 2]

Theorem 2.3.3. (¢f. Tautenhahn (2002), Theorem 3.8 or Semenova (2010), Proposi-

tion 4.1) Let Assumption 2.2.1, Assumption 2.2.2, Assumption 2.3.1 and assumptions
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in Proposition 2.3.2 be satisfied. Then

[0 — &[] < (kor + 1)p(a).

Combining the estimates in Proposition 2.3.2, Theorem 2.2.3 and Theorem 2.3.3 we

obtain the following;

Theorem 2.3.4. Let x, be as in (2.1.2) and let assumptions in Theorem 2.2.3 and

Theorem 2.3.3 be satisfied. Then

2n )
o a1l < 22 4 har 1) [pta) + 7.

Let

C = max { 17” ,kor} +1, (2.3.15)

—dq
and let
4}
ns = min {n L < a} . (2.3.16)

Theorem 2.3.5. Let x,, be as in (2.1.2). Let assumptions in Theorem 2.5.4 be satisfied.

Let C be as in (2.8.15) and ns be as in (2.3.16). Then

|2, — 2] < C [(,0(04) + —] : (2.3.17)

2.3.1 A priori choice of the parameter

Note that the error estimate ¢(a) + £ in (2.3.17) is of optimal order if o := a5 satisfies,
o(ags)as = 6.

Now using the function ¥(\) = Ap7'(1),0 < A < a we have § = asp(as) =
P(p(as)), so that as = = 1(p71(d)). In view of the above observations and (2.3.17) we
have the following;

Theorem 2.3.6. Let (\) := A\p~}(\) for 0 < X < a, and let assumptions in Theorem

2.8.5 hold. For § >0, let a := a5 = o (¢ 71(d)). Let ns be as in (2.8.16), then

l2n; — 2] = O ~(d)).
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2.3.2 An adaptive choice of the parameter

In this subsection, we present a parameter choice rule based on the adaptive method

studied in Pereverzyev and Schock (2005); George and Nair (2008). Let
DN(a) = {Oél = ,Ltia()7i = O’ ]_7. .. 7j\[}

where 4 > 1, ag > 0 and let

Then for i =0,1,--- , N, we have

1)
|@n, — 2% || < —, Vi=0,1,---N.
(8]

Q; —
K3

)

Ng,00°

Let z; ;= x We select the regularization parameter o = «; from the set Dy (o)

and operate only with corresponding z;, ¢=20,1,---,N.
The proof of the following theorem is analogous to the proof of the Theorem 4.3 in
George and Nair (2008). But for the sake of completeness we provide the proof.

Theorem 2.3.7. Assume that there exists i € {0,1,2, -+, N} such that p(e;) < 2.

(3

Let assumptions of Theorem 2.3.5 and Theorem 2.5.6 hold and let

[ == max {z to(ay) < i} < N,

i

_ 0
k:zmax{z’:”xi—xjﬂ <4C—, j=0,1,2,--- ,i—l}.
O{,

J

Then | < k and
|12 — @]l < ™ (5)
where ¢ = 6C .
Proof. To see that | < k, it is enough to show that, for ¢+ =1,2,--- | N,

) _ 0
ola;) < — = |jlz; — zj|| < 4C—, Vji=0,1,---,i—1.
Q; o

7 J
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For 7 <1, by Theorem 2.3.5 we obtain,

lzi — il < o — 2| + [Jz; — 2
_ _ )
< C i — C —
< pm>+%}+ pw»+%}
< C{2£+2£}
a; Q5
< 4C*£
Qj
SO, I < k
Now, 12— 2l < (|2 =2l + (|20 — 2]
< C{2£+4£}
(87} (8%
< 6C”£
(07}
)
< 60#()76 (" as < apg < pay)
< cp(6).

This completes the proof.

2.4 PROJECTION METHOD AND ITS CONVER-
GENCE

Let {P,}r=0 be a family of orthogonal projections on X. Let, Vx € D(F), ¢, =
|F'(x)(I — Pp)||. And {b, : h > 0} be such that hh—r?ow 0 and hlffobh =0. We
assume that ¢, — 0 as h — 0. The above assumption is satisfied if, P, — I pointwise
and if F'(x) is a compact operator. Further we assume that e, < &y, b, < by and
d € (0, dp).

Analogous to the iterative scheme (2.1.1) and (2.1.2), we define the iterative sequence

to obtain an approximate solution for the equation (1.5.10), in the finite dimensional

subspace of X as:

Yo = i — R (@g0) PalF (200) — f° + alald, — zo)] (2.4.18)

n,x

and
Tptia = Yt = R (a50) PAlF(U0) — f° + oyl — x0)] (2.4.19)
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where xgv’i := Pyxy is the projection of the initial iterate xy on to R(FP}), the range of
P, and R, (z) := P,F'(x) Py, + aPy, with a > ag > 0. Here the regularization parameter
« is chosen from the finite set defined in (2.1.3).

Note that, even though the proposed method has local linear convergence, it requires,
for its merit, the computation of the Fréchet derivative F'(.) only at P,xg.

We need the following assumptions for the convergence analysis.

Let

erd = |lykd — a0, Vn > 0. (2.4.20)

n,o

1 1 __2kgdg y_ 4
\/+(2<1+§—g>2 (1+§—g>ao)

ko

Hereafter we assume that by < , 0p < ) for some g > 0

@Q
4k0(1+%
and ||zg — Z|| < p where

1 2k00
\/1 + (2(1+a—o)2 o (1+;—0())a0) -1
p S 0 0 _ bO-
ko

Let

v, = (14 —) {%(p +b0)> + (p+bo)| + Z—Z. (2.4.21)

Lemma 2.4.1. Let v € D(F). Then |R!(2) P F'(z)| < (14 22).

Proof. Note that,

IR (@) PuF' ()] = sup [(PLE" () Py + aPy) ™ Py F ()|
v||<1

= sup |[(P.F'(z)P, + aP,) ' P F (2) (P, + 1 — Py

vll<1

sup H(PhF/(w)Ph + OéPh)ilphF/(Q?)PhU”

loll<1

+ sup ”(PhF,(l‘)Ph + CYPh)_lphF/(ﬁ)([ — Ph)’UH

[vll<1

IN

IA

=

+
|

N

=

+
|

Lemma 2.4.2. Let ¢y = eg:i and 7, be as in (2.4.21). Then ey < ,.
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Proof. Observe that,

eo = llypa — zoal
= [|R; (Puwo) Pu[F (Pazro) — f]]
= [|RS (Puwo) Pu[F(Pywo) — F(&) — F'(Pyo)(Prao — &)
+F'(Pyzo) (Pro N 2)+ F(@) — £
= ||R (Phao) Pyl / (F'(2 + t(Pyro — 7)) — F'(Pyxo))(Phao — 2)dt
+F'(Pyao)(Pywo — &) + F(2) — f]]
)P

1
= ||R;1(Phl‘0 (Ph{L‘O)[/ (p(fi‘ + t(PhZEO — i’), PhZL‘(), PhZL‘O — i‘)dt
0

+(Pazo — )] + Ry (Pao) Pa(F(2) — f°)

and hence by Assumption 2.2.2, Lemma 2.4.1 and the relation ||R;*(Pyzo)|| < £, we

have

[k . . o
ep < (1+—) ?0||Phx0—x||2+||Phx0—m||}+a

€ k . . 0
= (1+—0) —OHP}LSB()—xQ—I-IEo—ZEHQ—F||thlfg—$o—|-$0—$|| +a

€0 k’o 0
< -2 _
< (1+a0) 2(p+bh) (p+bh)1+a

do

ko —(p+b)*+ (p+ bo)} +—

&%) 2 &%)

Let
qg=(14+—)kor. (2.4.22)

Then . <7 if

1— \/1 — dko(1+ 2)y, 1+ \/1 — dko(1 + 22,

r e ,
2ko(1 + £2) 2ko(1+ £2)

(2.4.23)

Theorem 2.4.3. Let y/0, a1 and e?, be as in (2.4.18), (2.4.19) and (2.4.20) respec-
tively with 6 € (0,00] and o € Dy(cv). Let y,, q and 7 be as in (2.4.21), (2.4.22) and

(2.4.23) respectively. Then

(a) ||J”Z7 yn 1a|| <Q||yn la_ n— 1a||
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RS .
(b) [lytd — 2kl < Pyl o — 2ol s

(c) e < qQ”fyp,

(d) %wyhé € B, (Pyxy).

Proof. Observe that if 29 4™° € B,(P,x), then by Assumption 2.2.2 we have

n, a’ Yn,
h,0 h,0 — h,0 h,0
Zi yn—l,a = yn l,a xn l,a Rocl(Pth)Ph[F(yn—l,a) - F(gjn—l,a)

+a(yn7—1,a - xﬁfl,a)]
= RN (Puzo)[(Ra(Pato) — aPy) (W10 — 2001 0)
_Ph(F(nyl,a) - F(‘rzfl,a))]
1
= RMPua)P [ F(Pun) = Fah o 00— ah?, )
0
(yn l,a 37261 oa)dt
! h,0 h,o
- Rc_zl(Phxo)PhF,(Phx()) / q)(Phxm xn’fl,a + t(yn l,a Ty a)
0
h,0 h,

yn la_xn 1a)dt

and hence,

||ZEZ: yn 1a|| < (1 + )kOTHyn l,a Ly 1a|| (2424)

Again observe that if 2y € B,.(P,xq), by Assumption 2.2.2 and (2.4.24) we have

n, om Yn,
i —ald =l =y, = RN (Paxo) PulF (25 — f° + a(ald, — Puo)]
= RN (Puzo)[(Ra(Pao) — aPy) (ald, — 4, )
—Pu(F(alb) = F(yn®, )]
= R.'(Pyxo) Py /OI[F'(PMO) — Py o+t =y o)

X(xh(s yn 1o¢)dt

1
R (Pyo) P F'(Pyiro) / B(Poro, 0y + (8 — 9 ),
0
952:(; - 9231,04)0“
and hence,

lyma — zwall < (1+ O)koTHw |

q ||yn 1,a _xn 1a|| (2425)

IN



Chapter 2 31

Thus if 2%, y" € B,(Pyxo) then (a) and (b) follow from (2.4.24) and (2.4.25) respec-

tively. And by Lemma 2.4.2 and (2.4.25), (c ) follows. Now using induction we shall

prove that x "9 € B,(Pyx0). Note that xOQ, y0a € B,(Prxo) and hence by (2.4.24)

na’yn

IN

h,o
Hxl, yOOcH + Hy0a - :COaH

(14 q)eo
€0
l1—gq
-
l—q
< r

h,6
|27 — Phol

IN

IN

IN

ie. xla € B.(Prxo), again by (2.4.25)

A
?
"
HE%
8
_|_
K
n
.
X
=2

Iy — Pazol

IN
(]
('b
=)
+
—~
—
+
)
~—
CD
o

IA

IN

< r
ie., ym '~ € B(Pyxo). Suppose xka,yka € B,(Pyx) for some k > 1. Then since
h,

h,s
||Ik+1 o — Praol < ||Ik+1 a Tk a|| + ||xka — T la“ +eeet ||x1,a — Puxol|  (2.4.26)

we shall first find an estimate for HxZ’fLa x aH Note that by (a) and (b) we have

h, s
||Ikz+1o¢ _xk,aH S ||xk+1a yka aH
h,
< (Q+1>||yka_xka”
< (1+9)qe.
Therefore by (2.4.26) we have
|7k = Pazoll < (L4 @)[g™ + ¢V + -+ Teg (2.4.27)

1 — g2kt

< (1+4q) [1_—(12 €0

< 9

= 1.y

< o

= 1y

< T
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So by induction 2% € B,(P,xo) for all n > 0. Again by (a), (b) and (2.4.27) we have

h,6
vty o = Pazoll < 9hihe — Titnall + 125010 — Paol

S q2k+260+(1+q)[q +q(7)++1]60

1 — q2k;+3

< (1+4q) {1_—(12] €o

< &

= 1

< o

= 1

< T

Thus yl€+1 € B, (Py,) and hence by induction y%, € B,(Pyxo) for all n > 0. This
completes the proof of the theorem.

The main result of this section is the following theorem.

Theorem 2.4.4. Let y/% and z%, be as in (2.4.18) and (2.4.19) respectively and as-

sumptions of Theorem 2.4.3 hold. Then (x!?) is Cauchy sequence in B,(Pyxo) and

n,o

converges to % € B,(Pyxg). Further Py[F(2™%) + a(a™® — x4)] = Pof° and

ho

n,x

2n

Iz

where C' =

(1-q)°

Proof. Using the relation (b) and (c) of Theorem 2.4.3, we obtain

m—1
h,d
Hxn—‘rmoc - xZZiH < Z Hxn—&-z—i-l a Q:n—‘,—i,ozH
=0

3

(1 + q) n—l—za

VAN
1

m—1
< (1 + q)q2(n+i)eo
1=0
. 1 — q2m
< (1+q)¢ { = } o
S qu2n

is a Cauchy sequence in B,(P,z() and hence it converges, say to x?f €

Thus (x

TLOA)
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B,.(Ppxg). Observe that,

1Pu[F (zy0) = £ + alane, — o)) | Ra(zga) (zie — yma)|

< N Ra(zgo)lllzns — yiall
= |(PuF(x50) Pu + aPp)llen
< (Cr+a)¢*™,. (2.4.28)
Now by letting n — oo in (2.4.28) we obtain
Py [F (") 4+ a(a™® — 20)] = P f°. (2.4.29)

This completes the proof.

2.5 ERROR BOUNDS UNDER SOURCE CONDI-
TIONS FOR PROJECTION METHOD

The objective of this section is to obtain an error estimate for ||z~ — Z|| under the

Assumption 2.2.1 and Assumption 2.2.2.

Proposition 2.5.1. Let F': D(F) C X — X be a monotone operator in X. Let ™9 be

the solution of (2.4.29) and x” := z"0. Then

4]
R E

Proof. The result follows from the monotonicity of F' and the relation;

Py[F () = F(xg) + alzg’ —ag)] = Pu(f* = ).

Theorem 2.5.2. Let p < 50) and & € D(F) be a solution of (1.1.1). And let As-

ko (1+

sumption 2.2.1, Assumption 2.2.2 and the assumptions in Proposition 2.5.1 be satisfied.

Then

En

et — 2 < C [p(@) + 2]

«

A . max{1,p+| 2]}
where C' := oy
1-(+55)2P
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Proof. Let M := fol F'(% 4+ t(2" — 2))dt. Then from the relation
PylF(zl) — F(&) + a(z) — 20)] = 0

we have

(PoMPy, + aPy)(zh — 2) = Pya(zy — &) + PLM(I — Py

a — 3 = [(PAMP,+aPy) P, — (F'(2) + al) Ha(ze — 2)
+(F'(2) + al) ta(zg — 2) + (PuM P, + aPy) ' Py,M(I — P
= (P.MP, + aP,) 'Py[F'(&) — M + M(I — P,)]
x(F'(2) + o) a(ze — 2) + (F'(2) + al) oz — 7)
+(PyM Py + aPy) ' P,M (I — P2
= Q+G (2.5.30)
where (i := (P,M Py, + aP,) ' P [F'(2) — M + M(I — P)|(F'(2) + al)'a(rg — 2) and
G = (F'(2) + al)ra(zg — 2) + (PoM Py + aBy) ' P, M (I — Py)z.
Observe that,
Gl = NEAE+aB) By [ ()~ F G+ et — 8
x(F'(2) + al) talxg — )|
H(P,M Py, + aPy) ' PoM(I — P,)(F'(2) + o) 'a(zg — 2)||

1
< \|(PhMPh+aPh)1Ph/ [F'(Z + t(z" —2)) (P, + 1 — P)
0
e
O3, &+ t(ah — &), (F'(2) + al)  alze — 2)))dt]| + Ehp
en. ko h N €h
< (1+2H)= - il
< +&)2p||xa ar||+oép
oko | . €n
< (14+ )X - il 2.5.31
< (L )l = all+ o (2.5.31)
and
Eh A
G2l < @) + gl\wH- (2.5.32)

The result now follows from (2.5.30), (2.5.31) and (2.5.32).

Theorem 2.5.3. Let xﬁ:‘; be as in (2.4.19). And the assumptions in Theorem 2.4.4 and

Theorem 2.5.2 hold. Then

~ )
2" — 7| < C¢* + max{1,C} [(,0(04) n +6h1 .
’ o
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Proof. Observe that,
e — 2l < llame — 20|l + llag® — gl + llad — 2]

n,o

so, by Proposition 2.5.1, Theorem 2.4.4 and Theorem 2.5.2 we obtain,

A n o = En
o, =3l < Cq* 4+ 2+ C [pla) + 2]

< C¢® +max{1,C} [(p(a) + 6—;%} .
Let
T

ns := min {n CP < m} (2.5.33)

and

Co = C +max{1,C}. (2.5.34)

Theorem 2.5.4. Let x? be as in (2.4.19) and the assumptions in Theorem 2.5.3 be

satisfied. And let ng and Cy be as in (2.5.33) and (2.5.34) respectively. Then

e — 2] < Co {so(a) + (2.5.35)

0+ Eh:|
2.5.1 A priori choice of the parameter

Note that the error estimate () + > in (2.5.35) is of optimal order if a5 := a(8, h)
satisfies, p(as)as = § + ep.

Now as in section 2.3.1, using the function ¥(A\) := Ap~'(1),0 < A < a we have
§ 4+ en = asp(as) = P(p(as)), so that as = (™18 +&p)).

Theorem 2.5.5. Let 1)(A\) := Ao 1()\) for 0 < X < a and the assumptions in Theorem

2.5.4 hold. For § >0, let as = (¢ "1(0 +€3)) and let ng be as in (2.5.33). Then

l2hya = 2l = O™ (6 + &)
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2.5.2 An adaptive choice of the parameter

In this method, the regularization parameter « is selected from some finite set
Dy(a) = {a; = p'ag,i =0,1,--- , N}

where > 1, ap > 0 and let
)
n; := min {n CPm < ﬂ}
Q;
Then for ¢ =0,1,--- , N, we have

d+e¢ :
lals, =2l < C——", Vi=0,1,---N.
Rk £ az
Let x; := foai, 1=20,1,---, N. Proof of the following theorem is analogous to the

proof of the Theorem 2.3.7.

Theorem 2.5.6. Assume that 3i € {0,1,2,--- | N} such that p(a;) < 52%. Let the

assumptions of Theorem 2.5./ and Theorem 2.5.5 hold and let

Q;

l::max{z’:gp(ai)g 5+6h} <N,

J
k= max{i: ||z; — z;|| <4Cp +Eh, j=0,1,2,--- i}
a

J

Then |l < k and

12 — 2| < (6 +ep)

where ¢ = 6Cy .

2.6 IMPLEMENTATION OF ADAPTIVE CHOICE
RULE

Following steps are involved in implementing the adaptive choice rule:

e Choose ag > 0 such that dy < 4k0(‘11170) and p > 1.
a0

e Choose o; := iy, i =0,1,2,---, N.
Finally the adaptive algorithm associated with the choice of the parameter specified in

Theorem 2.5.6 involves the following steps:
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2.6.1 Algorithm

1. Set i =0.

2. Choose n; = min {n ¢ < 5+6h} .

(67

3. Solve z; := z!% by using the iteration (2.4.18) and (2.4.19).

A4 I ||z, — x5 > 40052?,]' < i, then take k =i — 1 and return z.

5. Else set i =17+ 1 and go to Step 2.

2.7 NUMERICAL EXAMPLE

We apply the algorithm by choosing a sequence of finite dimensional subspace (V},)

of X with dimension of V,, = n + 1. Precisely we choose V,, as the linear span of
{v1,v9,++ ,vpy1} where v;,i = 1,2,--- 'n+ 1 are the linear splines in a uniform grid
of n + 1 points in [0,1]. Note that 2%, y»2 € V,. So ykd = = Y ery; and ol =
S s, where €7 and i = 1,2,--- ,n+ 1 are some scalars. Then from (2.4.18) we

have

(PuF'(xg2) Py + aPy) (Yt — al) = By[f° — F(a"2) + a(afl — 20)].  (2.7.36)

Tha n,x

Observe that (y/9 — x/9) is a solution of (2.7.36) if and only if

(€ =) = (& =, & —m & — )"
is the unique solution of
(Qn + aB,)(E" — ™) = B, — Fuy + a(Xo — 1)) (2.7.37)
where

<F/(x0a)vl>/uj>] 7’?] = 172 7n+1
(vi,

v, 0,4, =1,2--- n+1

F(ape)(ty), Fapa)(te), - Fapa) (tar)]”

[
[
o= [0, o), ()]
[
[zo(t1), wo(ta), -+ s zoltnsr)]”



38 Chapter 2

and tq,t9, -+ , 1,41 are the grid points. Further from (2.4.19) it follows that
(PuF"(x50) Pr 4 aPu) (201 o — ynd) = Palf° — F(yhd) + alzgo — ywd)] (2.7.38)
and hence (z Zfl o — Yi?) is a solution of (2.7.38) if and only if
i+t —&m) = (it = &f o™ =& o — )’
is the unique solution of
(Qn + aBa) (L =€) = By — Fpa + a(Xo — €")] (2.7.39)

where Fp = [F(y[2)(t1), F(yl2)(t2), -+, F(y22) (tns1)]”- Note that (2.7.37) and (2.7.39)
are uniquely solvable as Q,, is positive definite matrix (i.e., zQ,z7 > 0 for all non-zero

vector ) and B, is an invertible matrix.

Example 2.7.1. (see Semenova (2010), section 4.3) Let F : D(F) C H'(0,1) —

L?(0,1) defined by

F(u) ::/0 k(t, s)u(s)*ds,

where

(1—t)s, 0<s<t<1
k(tas):

(1—-s)t, 0<t<s<1
Then for all x(t),y(t) : z(t) > y(t) :
(F@) - Pl ) = | [ | He s = ol | (2 = e =0

Thus the operator F' is monotone. The Fréchet derivative of F' is given by

F'(u)w = 3/0 k(t, s)u(s)*w(s)ds. (2.7.40)
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Note that for u,v > 0,

[F'(v) — F'(u)]w = 3/0 k(t, s)[v(s)? — u(s)*w(s)ds

where @ (v, u,w) =

So (v, u,w) satisfies Assumption 2.2.2 (see, Scherzer et al. (1993), Example 2.7).

In our computation, we take f(t) = t;fél and fO = f + 6. Then the exact solution

a(t) =13

We use

3
H=t24+—(t—1°
(1) +56( )

as our initial guess, so that the function xo — & satisfies the source condition
xo — & = p(F'(2))1

where p(N\) = A.

Observe that while performing numerical computation on finite dimensional subspace
(V) of X, one has to consider the operator P,F'(.)P, instead of F'(.), where P, is the
orthogonal projection on to V,,. Thus incurs an additional error ||P,F'(.)P, — F'(.)|| =
O([F' ()T = Bo)])-

Let |F'()(I — P,)|| < €. For the operator F'(.) defined in (2.7.40), e, = O(n™2) (cf.
Groetsch et al. (1982)). Thus we expect to obtain the rate of convergence O((8 + £,)2).

We choose ag = (1.5)0, u = 1.5 and q = 0.51. The results of the computation (four

decimal places) are presented in Table 2.1. The plots of the exact solution and the
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approzimate solution :L'Z:‘; obtained for n = 2¢, i = 3,---,10 are given in Figures 2.1
through 2.8.
no [k mo+en [ o [l —al [ 2255
8 21 3 10.1016 | 0.3428 | 0.2634 0.8266
16 | 2] 3 |0.1004 | 0.3388 | 0.1962 0.6191
32 12| 3 ]0.1001 | 0.3378 | 0.1429 0.4518
64 | 2| 3 |0.1000 | 0.3376 | 0.1036 0.3275
128 |2 | 3 | 0.1000 | 0.3375 | 0.0755 0.2387
256 | 2| 3 [0.1000 | 0.3375 | 0.0560 0.1772
512 | 2| 3 | 0.1000 | 0.3375 | 0.0430 0.1360
1024 | 2| 3 | 0.1000 | 0.3375 | 0.0347 0.1096
Table 2.1: Iterations and corresponding error estimates
1
0ol Exact Solution i
' *  Approx Bolution
0st -
07t :
0af .
ey, 03 |
0.4t .
03t e .
032t -
o1t B -
“a o1 0z 03 04 05 06 07 0% 09 1
t

Figure 2.1: Curves of the exact and approximate solutions when n==8

The last column of the Table 2.1 shows that the error ||z, — 2| is of O((8 + &,,)2).
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ne

0.2

0.7

0.a

0.4

0z

0z

0.1

Exact Bolution
Approx Bolution

0.7 ns ne 1

Figure 2.2: Curves of the exact and approximate solutions when n=16

ne

0=

0.7

&

0.4

0z

0z

0.1

Exact Solution
Approx Bolution

0.z 03 0.4

0.7 0= ne 1

Figure 2.3: Curves of the exact and approximate solutions when n=32
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1 T T T T T T T T T

E=act Solution

* Approx Bolution
0z -

07t g Il

06 r o 1

0.4 r - |

0z Fr - i

e

0 0.1 0.z n.: 0.4 0.5 0. 0.7 ns ne 1

Figure 2.4: Curves of the exact and approximate solutions when n=64

1 T T T T T T T T T

0ol E=act Solution i

* Approx Bolution

07
D&

0.5

03t / _

02r 1

Figure 2.5: Curves of the exact and approximate solutions when n=128
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E=act Solution
09 r -

* Approx Bolution
0z -

06 r 1

0=r 1

02r -

Figure 2.6: Curves of the exact and approximate solutions when n=256

E=act Solution
09 r E

* Approx Bolution

07 r 1

D& 1

0.4r 1

03 1

0.1 r -

Figure 2.7: Curves of the exact and approximate solutions when n=512
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09

-*

Exact Solution
Approx Bolution

Figure 2.8: Curves of the exact and approximate solutions when n=1024

EON



Chapter 3

TWO STEP NEWTON TYPE
ITERATIVE METHOD FOR THE
APPROXIMATE
IMPLEMENTATION OF
LAVRENTIEV
REGULARIZATION

In this chapter we present a semilocal convergence analysis of two step Newton Lavren-
tiev method for solving ill-posed operator equations in a Hilbert space setting. Using
a two-step analysis we obtained local cubic convergence. We provide also the finite
dimensional realization of the method considered. The test example provided endorses

the reliability and effectiveness of our method.

3.1 INTRODUCTION

In this chapter, we consider a Cubic convergence yielding Newton Lavrentiev Method
(CNLM) for approximately solving the nonlinear ill-posed operator equation (1.1.1).
Instead of (2.1.1) and (2.1.2) we consider the following (CNLM):

T = B0 = B (@ )F(E),0) = [+ al), , — o)) (3.1.1)

and
jfL—l—l,a - gz,a - R;I(‘%i,a)[F(gg,a> - f6 + a(gg,a - ZE())] (312)

45
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where

Ro(z) = F'(z) + al, (3.1.3)

58@ := xo and the regularization parameter « is chosen from (2.1.3) for approximating
(2.1.4).

Note that with the above notation
IR, () F' ()] < 1. (3.1.4)

The plan of this chapter is as follows. In section 3.1, we introduce (CNLM) and prove
that the method converges cubically to a solution of the equation F(z)+a(z—zo) = f° in
section 3.2. The error analysis under a general source condition is considered in section
3.3. Projection scheme of CNLM is considered in section 3.4 and the corresponding error
analysis is given in section 3.5. Section 3.6 deals with the implementation of adaptive
parameter choice strategy. An example and the computational results are given in

section 3.7.

3.2 NEWTON LAVRENTIEV METHOD

Let
Ona = e = Inall, Y020 (3.2.5)
and for 0 < kg < 1,1et g: (0,1) — (0,1) be the function defined by
ko 2
g(t) = §(4 + 3kot)t vVt € (0,1). (3.2.6)

Hereafter we assume that dy < « for some ap > 0 and ||zg — z|| < p where

[
. \/1+2k0(1—a—g)—1
< N .

Let

0

Remark 3.2.1. Note that we use the condition 0 < ko < 1, to ensure that g(vy,) < 1 for

N

Yo < 1. Thus if ko > 1, then choose p, such that g(v,) = %(4 + 3kov,)7, < 1, so that

one can avoid the restriction ko < 1.
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)

. . ~ ~ ~ ~ ~5 ~ 6 .
For convenience, we use the notation &, y, and 7, for 7, ,, ¥, ., and d;, , respectively.

Theorem 3.2.2. Let §, and &, be as in (3.1.1) and (3.1.2) respectively with 6 € (0, o
and let 6,, g and 7y, be as in equation (3.2.5), (3.2.6) and (3.2.7) respectively. Let

Assumption 2.2.2 hold. Then

(@) &0 = Gnoal < BN G0 — Fpa;

(0) &0 — Zpall < (14 22=) |Gy — T |l
(©) 190 — Znll < 9(Fn-1)|Gn-1 — Tn—1l];
(d) g(an) < g(7,)*", Vn > 0;

(€) Gn < g(7,)®" V2,  Vn>0.
Proof. Observe that
To = Yot = Por = Tnot = By (@) [F(Ga1) = F(@m1) + (a1 — Tn)]
= R, (#n-1)[(Ra(@n-1) — al) (o1 — Zno1) = (F(fn-1) = F(Zn-1))]
= R @) [ IF )~ P 101 = 30— B
and hence by Assumption 2.2.2 and (3.1.4), we have

1
"jn - gnle S H / (I)(i'nfh i'nfl + t(gnfl - i‘nfl)a gnfl - i‘n71>dtH
0

ko

<
-2

Hgn—l - j71—1”2'
This proves (a). Now (b) follows from (a) and the triangle inequality;
120 = Zn-all <20 = Gn-all + 1Fn-1 — Zna]

To prove (c) we observe that

gn_fn - jn_gn—l_Rgl(jn [F(jn —f5+04(95n—1'0)]

)

)
= Tp = o1 — By (@) [F(Z0) = F(fn1) + a(Zn — 1))
RS (Fn1) = By (@)[F(Gur) = f° + afr — 20)]
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= Rgl(jn)[Ra(i’n)(fn - gn—l) - (F<jn) - F(gn—l)) - O‘(jn - gn—l)]
+[R;1(jn—1) - Rc_yl(‘%n)”F@n—l) - f5 + O‘(gn—l - xO)]

and hence

on < Ry (@) /Ol[F’(fn) = F'(n-1 + t(Zn = Tn-1)](Tn — G dt]
HIRS (@) [F'(@0) = F'(Tn-1)] RS (Fn-) [F (Gn1) = f° + a(Gnr = z0)]
1R () /OI[F’(fn) = F'(fn1 4 1(Tn = §n-1))](Tn — G )dl]|
HIRG (E) (' (20) = F'(Z0-1)) (n-1 — ) |

1
S H / (I)(j:na gn—l + t(«%n - gn—l)v jn - gn—l)dtH + H(I)(jna jn—lu gn—l - jn)“
0
k

IN

= §°|y:z-n = G |I* + koll T — TnallllZn — G-

The last but one step follows from the Assumption 2.2.2 and (3.1.4). Therefore by (a)
and (b) we have (see, Argyros and Hilout (2010))

~ k2 3k3 B B B
on < (30 + ?0||yn—1 — In—1||) [
< G(Gn1)Gn_r. (3.2.8)

This completes the proof of (¢). Now since for p € (0,1), g(ut) < p2g(t), for all t € (0,1),
by (3.2.8) and Lemma 2.2.1 with v, as in (3.2.7) we have,

and

On < g(On-1)0n-1
< 9(60)"" g(Gn2)Fns
< 9(60)"" 9(60)*" 9(Fu—s)Fn—s
< 9(50)3n—1+3"—2+---+150
< g(60)*" "5,
< g(3,) Y,

The last step follows from the relation 6y = ey and Lemma 2.2.1 with v, as in (3.2.7).

This completes the proof of the theorem.
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Theorem 3.2.3. Let 0 < g(v,) < 1,7 = [= (%) + R g(pv 217 and the assumptions of

Theorem 3.2.2 hold. Then &, 4, € B.(xo), for alln > 0.

Proof. By induction we shall prove [|#, — zol| < Y17 [1 + %2¢(5)7]g(50)'50 and
T, Un € By(x0), for all n > 0. Note that 6o = ep, so by Lemma 2.2.1 with 7, as in
(3.2.7) and (b) of Theorem 3.2.2 we have

|1 — x| < [1—1—5000]00 (3.2.9)
k
< [1+ 20%]7
< r

Le., ||Z1 — xo| < [14 260 and #; € B, (o). Again note that by Lemma 2.2.1 with -,
as in (3.2.7), (c¢) of Theorem 3.2.2 and (3.2.9), we have

190 = xoll < lgn — &1l + (|21 — o]

. ko . .
< [1+g(d0) + 5000]00

k
< [T+g(y,) + =

5 el
< r
ie., 71 € By(xo).
Suppose
) o Kot
121 — 2ol < ;[1 +—5-9(60)l9(50)" 00 (3.2.10)

and Ty, Ur € Br(x¢). Then by Lemma 2.2.1 with v, as in (3.2.7), (b) of Theorem 3.2.2
and (3.2.10), we have

[Zer1 = zoll < |Zksr = Zell + (|2 — ol

k—1 ~
k SN koo ~ \i ~ \Nin~
< (L4560 + Z[l + =59(60)'l9(30) 50
ko kooo . Y1g(50)'6
< 1+ 9(60) 0lg(50) o—o+21+ﬂg )'l9(60)' 50
: koG
< D[+ =79(@0)19(50) 5o (3.2.11)

1=0
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IN
<
—_
|w
o
S

<

So, by induction ||#, — mo|| < 3271 + k%0 4(50)"]g(60)'60 and &, € By(zo), for all
n > 0. Again by Lemma 2.2.1 with v, as in (3.2.7), (c) of Theorem 3.2.2 and (3.2.11),

we have

k11 — ol < ||Gkg1 — 973k+1H A | Zrg1 — xol|
koGo o viv o in
< g(o%) ak—l—Zl—i-Mg 0)'19(60)" G0
k koo
< g(G0)"*'4y Z + =59(50)19(30) '
~0
k1 k
< ZQUO 00—1‘230 (50)*(50)°
k+1
< Zg %o) %+Z—9 %)% (7)?
1 kg By :|
Y g/
{1 —g9(p)  21—g()? "
< T

Thus g1 € B.(z9) and hence by induction g, € B,(x¢), for all n > 0. This completes
the proof.

The main result of this section is the following theorem.

Theorem 3.2.4. Let §, and &, be as in (3.1.1) and (3.1.2) respectively with 6 € (0, o
and assumptions of Theorem 3.2.83 hold. Then (Z,) is Cauchy sequence in B,.(xy) and

converges to x° € B,(x¢). Further F(22) + a(a® — zo) = f° and
|, — 22| < Ce™"

where C = |t + "3 g ()" | 7 and v = —log g(3,).
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Proof. Using the relation (b) and (e) of Theorem 3.2.2, we obtain

m—
“in-i-m - jnH S Z “jn-i-i—kl - jn—HH
0

<.
I

m—1 ~
k - n+i ~ n+i o
< DI+ (60  g(a0)* 5o
1=0
k‘oa'o ~ \3n ~ \3" ~ ko&o ~ \3n+1 ~ \3n+l
= [1+ TQ(UO) 19(60)° 60 + [1 + TQ(UO) 19(60) oo+ ---
k 5- ~ n+m ~ nr+m .
+[1+ —02 09(00)3 ’ ]9(00)3 ’ 0o
~ - 2 m ]{7 0‘
< [+ 9300 +9(50)™ + -+ g(60)"") + =57 (1 +
(9(50)%)° + (9(50)2)% + - + (9(50)*)*")9(60)*"|9(50)>" 50
< Cg(60)*"
< Cg(%)?)n
< Ce ",

Thus 7, is a Cauchy sequence in B, (zy) and hence it converges, say to z° € B,(x).

Observe that

1F(Z0) = f° + al@, — 20| 1R (Zn)(Zn — §n)]

< [Ra(@n)[[[|Z0 — Fnll
< (CF + Oz)g(&o)3n50
< (Crp+a)g(7,)" 7, (3.2.12)

Now by letting n — oo in (3.2.12) we obtain F(2%) + a(z° — o) = f°. This completes
the proof.

Hereafter we assume that

p<r. (3.2.13)

Remark 3.2.5. Note that (3.2.13) is satisfied if M [2( — oy _ % <

ko < 1. Further observe that 0 < g(y,) < 1 and hence v > 0. So by (1.5.12), sequence

(Z,) converges cubically to x°.
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3.3 ERROR BOUNDS UNDER SOURCE CONDI-
TIONS

The objective of this section is to obtain an error estimate for ||ffm — Z|| under a source
condition on zg — Z.
Combining the estimates in Proposition 2.3.2, Theorem 2.3.3 and Theorem 3.2.4 we

obtain the following;

Theorem 3.3.1. Let &, be as in (3.1.2) and let assumptions in Proposition 2.3.2,

Theorem 2.3.3 and Theorem 3.2./ be satisfied. Then

n )
& — 3] < 0™ 4 € [wa) ; —}

(0%

where C7 = kor + 1.

Let
C = max{C, kor} + 1, (3.3.14)
and let
n 5
ng 1= min {n re 1 < a} . (3.3.15)

Theorem 3.3.2. Let 22, be the unique solution of (2.1.4) and &, be as in (3.1.2). Let
assumptions in Theorem 3.3.1 be satisfied. Let C' and ns be as in (3.5.14) and (3.3.15)

respectively. Then

|, — 2] < C [w(a) + —] - (3.3.16)

3.3.1 A priori choice of the parameter

In view of the observations in section 2.3.1 of Chapter 2 and (3.3.16) we have the

following.
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Theorem 3.3.3. Let 1(N\) := Ao 1(\) for 0 < X < a, and the assumptions in Theorem

8.8.2 hold. For ¢ >0, let o := a5 = ¢ (v 1(9)) and let ng be as in (3.5.15). Then

|12y — 2] = O ~(9)).

3.3.2 An adaptive choice of the parameter

Let
DN(Oz) = {ozi = Miao,i =0,1,--- ,N}

where ¢t > 1, ap > 0 and let

. n 0
n; ;= min {n ceTt < b

Q;

Then for ¢ =0,1,--- , N, we have

o
|7 —a° | <e—, Vi=0,1,---N.
«

ng,0 Qg - .
(2

Let &; := &9, . We select the regularization parameter v = o from the set Dy(c)
and operate only with corresponding z;, ¢ = 0,1,---, N. The proof of the following

theorem is analogous to the proof of the Theorem 2.3.7.

Theorem 3.3.4. Assume that there exists i € {0,1,2,--- , N} such that p(a;) < 2.

k3

Let assumptions of Theorem 3.5.2 and Theorem 3.5.3 hold and let
, )
l:=max{i:¢@(o) < —p <N,
Q;

_ 0
k:zmax{i:”a?i—fcj” <4C—, 45=0,1,2,--- ,z}.
a.

J

Thenl <k and
& — k|| < ep™H(0)

where ¢ = 6C .
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3.4 PROJECTION METHOD AND ITS CONVER-
GENCE

The purpose of this section is to obtain an approximate solution for the equation (2.1.4),
in the finite dimensional subspace of X.
Let 9287’2 := Phxo be the projection of the initial guess zy on to R(F;), the range of

P, and let R, () := P, F'(x)P,+aPy, with a > ag > 0. We define the iterative sequence

as:
g =@l — RN EROPLF(EL0) — £+ @) — x0)) (3.4.17)
and
Bt = 00 — RN ER VP (00) — £ + ol — o). (3.4.18)

Note that the iteration (3.4.17) and (3.4.18) are the finite dimensional realization of the
iteration (3.1.1) and (3.1.2). We will be selecting the parameter a = «; from some finite
set defined in (2.1.3) using the adaptive method considered by Perverzev and Schock in
Pereverzyev and Schock (2005).

Let
ard = lghe — a2, Vn >0 (3.4.19)
. V3 o .
For 0 < ko < min {1, (2 st ) }, let g :(0,1) — (0,1) be the function defined
by
~ kQ 80 2
gty ==2(1 + 5 002 4+ 3ko(1 4+ =2)t| ¢ vt € (0,1). (3.4.20)
8 (o) Qp
1+<1i’2&) 1-20)—1
Hereafter we assume that by < a?co , 0o < o for some ap > 0 and ||zg —
z|| < p where
\/1 1?90 N i_%) -1 ;
< — 0g.
p < e 0
Let
ko 50
=1+ 0)[ 5 (P +00)" + (p+bo)] + o (3.4.21)
Lemma 3.4.1. Let g%, 10 and 6% be as in (3.4.17), (3.4.18) and (3.4.19) respec-

tively with 0 € (0, 6]. And let Assumption 2.2.2 hold. Then
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~ ~h,é ~h,0
(a) ||£BZ: yn la” S ?0(1+Z_%) n— la”yn la_zn la”;

. . h.s =hid
(b) ||$Z:i—$n 1a”<(1+k0(1+ 0) Op— 1a>||yn Lo~ Tno 1a||
Proof. Observe that

~ ~h,d ~h,d ~h,6 — ~h,d ~h,0
Zi “Yn—1,a — Yn'"1 o Tpn—1a " Ra ( n—1 oc)Ph[F(yn 1 a) - F(xn—l,a)
_h, “h,§
+a(yn—1,a - zn—l,a)]
= Rgl(‘%ﬁfl a)[(ROé(jZfLa) - aPh)(grl:fLa - 5527—61,&)

—Ph(F@Z 61 o)~ F@Z(Sl o))

= R;(nla)PhA[F/(nla) Fl(nla—i_t(gzéla_

(yz 61 o jh’é )dt

n—1,a

and hence by Assumption 2.2.2 and Lemma 2.4.1, we have

~h,8 €0
Zme, = gntiall < 1+ =)
Qp

1
h,0 ~h, ~h,§ ~h, ~h,0 ~h,0
X/ CI)(‘In 1oz7xn 1a+t(yn 1a_$n 1a) yn la_$n 1,
0

k _
nd O(1+ )Ily” — 2,00

— 2 n—1,« n—1,«a

This proves (a). Now (b) follows from (a) and the triangle inequality;

~ ~h,0 ~ ~h,0 ~h5
|| o _'rn 1aH < H h6 yn 1a”+Hyn 1a_ n— 1aH

Theorem 3.4.2. Let Assumption 2.2.2 hold. Let g% and Z2% be as in (3.4.17) and

(5.4.18) respectively with § € (0,8] and let 61%, G and v, be as in equation (3.4.19),

(3.4.20) and (3.4.21) respectively. Then
(a) ||?jz,’i || <g( Op— 1a)||yn 1a_xn la”
(b) g(oma) <g(v)*,  Yn=>0;

(c) 600 < g(y,)®" D%y,  Vn>0.
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Proof. Observe that

e — A = = G — RO ER)PF(ELS) — [+ a(E, — xo)]
%ﬂnMMWWM ﬁm@m )
= B = — R E)PAF () = FIh2, ) + al@ns, — il )]
H&@%@—m@’wwwﬂa £+ ity — o))
= RAE(Ra(@h0) — aP) @0, — 02y o) — Pu(F(E0) = F(°1.0))]

IR (@01 0) — Ba @) PalE (51 0) — [+ @G0 — 0)]

and hence

A\

O Vo (hé)Ph/O[F/( 0 = F (G20 + @0 = 00l D@D — Gl a)dt]
IR @) F (F0) — F (&2 10)]321(@2’31,&)
P [F@Zgl a) fé—i-Oé(gn’ 1,a _'TO)]”

sw<“mlw<>ﬁumﬂ< L DS — S )|
w@%>Pm<>f%Mm@&;ﬁm
s<uﬂm/ B 1+ HEE = ). 0 — 00, )]
e mwa?mwmﬁmu
<+ >[ 185 — G0, 12+ koll s, — &0, [1Eh0 gﬁélan].

The last but one step follows from the Assumption 2.2.2 and Lemma 2.4.1. Therefore
by (a) and (b) of Lemma 3.4.1 we have,

s 0o [KG | 3K§ ho 6 6
JZ:i < <1+Oé_0)2 |:50+ ] ( )H Yn— 1a_ n— laH ||yn 101_In 1(1”3
< 9(60010)00 0 (3.4.22)

This completes the proof of (a). Now since for u € (0, 1), g(ut) < p2g(t), for all t € (0,1),
by Lemma 2.4.2 with 7, as in (3.4.21) and (3.4.22) we have,

n

G(60°) < §(60)*" < g(v,)
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and

52,’(; < fl(&ZfLa)&ZfLa
< 9(60)" 360 02.0)00 2 0
< §(50)3n Lygn—24. 15,
< (60" V%
< Gly)* Y,

This completes the proof of the Theorem.

Theorem 3.4.3. Letr = [1_;(%) +k2—°(1+2%)1;(—’;)2]% and the assumptions of Theorem

3.4.2 hold. Then &°, 4 € B.(Pyxo), for alln > 0.

Proof. Note that by Lemma 2.4.2 with 7, as in (3.4.21) and (b) of Lemma 3.4.1 we

have

~h5 ~h,6
121 I

|71 — Pywol| = — T
k
< [1 1 % 4.2
< [+ D)l (3423
k
< [1+20(1+ — )
< r

ie., f}fi € B,(Pnxo). Again note that by Lemma 2.4.2 with v, as in (3.4.21), (a) of
Theorem 3.4.2 and (3.4.23) we have

IN

hs DS
1915 — Prol| G008 — &0l + 11250 — Paaol
s ko I
< [1+g(60) + 3(1 + —)00]00
Qg
ko
2

IN

1+3() ++ (1+ )vph

r

A\

ie., ﬂf’g € B, (Pyzo). Further by Lemma 2.4.2 with ~, as in (3.4.21), (b) of Lemma 3.4.1
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and (3.4.23) we have

748 — Puroll < 122 — &30 + |k — Pao
< [1+’“20(1+ —)510)o1, +[1+k2(1+a0) ol
< 420+ ! 25060 0l3(00)a0 + [1+ 21+ )l
< [1+§/(5o)+%(1 2_2)50(1+§(&0)2)]50 (3.4.24)
< [+ 500 + 2+ D)+ 50,
<

and by Lemma 2.4.2 with v, as in (3.4.21), (a) of Theorem 3.4.2 and (3.4.24) we have

IA

_h,6 “hs  ~ho R,
”yQ,a_Pth” ||y2a_x2a|| + ||I2a_Phx0||

B + (14360 + 21+ Z)aul1 + 5(60) oo

IN

3(60)'60 -+ [1+ 3(60) + 1+ )a0(1 + 360

VAN IN
e
+
Q
Q
N
_l’_
=i
R
[en}
e
+

[A
-
+
=
T
_|_
b=
2
e
+
gk
—_
+
3
—
+
=
2
=
2

< r

ie., :zg;i, g;’j € B,(Pyz). Continuing this way one can prove that xn %, yh 0 € B,(Pyo),
Vn > 0. This completes the proof.

The main result of this section is the following theorem.

Theorem 3.4.4. Let g0 and 9 be as in (3.4.17) and (3.4.18) respectively with

d € (0,80] and assumptions of Theorem 3.4.8 hold. Then (& 1s Cauchy sequence in

n Oé)
B,(Pyx0) and converges to ™9 € B,(Pyxo). Further Py[F(2™°) 4+ a(zh? — x4)] = P f°
and

|28, — b9 < 0"

where C' = |1ty + 87,1+ 22) i=5079(0) 1 and v = —log §(7,).-
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Proof. Using the relation (b) of Lemma 3.4.1 and (c) of Theorem 3.4.2, we obtain

|Enyma — Tnall <
<
<
<
<
Thus 79

n,o

3 Iehdisrn — 2l

>t G it e e

(14560 + 560"+ + 3G0™) + 21+ D)(1+
(360 + @607 + -+ (630 )3(60)” 15(60)” 50
Cg(%)sn

Ce 7",

is a Cauchy sequence in B,(P,xo) and hence it converges cubically, say, to

a2 € B,(Pyxo). Observe that

1P (F(E5e) —

FPta@ne — sl = IRa(@ne)(@na — o)
< Ra(@na)llZne — dnel
= [(PuF" (2, )Ph+aPh)H<7

< (Cr+a)i(n,) 7 (3.4.25)

Now by letting n — oo in (3.4.25) we obtain

Pl F(

mZ’J) + oz(ycfj/S —xo)] = P, f°.

This completes the proof.

3.5 ERROR BOUNDS UNDER SOURCE CONDI-
TIONS FOR PROJECTION METHOD

Theorem 3.5.1. Let iﬁ:‘; be as in (3.4.18). And the assumptions in Theorem 2.5.2 and

Theorem 3.4.4 hold. Then

189 — &) < Ce=™ 4 max{1, €} [wa) n

0+ ey
- )
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Proof. Observe that,
e — 2l < 175e — 25|l + [loa® — Z4]| + |25 — 2]
so, by Proposition 2.5.1, Theorem 2.5.2 and Theorem 3.4.4 we obtain,

8 . g 0~ £
& =l < Ce +24C |p(a) + 2]

n = 6
< Ce™ 4+ max{1,C} {gp(a) + Zshl .
Let
ng = min {n ceT " < OF gh} (3.5.26)
a
and
Co = C +max{1,C}. (3.5.27)

Theorem 3.5.2. Let i']ﬁf,a be as in (3.4.18) and the assumptions in Theorem 3.5.1 be

satisfied. And let ns and Cy be as in (3.5.26) and (3.5.27) respectively. Then

)
nd%—wn<@[<>+ *ﬁ]

3.5.1 A priori choice of the parameter

Theorem 3.5.3. Let (\) := A\p~1(\) for 0 < X\ < a and the assumptions in Theorem

8.5.2 hold. For & >0, let s = o ' (b™1(0 +€1)) and let ng be as in (3.5.26). Then

|0 — & = O™ (6 +en)).

3.5.2 An adaptive choice of the parameter
Let Dy(a) = {a; = plag,i = 0,1,--- ,N}  where p > 1, ag > 0 and let n; :=
min {n ceT < ‘Szﬂ} . Then for : = 0,1,--- , N, we have

)
ks, — @k < c2 vim 0,1,

A
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Let z; := 5:2;‘?&1_, 1 =20,1,---, N. We select the regularization parameter a = «a; from
the set Dy () and operate only with corresponding z;, ¢=20,1,---,N.

Proof of the following theorem is analogous to the proof of Theorem 2.3.7.

Theorem 3.5.4. Assume that there exists i € {0,1,2,-+ , N} such that p(a;) < &=t

Let assumptions of Theorem 3.5.2 and Theorem 3.5.3 hold and let

l::max{i:go(ai)g 5+€h} < N,

Q;
ko= max{i:H:ﬁi—in <ACTER, j=0,1,2,-- z} Then | < k and ||i — &) <

(8 +ep,) where ¢ = 6Cypu.

3.6 IMPLEMENTATION OF ADAPTIVE CHOICE
RULE

The balancing algorithm associated with the choice of the parameter specified in Theo-

rem 3.4.2 involves the following steps:
e Choose ag > 0 such that §y < ag and p > 1.

e Choose o; := 'y, i =0,1,2,---  N.

3.6.1 Algorithm

1. Set i =0.

2. Choose n; := min {n e L ‘”ﬂ} )

— o

3. Solve Z; := Z°, by using the iteration (3.4.17) and (3.4.18).

4. If |#; — 7] > 4Co°tek § < i, then take k =i — 1 and return iy.

A

5. Else set i =17+ 1 and go to Step 2.
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3.7 NUMERICAL EXAMPLE

In this section we consider the problem studied in Example 2.7.1 for illustrating the
algorithm considered in section 3.6.1. We apply the algorithm by choosing a sequence

of finite dimensional subspace (V;,) of X as in section 2.7.

Example 3.7.1. In our computation, we take the kernel as in Example 2.7.1,

£(t) = 63in(7rt)9jr—2$in3(7rt)

and fo = f + 8. Then the exact solution
z(t) = sin(nt).
We use

3[tm? — t*7? + sin®(wt)]
472

xo(t) = sin(nt) +

as our initial quess, so that the function xqg — T satisfies the source condition
. Jany L
v~ = p(F/(@);

where p(N\) = A.
We choose ay = 1.1(6 + ¢€,,), p = 1.1,p = 0.1,, = 0.766 and g(v,) = 0.461. The
results of the computation are presented in Table 3.1. The plots of the exact solution

and the approzimate solution obtained are given in Figures 3.1 through 3.8.
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S+en | an ||@—al | L2200

3
e

k (0+en)t/2

8 2 1 ] 0.0135 | 0.0180 | 0.0356 0.3068
16 2 1 10.0134 | 0.0178 | 0.0432 0.3737
32 2 1 10.0133 | 0.0178 | 0.0450 0.3897
64 2 1 10.0133 | 0.0177 | 0.0455 0.3938
128 | 2 1 10.0133 | 0.0177 | 0.0456 0.3948
256 | 25| 2 ] 0.0133 | 0.1589 | 0.0456 0.3950
512 | 25| 2 | 0.0133 | 0.1589 | 0.0456 0.3951
1024 | 25| 2 | 0.0133 | 0.1589 | 0.0456 0.3951

Table 3.1: Iterations and corresponding error estimates

12

sin(m t)

Exact Solution

*  Approx Solution
_DE 1 1 1 1 1 1 1 1 1
0 0.1 0z 03 0.4 0. 0.6 0.7 nsg nsg 1

t

Figure 3.1: Curves of the exact and approximate solutions when n=8
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12 T T T T T T T T T

Exact Solution
*  Approx Solution

_Dz 1 1 1 1
0 0.1 0.z n.: 0.4 0.5 0. 0.7 ns ne 1

t

Figure 3.2: Curves of the exact and approximate solutions when n=16

12 T T T T T T T T T

B3 Exact Solution I
* Approx Solution
_|:|2 1 1 1 1 1 1 1 1 1
0 0.1 oz 03 04 05 08 07 08 09 1

t
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Figure 3.4: Curves of the exact and approximate solutions when n=64

1.4 : : : : : ; ; : :
12 -
1} /\ i
#"’f \“s
= 0E} & %, a
P .
5 **4 o**
A -

.E Dﬁ | +" ++ .
0.4t -
0zr Ezxact Solution ]

* Approx Solution
I:I 1 1 1 1 1 1 1 1 1
0 0.1 0z 03 0.4 0.5 0a 0y 0.2 0.9 1

t
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Chapter 4

NEWTON TYPE METHODS FOR
LAVRENTIEV
REGULARIZATION OF
NONLINEAR ILL-POSED
OPERATOR EQUATIONS

A two step method, yielding cubic convergence was considered in Chapter 3, for solving
nonlinear ill-posed operator equation F(x) = f. It is assumed that the available data
is fO with ||f — f°|| < d and F : D(F) C X — X is a nonlinear monotone operator
defined on a real Hilbert space X. The method considered in this chapter converges
quarticaly to the unique solution of the equation F(x)+ a(z—x¢) = f° (z0 is the initial
guess). We consider, also a finite dimensional realization of the method. An example is

provided to show the efficiency of the proposed method.

4.1 INTRODUCTION

This chapter is devoted to suggest a new Newton type iterative method for apporoxi-
mating a solution of the equation (1.1.1). The method converges locally quarticaly. The

proposed method for approximating the zero of (2.1.4) is defined as:

wfz,a = u;:,,oz - Rgl(ufz,oa)[F(ui,a) - f(s + a(“i,oz - on)] (411)
and
qu—&—l,a = wg,a - Rc_ul(wg,a)[F(wg,a> - f(s + a(wg,a - CUO)] (412)

69
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where R, () is as in (3.1.3) and ugva := x¢ is the known initial guess of the solution z.
We will be selecting the parameter a = «; from some finite set defined in (2.1.3) using

the adaptive method suggested by Pereverzyev and Schock (2005).

The organization of this chapter is as follows. Section 4.2 describes the conver-
gence analysis of the method, section 4.3 deals with the error analysis carried out by
choosing the regularization parameter according to the balancing principle suggested by
Pereverzyev and Schock (2005). Finite dimensional realization of the method is consid-
ered in section 4.4. The error analysis in finite dimensional case is given in section 4.5.
Section 4.6 gives the algorithm for implementing the proposed method, and in section

4.7 we illustrate the method through an example.

4.2 CONVERGENCE ANALYSIS

Let

o = ||wz7a —ud | VYn >0 (4.2.3)

n, n,o

and for 0 < kg < %, let g:(0,1) — (0,1) be the function defined by

_ 2Tk

3(t) = =5 vt € (0,1). (4.2.4)

Note that of , = eo, and hence by Lemma 2.2.1 with v, as in (3.2.7) 0§ , < 7,.

Lemma 4.2.1. Let w), ,, uf, , and ol , be as in (4.1.1), (4.1.2) and (4.2.3) respectively

n,a’ “n,a

with 6 € (0,0]. And let Assumption 2.2.2 hold. Then

(a) ||U§L,a - wg—l,aH < %(0_2_1@)2 and

3k 0'7‘27 o
(b) [ — ol < (14 22%2)

n—1,a°

Proof. Observe that,

ud, - w(S , = wz—l,a - ufz—l,a - Rgl(wg—l,a)[F<wi—l,a) - f5 + a(wfz—l,a - :L‘O)]

+R;1(ufz—1,a>[F(ui—l,a) - f6 + a(ufz—l,a - Io)]
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0 6

= Wp1a  UYp_1a
_R(;l(wfz—l,a>[F(w -1 a) F(ufrsl—l a) + a(wfz—l,a Up—1 a)]
+[R;1(U’fz—l a) - Rczl(wi a)][F<ufz—1 a) - f§ + a(ui l,a Jfo)]

= R;I(wg—l a)[F/( Wy a)(wg—l,a - ug—l,a) - (F(w,‘i l,a) - F(ué ))]
+R ( Wy a)[F,( Wy a) - F,<ug—1,a>](ui—1,a - wfz—l,a)
— T 4T, (4.2.5)

where ' = Rgl(wgfl,a)[F/(wzfl,a)(wgfl,a - qu
and Ty = R;'(w?} o

Note that,
1
[T = ||R;1(wi_1,a)/ [F'(wp_10) = F'(ug_y 0 + w0 = 1w 10))]
0
X (wz—l a u(rsb—l,oz)dtH
- ||R ( n loc)F’/(,I'U(S 1oc) X
/ (b Up—1,0 +t 1,a)7 wfzfl,ow uifl,a - wzfl,a)dtH
< Hwn 1,a _un 104”2 (426)

the last step follows from the Assumption 2.2.2 and (3.1.4). Similarly,

ITall = 1Ry (wh g JIF (wh 1 o) = F'(u ) (uf g0 — wh 1 o)
= HRil(wz—l,oz)F/(wi—l,a>¢(u2—l,aa wi—l,on ui—l,a - wg—l,a)H
< kOHwn l,a — ufz—l,aHQ' (427)

Now (a) follows from (4.2.5), (4.2.6) and (4.2.7), and (b) follows from (a) and the triangle

inequality;

&

“un,a - U’fL—l,aH < ||ui,a - wg—l,a“ + “wi—l,a - u5 ||

n—1,all*

Theorem 4.2.2. Let wd ,, u , be as in (4.1.1) and (4.1.2) respectively with & € (0, &

and v,, Ufw and g be as in equation (3.2.7), (4.2.3) and (4.2.4) respectively. Then
(a) ng,a na” < g( n—1 a)o-;slfl,a;

(b) (a2 ,) < g(v,)"", vn > 0;
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(€) 000 <gly) "Dy,  ¥n>0.

Proof. We have,

wfz,a - ufz,a = uf’b,o& - wfz l,a R(;l(ui )[F(U(S ) - f(s + a(ufz,a - ‘TO)]
+Ra (wi 1 a)[F(wa—l,a) f(S + a( Wy—1 o ‘TO)]

= ug,a wfz lao Ra_l(ui,a)[F(ufz,a) - F( Wy a) + Oé( wg—l,a)]
5

+[Ra1(u -1 a) - Rgl(ui,a)”F(wa—l,a) f5 + O{( Wy ,Q ZL’())]
- R; (uz,a)[F/<qu,a>(ui,a - wifl,a) - (F(ui,a) - F(wsza))]
+R;1(ui,a>[F/<qu,a) - F,(wifl,a)](wzfl,a - ui,a)
where F3 - Rc_yl(ufz,a)[F/(qu,a)<qua wa 1 a) - (F(qu a) - F(wgfl,a))]
and Ty = R (u) o )[F'(up o) — F'(w)_y o)](w), Upya)-
Analogous to the proof of (4.2.6) and (4.2.7) one can prove that
ITsf] < §0||Ui,a —wy_y ol (4.2.9)
and
Tl < Kollti,q — wh_yol® (4.2.10)

Now (a) follows from the Lemma 4.2.1, (4.2.8), (4.2.9) and (4.2.10). Again, since for
u € (0,1), glut) = ug(1), for all ¢ € (0,1), by (a) we get,

903, < gloo)" (4.2.11)
and O-fz,a S g(o-fz—l,a>o-§z—l,a
_ n-1_
< g(00)" 9(0n_20)0n -2
_ n—1_ n—2 _
< 9(00)4 9(00)4 9(02—3 oz)o-g—iia
< g(go)4n 1+4n—2+ +1
< gloo) "o (4.2.12)
provided o9 , < 1. But ¢, < 1 by Lemma 2.2.1 with ~, as in (3.2.7), (4.2.4) and

(4.2.12). Now (b) and (c) follow from Lemma 2.2.1 with v, as in (3.2.7), (4.2.11),
(4.2.12) and the relation g(op) < g(,). This completes the proof of the theorem.

Theorem 4.2.3. Suppose 0 < g(v,) <1,r = [1_;(%) + %P;T] v, and let assump-

tions of Theorem 4.2.2 hold. Then uf, ,, wl , € By(xo) for all n > 0.
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Proof. Note that by (b) of Lemma 4.2.1 we have,

3k
||“?,a -z < [1+ 7000] 0 (4.2.13)
3ko

< [1+ 7%]%

< r

ie., u, € B,(x). Again note that from (a) of Theorem 4.2.2 and (4.2.13) we get,

lw? o

- 950“

IA

07 o = ) o[l + 13 o = o

3k
g(og)oo + (1 + 7000)00
3k
[1 + 9(0'0) + 700'0] 0
3ko

7%]%

IN

IN

IA

[1+9(y,) +

< r

ie., wi, € By(xp). Further by (b) of Lemma 4.2.1 and (4.2.13) we have,

S ||uga_u(1sa||+||u?a_x0’|
3k 3k
< (1+ 20 ) ,)ol +(1+—2oao) 0

3k 3k
1+ 709(00)00@(00)00 + (1 + 7000) 0

< [+ 3(00) + 22001+ 3(00)) oo (1.2.14)

3ko
2

IN

< [1+30) + =70 +30,)"),

< r

and by (a) of Theorem 4.2.2 and (4.2.14) we have,

w3 o

- $0||

IA

IN

IN

IA

IN

IA

w5 o = U o[l + 11150 — o]

308080 + [+ 3(00) + 220(1 + 3(o0) )]0
(0000 + [1+ 5(00) + “2200(1 + 3(00))]on
14+ 9(00) +3(00)° + (1 + g(ou))]oo
14+ 9(00) +3(00)* + 201 + g(ou))]oo

3ko

[1+g(v,) +3(7,) + 7%(1 +3(v) ) <7
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ie., ud,, w, € Br(xg). Continuing this way one can prove that uf, ., wS , € By(xo),

Vn > 0. This completes the proof.
The main result of this section is the following theorem.

Theorem 4.2.4. Let 0 < g(v,) < 1, wd, and ul , be as in (4.1.1) and (4.1.2) respec-

n,o

tively with & € (0, 8] and assumptions of the Theorem 4.2.3 hold. Then (ul, ) is Cauchy

sequence in B,.(xq) and converges to x° € B,(xg). Further F(x%)+ a(z® —x¢) = f° and

)

lup 0 = 2ol < Ce™

3k o \an -
where € = | b + 280 r(7,)7] 4, and 5 = —1og g(3,).

Proof. Using the relation (b) of Lemma 4.2.1 and (c) of Theorem 4.2.2, we obtain,

m—
”un—l—moc_ui,a“ < Z ’un—l—z—i-loc_ n—HaH

m—1
3k (o n+1 _ n+1i

< X |1+ P00 aton) ™o

1=0

2 m 3]{: g

< [(1+g(on)* + glo) " + -+ glon) ) + =7

(14 (9(00)*)" + (5(00)*)" + -+ + (5(00)*)*")3(00) " T5(00) " 09

_ _ 2 _ m 3]{: ’y

< 11+g00)" +30) "+ a) ) +

1+ @GO + @D+ + @)D )30 1500
< Cg(v) !
< Ce ",

Thus u’ « 18 a Cauchy sequence in B, (7o) and hence it converges, say, to 7° € B,(z0).

Observe that,

1F(ug ) = 2+ a(ud o — mo)| = [[Ralud ) (up o —wh )|
< ||Ra(ud )||||U w) ||
< (Cp+ a)g(og)"

IN

(Cr 4+ a)g(3,)" Y- (4.2.15)

Now by letting n — oo in (4.2.15) we obtain F(2%) + a(x® — x¢) = f°. This completes
the proof.
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4.3 ERROR BOUNDS UNDER SOURCE CONDI-
TIONS

The objective of this section is to obtain an error estimate for |[ug , — Z|| under a source
condition on xy — .
Combining the estimates in Proposition 2.3.2, Theorem 2.3.3 and Theorem 4.2.4 we

obtain the following;

Theorem 4.3.1. Let ufW be as in (4.1.2) and let assumptions in Proposition 2.3.2,

Theorem 2.3.3 and Theorem 4.2.4 be satisfied. Then

n 6
il < C 4y ple) + 2]
where Cp = kor + 1.
Let
C := max{C, kor)} + 1, (4.3.16)

and let

ng := min {n ce < é} . (4.3.17)

«

Theorem 4.3.2. Let u_, be as in (4.1.2) with n = ng and the assumptions in Theorem

4.3.1 be satisfied. Let C be as in (4.3.16) and ns be as in (4.3.17). Then

. _ )
66,0 = 2l < fee)+ 2.

(0%

4.3.1 A priori choice of the parameter

Theorem 4.3.3. Let ()\) := Ap~Y(N) for 0 < X\ < a, and the assumptions in Theorem

4.3.2 hold. For 6 >0, let a := a5 = ¢ (¢p=1(09)) and let ns be as in (4.3.17). Then
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4.3.2 An adaptive choice of the parameter

Let
DN(Oz) = {041- = Miao,i =0,1,--- ,N}

where p > 1.
Let

. n )
n; := min {n ce < b

Q;

Then for ¢ =0,1,--- , N, we have

5
uf, o — 2| < C—, Vi=0,1,---N.

0,00 .
)

Let u; := uf, . In this Chapter we select a = a; from the set Dy (c) for computing
u;, for each e =20,1,---, N.
Proof of the following theorem is analogous to the proof of Theorem 2.3.7.

Theorem 4.3.4. Assume that there exists i € {0,1,2,--- , N} such that p(a;) < g.

Let assumptions of Theorem 4.3.2 and Theorem 4.3.3 hold and let

[ := max {z so(ay) < i} <N,

Q;
. = 0 ‘ ‘
k:=maxqi:|w—u,|| <4C—, 5=0,1,2,---,i—15.
@

Then 1 <k and ||& — ug|| < cp=(8) where ¢ = 6Cp.

4.4 PROJECTION METHOD AND ITS CONVER-
GENCE

We consider the following sequence defined iteratively by

wid = ull — RN (ul?) P [F(ul?) — 0 + a(ul?d, — xo)] (4.4.18)
and
ul? = wh® — RON W) Py [F(wld) — £+ a(wh? — )] (4.4.19)
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where R, (z) := P,F'(x)P, + aP, and ugv’i := P,x, for obtaining an approximation
for 2° in the finite dimensional subspace R(F;,) of X. Note that the iteration (4.4.18)
and (4.4.19) are the finite dimensional realization of the iteration (4.1.1) and (4.1.2) in
section 4.1. We will be selecting the parameter @ = «; from some finite set defined in

(2.1.3) using the adaptive method considered by Pereverzyev and Schock (2005).

Let
ol =Wt =S, Yn>0 (4.4.20)
and for 0 < ky < =2, let 7: (0,1) = (0, 1) be the function defined by
3(1+0)
@Q
27k3
m(t) = =1+ 2—2)3253 vt € (0,1). (4.4.21)

Lemma 4.4.1. Let wld, ul? and o', be as in (4.4.18), (4.4.19) and (4.4.20) respec-

n,a’ “n,a

tively with 0 € (0, 6]. And let Assumption 2.2.2 hold. Then

(@) flupt, —wp? ol < 521+ £2)(077,,4)7 and

Op— 1,

(b) [l = wp?y ol < (14 32 (1+ 2)op?, )y

Op— La/Yn—1,a°

Proof. Observe that,

h,8 h,§ h,8 - h,8
'Zi Wp—1,a = Wp_1a = Up— la_R 1( Wy, la)Ph[F( Wy, la) f5—|—04( Wy, l,a_x())]
+R ( Uy 1a>Ph[F( Upp— 1a) f6+a( néla_‘ro)]
h.o ho
= Wy 10 Up 1,
_R;l( Wy, 1a)Ph[F( Z6la) _F( Zéla) +Oé( Zéla _uzfl,a)]

+[R;1(szl,a) _R;l( Wy, 1a>]Ph[F< Uy 1a> f5+a( Zél,a _'IO)]

- Ra_1< Wy, — la)Ph[F,( W, — 1a)<wzf1,a - uz’fl,a> - (F(wzfl,a> - F(uz’fl,a»]
+R ( n 1a>Ph(F/( n 1a) - F,(uh’is ))(uh,5 - wh’é )

n—1,«a n—1,« n—1,«

where I'; = R_l(wh"s )P [F' (w, a)(wh"s —u V= (F(w™, ) — F(u™, )] and

« n—1,a n—1,« n—1,« n—1,a n—1,«

[y :Rczl( Wy, 1a)Ph[F/( Wy, la) F/( Up— 1a)](uzfl,a_wzfl,a)'
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Note that,

HF1|| - ||R ( Wy, la)Ph/ [F,< Wy, loz) F/( Up, 1a+t( Wy, 1a_uzfl,a))]
0
X(wzfla_ Uy, la)dtH
= ||R;1( Wy, — la)PhF/( W, — 1a>x

1
h,o h,0 h,0 h,d
/(; [¢( Uy 1, + t( w,,_ 1 o un—l,a)’ wn—l,a’ un—l,a — W, oz)]dtH

k €
< S =t =) (4.4.23)
Q

the last step follows from the Assumption 2.2.2 and Lemma 2.4.1. Similarly,
HF2|| < k0(1+ )Hwn la_un 1a”2 (4424)

So, (a) follows from (4.4.22), (4.4.23) and (4.4.24). And (b) follows from (a) and the

triangle inequality;

||U”}rll,,i_ Upp— la” < ||U wn 1a||+||wn Lo — Upo la”

Theorem 4.4.2. Let wld, ul? be as in (4.4.18) and (4.4.19) respectively with & € (0, 5]

and v,, of, and T be as in equation (3.4.21), (4.4.20) and (4.4.21) respectively. Then

h,6 h,6
(@) flwpd —updll < 7(0n7 )0

n—1,a/%Yn—1,a

(b) m(opa) < 7(7,)"", vn > 0;

4" -1

(€) ald <7(7) 7 VYn > 0.

Proof. We have,

wh —ult = ult —wh? = RN ul) Pu[F(ull) — £+ alul?, — xo)]
+RM(wh?) )P F(W)?y ) — f0 + a(w néla—xo)]
= uﬁji—wﬁfl,a
— Ry (ul? )Py F(ult) — F(wl? ) + a(uld, — wi?’y )]

HRM Wi ) = RS PF (s, ) = £+ adwh? , — o)
= RNl PP )l — wht ) = (F(uld) — F(wl?, )]

n,o n—1,«x n,o n—1,«x

R (uy ) Pl () — ' (wy?y o)) (w2 o — i)

n—1,« n,o
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where Ty = Ry (ulsd) PalF/(uld) (uhd, — wl?, ) = (F(ulid) = F(wh?, )]

(o n,o n,o n,o n—1,«x n,a n—1,a
and Ty = RN (ul?)Py[F'(uld) — F'(w!? m)](wﬁisl,a — ul?). Analogous to the proof
of (4.4.23) and (4.4.24) one can prove that
Ko SURNE) 2
Il < S+ =)l = wil ol (4.4.26)
2 Qp
and
ITall < ko(1+ 0)||u —wp? ol (4.4.27)

Now (a) follows from the Lemma 4.4.1, (4.4.25), (4.4.26) and (4.4.27). Again, since for
we (0,1), 7(ut) = p7(t), for all t € (0,1), by (a) we get,

T(o0?) < 7(00)" (4.4.28)
and
RS k.5 n—1 h,S RS
Zg < T( Op— l,a)gn—l,a < T(00)4 T(Un—2,a)gn—2,a
n—1 n—2
< T(UU)4 T(UO)4 T(O-Zisi%,a)o-r}zf&a
e COR
< 7(00)4n3_100 (4.4.29)

provided % < 1. But 0/% < 1 by Lemma 2.4.2 with 7, as in (3.4.21), (4.4.21) and
(4.4.29). Now (b) and (c) follow from Lemma 2.4.2 with 7, as in (3.4.21), (4.4.28),
(4.4.29) and the relation 7(og) < 7(7,). This completes the proof of the theorem.

Theorem 4.4.3. Suppose 0 < 7(7,) <1 ,r= 1—71(%) + o (1 + Z—%)I_T'Y(”%)Q] Y, and let

assumptions of Theorem 4.4.2 hold. Then ul?, wh?, € B,(Pyxo) for alln > 0.

Proof. Note that by (b) of Lemma 4.4.1 we have,

0
i = Pazoll = Jluis — ugall

3k

< [1+—(1+ “D)ao]og (4.4.30)
2 (&%)
3]{50 o

< 1+ —0+—

< [T+ 500+ 2l
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ie., u’fi € B, (Prxp). Again note that from (a) of Theorem 4.4.2 and (4.4.30) we get

wld — Poaol| < [lwl — w2 || 4 a8 — Pyao]
3k
< (00)00+(1+70(1+ DYoo)
(&%)
3k
< (14 r(o0) + S0+ =)ao)os
(&%)

3ko
< AQ+7(y) +—=—

5 (1 + )7p)7

< r

ie., wi’i € B, (Pyxp). Further by (b) of Lemma 4.4.1 and (4.4.30) we have

luze — Paol

luze = urall + luta = Paol

3 3k

2ol + (1 21+ D)oo
3k

(1+ —(1+4 —)71(00)o0)1(00)00 + (1 + —(1 4 S

2 (%)) 2 [67))

(14 7(00) + 21+ )1+ (o0

L+ 7(7) + 2oy 4 € 2L+ 7))

2
r

and by (a) of Theorem 4.4.2 and (4.4.31) we have

[whs — Proll

<
<

h,8 h,0

< lwyia — uall + lluze — Puol

IN

h.o 3ko

%]

3k
T(00)°00 + (1 + (o) + (1 4 =2
2 (o%))

3k

(1+7(00) + 7(00)° + —-(1 + —2)ao(1 + 7(00)%)) 00

2 o
3ko

(1+ 7(00) + 7(00)* + —-(1 + )00(1 +7(00)*)) 0

(L4 7(7p) + 7(7)? + oo

r

Le., Uy, Wy, € B,

B (Pyz),¥n > 0. This completes the proof.

2

5 21+ = )%(1 +7(%)))

(Pyxo). Continuing this way one can prove that u”

The main result of this section is the following theorem.

o

—)oo(1+7(00)%)) o0

TLOU

0)00

(4.

< 7lofmotn + (14 7(00) + 21+ —)oo(1 + 7(00))ov

w

4.31)

h,é
n,o €
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Theorem 4.4.4. Let 0 < 7(v,) < 1, whd and ul? be as in (4.4.18) and (4.4.19)
respectively with § € (0,8y] and assumptions of the Theorem 4.4.3 hold. Then (ul?,) is
Cauchy sequence in B,(Pyxo) and converges to xl’ € B,(Pyxo). Further ||uld, — a0 <

Ce™™" and Py[F(x)°) + a(al® — x0)] = Py f® where v = —log7(7,) and

= : Rovp g f0y L e
C= [1 )i T 2 1+ )= ConBL (7,) ]%.

Proof. Using the relation (b) of Lemma 4.4.1 and (c) of Theorem 4.4.2, we obtain

3

h,o

h,o )
[ T [ |

ntitla — Untia

=

1]

< 4_ [1 + 3]{;00(1 + Z_(;)T(UO)MH} (o0)" g
< [(1+7(00)t + T(00)Y + -+ 7(00)"") + 3k;;o—0 1+ Z—Z

(1+ (1(00))* + (7(00)*) + - + (7(00)*)*")7(00) " |7(30)"" 00
< (A7) + 7)o+ 7)) + 3k§%<1 30

(L4 (T3 + (T3P 4+ () )T () I (1) 7
< CT(”YP>4”
< Ce ",

Thus u9 is a Cauchy sequence in B,(P,z¢) and hence it converges, say, to 2/ €

n,o

B, (Pynxp). Observe that

1Pa[F () = [+ alupe, = 2o)]ll = [ Ralupo)(upe — wpo)l

1 Ra (o) sy, — wiell
||(PhF/(UZ’,i)Ph + OzPh)HUZZi

(P (gt ) Po + aPy)||7(00)" 0

< (Cr+a)T(v,)"" v, (4.4.32)

IN

IN

Now by letting n — oo in (4.4.32) we obtain
PulF () + a(zh’ — x0)] = Puf’.

This completes the proof.
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4.5 ERROR BOUNDS UNDER SOURCE CONDI-
TIONS FOR PROJECTION METHOD

The objective of this section is to obtain an error estimate for [|u/% — Z|| under a source
condition on xy — z. The proof of the following theorem is analogous to the proof of

Theorem 3.5.1, so the proof is omitted.

Theorem 4.5.1. Let uﬁ:‘é be as in (4.4.19), and let assumptions in Theorem 2.5.2 and

Theorem 4.4.4 hold. Then

n = 6
ikl < C 4 max{1, O} o)+ .
’ (0%
Let
ns := min {n Lo < 5—1—_8;1} (4.5.33)
[0
and
Co = C +max{1,C}. (4.5.34)

Theorem 4.5.2. Let uﬁﬁa be as in (4.4.19) and the assumptions in Theorem 4.5.1 be

satisfied. And let ng and Cy be as in (4.5.33) and (4.5.34) respectively. Then

l3, — @] < C [@(aH

ng,x

(5+€h}

4.5.1 A priori choice of the parameter

Theorem 4.5.3. Let )()\) := Ap~1(N) for 0 < XA < a, and the assumptions in Theorem

4.5.2 hold. For § >0, let as = ¢ (Y"1 (6 + 1)) and let ns be as in (4.5.33). Then
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4.5.2 An adaptive choice of the parameter

Let
DN(CY) = {ai = ,uiaovi =0,1,--- ,N}

where p# > 1, ap > 0 and let

%

. n _O0+e
n; ::mm{n:e”4 < Ry

Then for ¢ =0,1,--- , N, we have

0+ ey

N, ]

)

(R —ngugc{ } Vi=0,1,---N.

Let u; 1= uf;fai. We select the regularization parameter a = «; from the set Dy(a) and
operate only with corresponding u;, ¢=20,1,---,N.

Proof of the following theorem is analogous to the proof of Theorem 2.3.7.

Theorem 4.5.4. Assume that there exists i € {0,1,2,--- N} such that p(o;) < et

(&7

Let assumptions of Theorem 4.5.2 and Theorem 4.5.3 hold and let

l::max{i:go(ai)g 5+€h} < N,

Q;

k::max{i:Hui—uj||§400[%], j:0,1,2,---,i}.
J

Then 1 < k and ||z — ug|| < ctp=(0 + ) where ¢ = 6Cyu.

4.6 IMPLEMENTATION OF ADAPTIVE CHOICE
RULE

Finally the balancing algorithm associated with the choice of the parameter specified in

Theorem 4.4.2 involves the following steps:
e Choose ag > 0 such that 6y < ag and p > 1.

e Choose o; := p'ag,i=0,1,2,--- | N.



84 Chapter /

4.6.1 Algorithm

1. Set i = 0.

2. Choose n; := min {n e <L ‘Szﬂ} )

3. Solve u; := u’, by using the iteration (4.4.18) and (4.4.19).
o

4. I |lug — uy|| > 4C <‘5+—) ,J <, then take k =i — 1 and return u.

5. Else set i =i+ 1 and go to Step 2.

4.7 NUMERICAL EXAMPLE

Once again in this section we consider the problem studied in Example 2.7.1 for illus-
trating the algorithm considered in section 4.6.1. We apply the algorithm by choosing

a sequence of finite dimensional subspace (V) of X as in section 2.7.

Example 4.7.1. Here also we take the kernel as in Example 2.7.1, f° = f + 6, where

f(t) = 6005(””“‘;132(“)“475_7. Then the exact solution &(t) = cos(mt).

3[tn2—t272 —sin?(7t)]
42

We use xo(t) = cos(mt) + as our initial guess, so that the function

xo — & satisfies the source condition xo — & = @(F'(&))} where p(X) = \.
We choose oy = (1.1)(6 +€1), p= 1.1, p=0.11, v, = 0.7818 and g(~,) = 0.99. The

results of the computation are presented in Table 4.1. The plots of the exact solution

and the approximate solution obtained are given in Figures 4.1 through 4.8.
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Tur =21

n 0 +ep a, lup — z|]

S
e

8 2|1 4 100135 | 0.0180 | 0.3648 3.1407
16 |2 4 |0.0134 | 0.0178 | 0.2515 2.1751
32 (2| 4 ]0.0133|0.0178 | 0.1792 1.5516
64 | 2| 4 |0.0133 | 0.0177 | 0.1287 1.1141
128 | 2] 4 |0.0133 | 0.0177 | 0.0936 0.8103
256 | 2| 4 ]0.0133 | 0.0177 | 0.0697 0.6033
512 | 2| 4 10.0133 | 0.0177 | 0.0539 0.4664

1024 | 2 | 4 | 0.0133 | 0.0177 | 0.0439 0.3799

Table 4.1: Iterations and corresponding error estimates

0.5

Exact Solution
+  Approx Zolution

5 1 1 1 1 1 1 1 1 1

Figure 4.1: Curves of the exact and approximate solutions when n=8
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1
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{:\ 4+ -
B
po—
o
o
L] s F -
Exact Solution
*  Approx Solution
-1+
_15 1 1 1 1 1 1 1 1 1
0 0.1 0z 03 04 05 06 07 08 09 1
t
Figure 4.2: Curves of the exact and approximate solutions when n=16
1.5
1 -
Exact Solution
usr +  Approx Solution |
iy
= 0t
L)
=
L ]
05t
1t L
_15 1 1 1 1 1 1 1 1 1
0 0.1 0z D03 04 05 06 07 08 09 1
t

Figure 4.3: Curves of the exact and approximate solutions when n=32
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1.5

0.5

cos(n t)

-0.5

-1.5

*

Exact Solution
Approx Solution |

Figure 4.4: Curves of the exact and approximate solutions when n=64

1.5

0=

cos(n t)

-0.5

-1.5

*

Exact Solution
Approx Solution |

0= ne 1

Figure 4.5: Curves of the exact and approximate

solutions when n=128
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1.5
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Exact Bolution
*  Approx Solution
= 5]
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o
o
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05t
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Figure 4.6: Curves of the exact and approximate solutions when n=256
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Exact Solution
usr +  Approx Zolution
iy
= 0t
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05t
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Figure 4.7: Curves of the exact and approximate

solutions when n=512
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Figure 4.8: Curves of the exact and approximate solutions when n=1024
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Chapter 5

NEWTON LAVRENTIEV
REGULARIZATION FOR
ILL-POSED OPERATOR
EQUATIONS IN HILBERT
SCALES

In this chapter we present a two step method for approximately solving the ill-posed
operator equation F'(x) = f, in the setting of Hilbert scales. Here F': D(F) C X — X,
is a nonlinear monotone operator defined on a real Hilbert space X. Also we derive the
error estimates by selecting the regularization parameter a according to the adaptive
method suggested in Pereverzyev and Schock (2005). The error estimate obtained in
the setting of Hilbert scales { X, },cr generated by a densely defined, linear, unbounded,
strictly positive self adjoint operator L : D(L) C X — X is of optimal order.

5.1 INTRODUCTION

This Chapter is devoted to the study of nonlinear ill-posed operator equation
F(z) = f, (5.1.1)

where F' : D(F) C X — X is a nonlinear monotone operator in the setting of Hilbert
scale. Here, D(F') is the domain of F' and X is a real Hilbert space with inner product
(.,.) and corresponding norm ||.||. Throughout this Chapter we assume the existence of

an ro-MNS, 7 for exact data f, i.e.,
F(z)=f

91
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and the element z is assumed to be known. Further we assume that f° € X are the
available noisy data with ||f — f]| < 4.

In this Chapter we consider, the Hilbert scales variant of (2.1.1) and (2.1.2) for
obtaining better convergence rates.

The Chapter is organized as: In Section 5.2, we give the preliminaries. The proposed
method is given in section 5.3, the error estimates, adaptive parameter choice is given

in section 5.4.

5.2 PRELIMINARIES

Let L : D(L) C X — X be a densely defined unbounded self adjoint strictly positive
operator. We consider a Hilbert scales {X,},cr (see, Natterer (1984), Tautenhahn
(1996), Neubauer (2000), Egger and Neubauer (2005), Qi-Nian and Tautenhahn (2011))
induced by L, i.e., X, is the completion of D := N D(L*) with respect to the Hilbert
space norm

lelly = IL7ll, e R

Throughout this Chapter we will be using the following assumptions.

Assumption 5.2.1. There exist constants a > 0, 0 <m < M < oo such that

ml|hll-a < [|F'(zo)h|| < M|[h]|-a, h € X.

Note that the above assumption is weaker than the Assumption 3(a) in Qi-Nian and

Tautenhahn (2011). Let

N|w

Ay = L2 F'(x0)L 73,

f(v) = min{m”, M} and g(v) = max{m”,M"}, v € R,|v|] < 1. The following

proposition is important for proving the results in this chapter.
Proposition 5.2.1. (See George and Nair (1997), Proposition 3.1) For s > 0 and
vl <1,

v Y v
FOel-gera) < 14722l < g2l - 5540, @ € X
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Using the above proposition, we prove the following lemma, which is used extensively

to prove the results of this chapter.

Lemma 5.2.2. Let Assumption 5.2.1 hold. Then for all h € X,

9(5eray)
I(F"(20) + aL*) " F'(w0)h]| < v(s)|[h]], where tb(s) = 22
f(2(s+a)>
Proof. Note that,
I(F'(z0) + aL*) " F'(zo)hl| = HL%S(A D) AL
S ’A2(s+a> (A +Oé[) 1A LQhH
f (2(5+a>
. (A, + al) A | AT Lan
f( s+a>
< Y(s)||h].

The last step follows from the spectral properties of the self adjoint operator Ay, s > 0.

5.3 NEWTON LAVRENTIEV METHOD IN
HILBERT SCALES

In this section we consider the Hilbert scales variant of the method (2.1.1) and (2.1.2).
Define

Uns = Tnas — (F'(20) + L) F (a7 0 ) = [+ aL*(ap o o — 20)] (5.3.2)

and

Titas = Ynas = (F'(@0) + aL*) T F (0 0) = f° + oL’ (Yp a0 — 20)] (5.3.3)

where xgw := X, is the initial approximation for the solution & of (5.1.1). We will be
selecting the regularization parameter o = «; from some finite set defined in (2.1.3).
We assume that I possesses a uniformly bounded Fréchet derivative F'(x) for all
x € D(F) and F'(x) satisfies the Assumption 2.2.2.
Let
s = U0 as = Tl Vn >0 (5.3.4)

n,Q,8
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and let §, < % for some g > 0, where 9;(s) = %2‘%“);.
2(s+a)
1+[ 1 2_21@01,[)1(5260 _1
R . \/ 21 (s) ¢(s)a§+a ]
Let ||Z — x| < p, with p < = and
k U1(8)d
= (et (s L (535)
0
Further let ¢ = v (s)kor, (5.3.6)
1—+/1—4k 14 /1 —4k
where r € ow(S)%’ i 057, : (5.3.7)
2kotp(s) 2kot(s)

Note that if ¢ is as in (5.3.6), then ¢ < 1.

Lemma 5.3.1. Let €, , be as in (5.3.4). Then e, , < ,.

Proof. Observe that

eg,a,s = ”yg,a,s_zg,a,s”

= [|(F'(w0) + aL) " (F(x0) — f)]
(

(
+F (20) (z0 — ) + F(2) — f°]|
1F’(x0)[/0 B(wo + H(E — o), @0, T — &)t + (w0 — 7))

+H(F'(20) + aL*) "M (F (&) — )]
and hence by Assumption 2.2.2 and Lemma 5.2.2 we have,

k
€ < 501/)(8)”%0 = &[* + ¢(s)llwo — &l + | (F'(z0) + aL®) ' (f = ). (5.3.8)

N

Observe that,

I(F" (o) + L) (f = ) = L7 (As+aD) ' L= (f° = f)|
AT (A, 4 al) LT (- )
7 (ae5)

<
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]‘ — e 25_Sa =5
= A+ a)TTATTAITLE (0 — )

f<2(sj—a)>
< o) gy,
() "’
< apy(s)dasa S@Dl(s)éoa(;’%. (5.3.9)

Now the result follows from (5.3.5), (5.3.8) and (5.3.9).

Theorem 5.3.2. Let ), ,, 25 ., and €, be as in (5.3.2), (5.3.3) and (5.3.4) respec-

n,0,S n,o,S

tively with 6 € (0,0) and o € Dy(a). Let 7y,, ¢ and r be as in (5.8.5), (5.5.6) and

(5.3.7) respectively. Then

(a) ||37f1,a,s - y’i—l,a,s” < C]”?Jz—m,s - xf’b—l,a,SH;
() [¥nais = Tnasll < Pln-10is — Tnrasll;
(€) €nas < 0"

(d) $i,a,s’yz,a,s € BT(‘IO)‘

Proof. Observe that, if z°

1
n,a,s) yn,a,s

€ B,(xg), then

fo,a,s - yzfl,a,s - yzfl,a,s - xifl,a,s - (F/<'I0) + aLs)_l[F(ygfl,a,s) - F(‘rifl,a,s)

+O‘Ls(ygfl,a,s - xfzfl,a,s)]
= (F'(w0) + aL*) 7 [F'(20) (4106 = Tn-1,00)
~(F(Yn-108) = F(a710,))]
= (F'(z0) + L") /I[F'(l‘o) — F'(@ 105 + (U108 — Tnotas))]
I
= (F'(z0) +aL®)" F'(x0)
[ @0t U0 D
0

so, by Assumption 2.2.2 and Lemma 5.2.2 we have,

||xfz,a,s - ny—l,a,sH S ¢(S>kor||yfz—l,a,s - xfz—l,a,s”‘ (5310)
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This proves (a). Again observe that if

(5.3.10) we have

1 é _
Yna,s — xn,a,s -

)

1)
n,0,8) yn,a,s

€ B,.(xg), by Assumption 2.2.2 and

W= — (@) + oL [F(ad ) — £+ alal — 20)
(F(@0) + AL [/ (00) 2oy — ¥ ras) — (F( ) = FOE o))
(o) +a2) [ (F @) = Py 40 s — 4 1)
(xi,oc,s - yifl,a,s>dt

1

(F/(:L‘()) + aLS)_lF/(xO) / @({L‘O, y’i—l,a,s + t(xfz,a,s - yg—l,a,s)’
0

1 1
xn,a,s - yn—l,a,s)dt

and hence, by Lemma 5.2.2

0

||yfz,oc,s_xn,a,s|| < ¢(S)k0r||x§z,a,s_yi—l,a,s|| < q2||yfz—1,a,s_xft—1,a,s||' (5311)

This proves (b) and (c) follows from (b).
Now using induction we shall prove that z7, , , yfmjs € B,(zo). Note that xy, yg’ajs €

B, (x¢) and hence by (5.3.10)

)

||"L‘(1$,a,s - Ig” < ||x(15,a,s - yg,a,s” + ||yg,a,s - l’()”
< (1+9)egqs
1

< 0,a,s

= 7_ q

< o

= 7_ q

< r

ie., 19, . € B.(20), again by (5.3.11)

1,a,s

||y(15,a,s - ‘TOH < ||y(15,a,s - ‘rlls,a,s + ||I(15,a,s - l’()”
< st (1+0)e0q,
65

< 0,a,s

= 1—4

< o

S

< r

i.e., Y} 0. € Br(wg). Suppose 24, ;. Yp o5 € Br(xo) for some k > 1.

)

Then since ||xi+1,a,s - l‘[)” S ”xiJrl,a,s - xi,a,s” + ||‘r2,a,s - xkfl,a,sH +oee ||x({,a,s - ZE()H



Chapter 5 97

and by (a) and (b) we have,

||xi+1,a,s - in,a,s ||

A

= ||xi+1,a,s - ylf:,a,s” + ||y/§,o¢,s - $z,a,s||

< @+ DY as — Thasll < A+ Q)€ 4 -

Thus
120105 — oll < A+ +@% Y+ + 1)), (5.3.12)
1 — g2k
||‘ri+1,o¢,s - fL’()H < (1 + q) |:1_—q2 6g,cu,s

< eg,a,s
S T4 p
< e
= 1y
< T

So by induction z? , , € B,(z¢) for all n > 0. Again by (a), (b) and (5.3.12) we have,

n,0,S

||yli+1,a,s - l’()” < Hngrl,a,s - xi+1,a,s|| + ||xi+1,a,s - IOH
< q2k+2eg,a,s + (1 + Q) [q2k =+ q2(k71) Tt 1]63,04,8
1— q2k+3 s
< (1+gq) [1_—612} €0,a,5
< eg,cx,s
S
< o
= 14
< r

Thus y),1,., € Br(20) and hence by induction y) ., € B(xo) for all n > 0. This

completes the proof.

Theorem 5.3.3. Let ), and 0, be as in (5.3.2) and (5.3.3) respectively with

n,a,8

6 € (0,80] and oo € Dy(c) and let the assumptions of Theorem 5.3.2 hold. Then (x5, )

is a Cauchy sequence in B, (o) and converges to 3, , € B, (). Further

F(x),) + al® (), — o) = f° (5.3.13)
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and

129, 0.6 = 2ol < Ca®

n,a,s

where C = 1%].

Proof. Using the relation (b) and (c) of Theorem 5.3.2, we obtain

—_

m—
) 1 1 1
||xn+m,a,s - xn,a,s” < ||xn+i+1,a,s - xn—&-i,a,s”
=0

o
Il

3
L

6
(]‘ + q)en—l-i,a,s

IN
1

3
L

(1+q)g*™ el .,

(7]

=0
2n
q 5
< e
- 1— q 0,a,s
2n
q
< .
< T

n,Q,8

Observe that

Thus , , , is a Cauchy sequence in B, () and hence it converges, say, to z2, , € B,(x).

||F(xz,a,s) + aLs(xi,a,s - IO) - f6|| - ||(F,((L’0> + aLs)(‘ri,a,s - yz,a,s)“
< [IF (0) + L)1, x 129, 05 = Yl
S ”(F/(SUQ> + O{Ls)‘ Xsﬁxqzn’)/p. (5314)

Now by letting n — oo in (5.3.14) we obtain F/(x? ) + aL®(a) , — 20) = f°.

5.4 ERROR BOUNDS AND PARAMETER
CHOICE IN HILBERT SCALES

In order to obtain error estimate in Hilbert scales an assumption of the form
ro—T€Mp={reX:||z—2z| <E} (5.4.15)

is used (cf. George and Nair (1997), George and Nair (2003), George and Nair (2004),
Lu et al. (2010) and Jin and Tautenhahn (2011)). In this Chapter we use the following

general source condition on xg — Z.
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Assumption 5.4.1. There exists a continuous, strictly monotonically increasing func-

tion ¢ : (0, ]| As|]] = (0,00) satisfying;

(i) \pe(N) =0,

(it) 3550 < el0) YA€ (0. Al and
(7i) there exists v € X with ||v|| < Ey such that Aﬁ(g“)L%(azo — 1) = p(As)v

Remark 5.4.1. Note that if xo — 2 € My g, then

s—2t

AZTI L3 (3 — 1)

IN
Na
Y

w
|
[\)
~
N——
&
o
|
=>

IA
K
Y
[\
—~| »n
HE
+
o | &
~
N————
&

s s t s—2t s
SO, As2(s+a)L5(xO . i‘) _ As(b+(l) As2(s+a>L§(m0 _ :%)

= (A

s—2t

where p(\) = A and v = AT La (29 — 7). In other words the 5.4.15 leads to the

Assumption 5.4.1.

Theorem 5.4.2. Suppose xi) is the solution of (5.3.13) and Assumption 2.2.2 and

s

Assumption 5.4.1 hold. Then ||zl , — Z|| < C, [L% + gﬁ(a)] where

C, = 1%maux; P (s), L
1 f (2(s+a)>

Proof. Let M = fol F'(& 4 t(al, , — &))dt. Since F(20,) — f° 4+ aL*(2%,, — x) = 0, we

a,

have,

Tos — & = (F'(wo) + aL®) [(f° = f) + aL®(ag — &) + (F'(z0) — M)(x7,, — )]
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Thus by Lemma 5.2.2 and Assumption 2.2.2,

I(zo = D) < I(F'(20) + L) [(f° = f) + aL?(zo — )

+(F (o) = M)(x5,, — )]

5 o ) )
< ws)a ot I(F'(z0) + oL®) ' aL®(zo — 2)|| + qll2d, , — &

So, the result follows, if we prove ||(F'(zo) + aL®)taL®(xo — 2)|| < %gp(a). This
2(s4a)

can be seen as follows.

|(F'(20) + aL) L (wo — D)l = oL (A, +al) " Li(zo — 3)|
< L Ja(A+ al) AT L (5 — 3|
 (om)
< Ay + al)o(A,)o]

7 (ae5)
< ElSO(O‘) .
(o)

The last step follows from the Assumption 5.4.1.
5

a
o sta

choice a := a(6, s,a) which satisfies p(a) = a~%+0)§. Clearly a(d, s, a) = o~ (¥ 1(6)),

s,a

Note that the error estimate + () in Theorem (5.4.2) attains minimum for the

where

VeaN) = A )]YEH 0 < X <Al (5.4.16)

The following Theorem is a consequence of Theorem 5.3.3 and Theorem 5.4.2.

Theorem 5.4.3. Let z° be as in (5.3.3) and assumptions in Theorem 5.3.8 and

n,0,8

Theorem 5.4.2 hold. Then

)
lé—af | < Cq+C. [ S 4 so<a>} .

(0% s+a

Theorem 5.4.4. Let 2° . be as in (5.3.3) and the assumptions of Theorem 5.3.3 hold.

n,0,8

And let ny, := min {n Lt < S } . Then

where Cy = C + C.
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5.4.1 Adaptive scheme and stopping rule

Once again the selection of regularization parameter is done using the adaptive scheme
considered in Pereverzyev and Schock (2005). We use the same strategy suitably mod-

ified for the situation for choosing the parameter a.

For convience take x;, := 29 Let 1 € {0,1,2,---,N} and o; = p‘ag where

p=mn1%/9 > 1 and oy = §H5/9) Let

| := max {z L) < ofa/(sﬂ)é} < N. (5.4.17)

and

1,8

k := max {2 2l — 2l < 4@@”“*”5} j=0,1,2,- . (5.4.18)

Now we have the following.

Theorem 5.4.5. Let s ,, | and k be as in (5.4.16), (5.4.17) and (5.4.18) respectively.

Then | < k; and
17 — 23]l < Coial@),

where Cs,, = 703(—576171_)2).

Proof. To see that [ < k, it is enough to show that, for:=1,2,--- | N,
o(a;) < a;a/(5+a)5 = ||xf’s — xisH < 4@04;“/(‘9%)5, Vi =0,1,--- 4.

For j <, by Theorem 5.4.4

||x?,s - x?’,s” < ||x?,s - i’H + ||‘% - x?,s”
— | 9 — )
< O |— + o) | +C | — + ¢(ay)
O[is—&-a Qo sta
< G, [2a;“/ (+0)5 4+ 90 “*%]

< 4550[]_—(1/(54-0,)5‘

a/(s+a m . a/(s+a
[s+a) _ oo/ (s+0)

Lm = and by using

This proves the relation [ < k. Thus by the relation «
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triangle inequality successively, we obtain

k
||j\j - l‘i,s S ||':% - 'CC?,SH + Z ||x'(£s,s - x?—l,s”

i=l+1
k—1—1

< i —afll+ > 4T /g
m=0
4nCy

< |z - xis + s alsta)g

n—1"
Therefore by (5.4.19) and Theorem 5.4.4 we have

A

I — .|

AN
s
—
+
5
2

< Canthsal0).

ECON

(5.4.19)



Chapter 6
CONCLUDING REMARKS

In this thesis we focussed our attention exclusively on some iterative regularization

methods for solving nonlinear ill-posed operator equation
F(z)=f, (6.0.1)

where F': D(F) C X — X is a nonlinear monotone operator defined on real Hilbert
space X.

Throughout this thesis we assume that the available data is f° with ||f — fO| < 4.
The approach was to construct an iterative sequence which converges to the unique
solution of F(x) + a(z — x9) = f°. It is known that z° is an approximation for the
solution z, for properly chosen parameter a.

In Chapter 2, we considered a Two Step Modified Newton Lavrentiev Method
(TSMNLM) which converges linearly to 2° and also the finite dimensional approxima-
tion of the iterative method TSMNLM. A numerical example and the corresponding
computational results are exibited to confirm the reliability and effectiveness of our
method.

In Chapter 3, we presented cubically converging Two Step Newton Lavrentiev Method
(CNLM) and its finite dimensional realization for finding an approximate solution for

a nonlinear ill-posed operator equation (6.0.1). The CNLM converges cubically to the
§ (70

« e

equation F(z) + a(x — z¢) = f°.

solution z¢, (z? is an approximation for the zp—minimal norm solution of (6.0.1)) of the

In Chapter 4, we have suggested and analyzed another iterative method and its finite
dimensional realization for obtaining an approximate solution for nonlinear ill-posed
operator equation (6.0.1), and proved that the methods converge locally quarticaly to

2°. Numerical results were provided to show the efficiency of the method.
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In Chapter 5, we considered the Hilbert scale variant of the two step Newton method
considered in Chapter 2 for approximately solving the ill-posed operator equation (6.0.1).
The derived error estimate using a general source condition is of optimal order. The
sequence in this chapter converges linearly to the solution xi’s of the equation F (:ci’s) +
ol (2, — xo) = f°.

The regularization parameter « in all the chapters was selected according to the
adaptive method of Pereverzyev and Schock (2005).

The methods considered in this thesis for solving nonlinear ill-posed operator equa-
tions, by no means, is exhaustive. In future works, we would like to analyze the methods

in Chapter 3 and Chapter 4 in the Hilbert scale settings.

ECONR
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