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ABSTRACT OF THE THESIS

The squeeze film geometry occurs for the close approach of a pair of surfaces, and conforms to
the classical lubrication paradigm. The approach leads to a sharp growth in the pressure within
the narrow gap (between the surfaces), this growth being proportional to the fluid viscosity.
While squeeze-flow problems have been analyzed extensively for Newtonian fluids, we here
consider the same for viscoplastic fluids between plate/disk surfaces. Here, the viscoplastic
rheology have been modeled using the Bingham, Casson and Herschel-Bulkley constitutive
equations. For such fluids, flow occurs only in the regions where the stress exceeds a certain
yield threshold which is known as yield stress.

A leading-order lubrication analysis predicts the existence of a central unyielded zone
bracketed between near-wall regions. This leads to the well known squeeze-film paradox, since
simple kinematic arguments show that there must be a finite velocity gradient even in the un-
yielded zone, thereby precluding the existence of such regions. This paradox may, however,
be resolved within the framework of a matched asymptotic expansions approach where one
postulates separate expansions within the yielded and apparently unyielded (plastic) zones. In
this regard, we follow the approach suggested by Balmforth and Craster (1999) in the context
of a Bingham fluid. The yielded zones conform to the lubrication paradigm with the shear
stress being much greater than all other stress components. On the other hand, the shear and
extensional stresses are comparable in the ‘plastic region’, with the overall stress magnitude
being asymptotically close to but just above the yield threshold. Recently, Muravleval (2015,
2017) has analyzed the flow behaviour of Bingham material in both planar and axisymmetric
geometries using the method of matched asymptotic expansions. Based on the above method,
we circumvent the aforementioned paradox, and develop asymptotic solutions for the squeeze
flow of more complicated viscoplastic models like, Casson and Herschel-Bulkley fluid mod-
els. The effect of the yield threshold on the pseudo-yield surface (that separates the sheared
and plastic zones), pressure distribution and squeeze force for different values of Casson and
Herschel-Bulkley material yield stresses are investigated. Further, in the case of Bingham fluid,
we investigate the combined effects of the fluid inertia and yield stress on the pressure distribu-
tion and the squeeze force.

Keywords: Squeeze flow, Squeeze flow paradox, Gap aspect Ratio, Viscoplastic fluids, Bingham

Fluid, Casson Fluid, Herschel-Bulkley Fluid, Yield Stress, Fluid Inertia.
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CHAPTER 1

INTRODUCTION

Rheology is the study of deformation and flow of matter, which explains the relation
between force, time and deformation. This branch of science not only describes the flow
of liquid materials but also the deformation of solid materials. It applies to substances
which have a complex structure, such as muds, sludges, suspensions, polymers, food

materials, bodily fluids, and other biological materials.
Based on the rate of deformation of the materials/fluids, rheology can be classified

mainly into two classes: Newtonian and non-Newtonian fluids.

1.1 NEWTONIAN FLUIDS RHEOLOGY

In continuum mechanics, a Newtonian fluid is one in which the shear stresses arising
from flow, at every point, are linearly proportional to the local strain rate (The rate of
change of its deformation over time). This is called Newton’s law of viscosity. The
resulting shear stress is proportional to the shear rate and the proportionality constant is

viscosity, i, of the fluid medium. This relation can be expressed as follows:

Tijzu(?"u)zu(j—j:;), (1.1.1)
where ¥;; and 7;; are the components of strain rate tensor and deviatoric stress tensor,
respectively. The constant u is independent of 7;;, %; and depends only on the material,
its temperature and pressure. This viscosity, u, characterizes the flow behaviour of a
Newtonian fluid at a fixed temperature and pressure. The plot of shear stress against the
shear rate for a Newtonian fluid, is therefore a straight line with slope tt and passing

through the origin.
Examples : Water, blood plasma, custard, etc. (Figure[I.1)

1



(a) Water-u = 10~ 3Pa.s (b) Blood plasma- (c) Petrol-u = 3 x 10~*Pa.s
u=1.10-1.30x
10 3mPa.s

1

e Health Mart

glycerS

o= |

(d) Hydrogen-u = 10°Pa.s  (e) Glycerin-u = 1Pa.s

Figure 1.1 Approximate viscosities of Newtonian fluids.

Further, fluids that do not obey Newton’s law of viscosity (Figure|[I.2)), are known as
non-Newtonian fluids. In section[I.2] we present the details and classification of these
fluids.

1.2 NON-NEWTONIAN FLUIDS RHEOLOGY

A non-Newtonian fluid is one where the proportionality (i) is not a constant at a
given temperature and pressure, but depends on flow geometry, shear rate, etc. Some-
times it depends on kinematic history of the fluid element under consideration. Hence,
U is known as the apparent viscosity of a fluid.

Non-Newtonian fluids can be classified mainly into three types:

(I) Time-independent fluids

(IT) Time-dependent fluids

(IIT) Viscoelastic fluids



Yield- pseudo
plastic

Bingham
plastic

Shear stress

'Newtonian

Pseudo fiuid

plastic

Dilatant fluid

Shear rate

Figure 1.2 Rheogram: Typical behaviour of a non-Newtonian fluid showing the interre-
lation between the shear rate versus shear stress.

I

II

I1I

Time-independent fluids: Fluids for which the rate of shear at any point is de-
termined only by the value of the shear stress at that point at a particular instant
of time.

Examples: Paint, shampoo, slurries, fruit juice concentrates, ketchup, wet sand,
concentrated starch suspensions, quark, tomato paste, tooth paste, hand cream,

grease, etc.

Time-dependent fluids: Fluids for which “the shear rate, shear stress relation
depends on the duration of shearing and their kinematic history” or “the fluid in
which the apparent viscosities may depend not only on the shear rate but also on
the time for which the fluid has been subjected to shearing”.

Examples: Bentonite-water suspensions, red mud suspensions (waste stream
from Aluminum industries), cement paste, crude oil, some food stuffs, concen-
trated suspensions, laponite and bentonite clay suspensions, emulsions, drilled
muds, waxy crude oils, protein solutions, ammonium oleate suspensions, col-

loidal suspension of vanadium pentoxide, coal-water slurries, etc.

Viscoelastic fluids: Fluids exhibiting characteristics of both ideal fluids and elas-
tic solids and showing partial elastic recovery, after deformation (Wilkinson,
1960). Viscous materials, like water, resist shear flow and strain with time when

a stress is applied and elastic materials strain when stretched and immediately



return to their original state once the stress is removed, so that together these pro-
duce viscoelastic effects.
Examples: Honey, amorphous polymers, semicrystalline polymers, biopolymers,

metals at very high temperatures, bitumen materials, etc.

A brief classification of time-independent non-Newtonian fluids is outlined in section

2.1

1.2.1 Time-independent fluids

The flow behaviour of this class of materials may be described by a constitutive

relation of the form as:

Tij = f (%)) (1.2.1)
This implies the value of 7;; at any point with in the sheared fluid is determined by the

current value of shear rate at that point.
Depending on the constitutive relations this class can be subdivided into three types:
(i) Shear-thinning or Pseudo-plastic fluids
(i) Shear-thickening or Dilatant fluids
(ii1) Viscoplastic fluids
1.2.1.1 Shear-thinning or Pseudo-plastic fluids
The most common type of time-independent non-Newtonian behaviour observed is
shear-thinning, which is characterized by an apparent viscosity. In this type of fluids
viscosity decreases with increasing shear rate. Further, both at very low and very high
shear rates, most of the shear-thinning polymer solutions and melts exhibit Newtonian
behaviour. The resulting value of the apparent viscosity at very low and high shear rate
are known as the zero shear viscosity Ly and the infinite shear viscosity U, respectively
(Figure[1.3).
Examples: Nail-polish, tooth paste, cold cream, etc. (Figure
1.2.1.2 Shear-thickening or Dilatant fluids

Dilatant fluids are opposite to Pseudo-plastic systems, in that their apparent viscos-
ity increases with increasing shear rate. These fluids are also called shear-thickening
fluids. Dilatant fluid behaviour was considered to be much less, wide spread in the

Chemical and Processing industries (Barnes et al., 1987, |1989; Boersma et al., |1990).

4



Viscosity
/

Shear rate

Figure 1.3 Typical behaviour of a shear-thinning fluids showing the interrelation be-

tween the shear rate versus viscosity 2000).

s

_~ =

(a) Nail polish- n = 0.86 and
m = T750Pa.s"

(b) Tooth paste-n n=028 () Ponds cold cream- n =
and m = 120Pa.s 0.45 and m = 25Pa.s"

Figure 1.4 Shear-thinning fluids.

PR

Figure 1.5 Corn paste - n = 2.92 and m = 13.2Pa.S".

Examples: China clay, titanium dioxide, corn flour in water, polyvinyl chloride in

dioctylphthalate, etc. (Chhabra and Richardson, 2011




Different mathematical models have been proposed to study the properties of the shear-

thinning and shear-thickening fluids. Some of the mathematical models which describe

these fluids are given below:

I

II

III

v

The Power-law or Ostwald de- waele- model: The constitutive equation for a
Power-law model is

T =m(%;)". (1.2.2)
Here, m and n are two curve fitting parameters and known as m, the fluid consis-
tency coefficient and n, the flow behaviour index. The apparent viscosity is given
by 1 =m(%;)""!. Power-law fluids can be subdivided into three different types
of fluids based on the value of their flow behaviour index as: (i) n < 1 : fluid
exhibits shear-thinning properties, (i1) n = 1 : fluid exhibits Newtonian behaviour

and (iii) n > 1 : fluid shows shear-thickening behaviour.

The Carreau model: When there are significant deviations from the Power-law
model at very high and very low shear rates, based on the molecular network
considerations, (Carreaul (1972) introduced a model which is as follows:

Rl (1 (gy)?) (1.2.3)

Ho — Heo
This model can describe shear-thinning behaviour over wide range of shear rates.

The Cross model: Another four parameter model which has gained wide accep-

tance is due to (Cross| (1963)) is,

H—Heo 1

Mo —Heo 1+ (k7)".
Here the index # is an adjustable parameter, which dictates the degree of shear-

(1.2.4)

thinning. If n tends to zero describes more Newtonian fluids, while most shear-

thinning liquids have a value of n tending to unity (Barnes et al., |[1989).

The Ellis model: When the deviations from the Power-law model are significant

only at low shear rates, it is perhaps more appropriate to use the Ellis model.
Ho

- a—1’
(%)
2

where [y — zero shear viscosity, o(> 1) and 7, are adjustable parameters.
2

o= (1.2.5)
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Figure 1.6 Schematic diagram for the various models and the ranges that they cover
(Barnes, [2000).

1.2.1.3 Viscoplastic fluids

To study the flow characteristics of viscoplastic fluids, different mathematical mod-
els have been introduced (Bird et al., 1983)). One of the most commonly used viscoplas-
tic models is the Bingham model. Here, the fluid remains unyielded below the yield
threshold, but responds linearly when the applied stress exceeds the yield threshold.
However, many of the viscoplastic fluids encountered in practice, such as muds, glue,
printing ink, emulsions, paints, tomato puree, chocolate, blood (Merrill et al., 1965
McDonald, [1974) etc, also exhibit a shear-thinning behavior above the yield thresh-
old. It arises due to the progressive alignment of the microstructure with increasing
flow rates (Bird et al.,|1983). This behavior cannot be captured by the Bingham model,
and requires constitutive equations that have both a yield stress, and that exhibit a non-
Newtonian rheology above the yield threshold. Two examples of such models, where
the non-Newtonian rheology is modeled as a shear-rate-dependent viscosity, are the
Casson and Herschel-Bulkley models. The Casson constitutive equation was originally
introduced to analyze the flow behaviour of pigment oil-suspensions used for the prepa-
ration of printing inks (Casson, 1959). The Herschel-Bulkley model is a generalized
model for viscoplastic fluids which is a combination of the Bingham and Power-law
fluid models. This model was proposed by |Herschel and Bulkley| (1926) to analyze the

flow behaviour of crude rubber in benzene through a capillary tube. It exhibits both
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shear-thinning and shear-thickening behaviour for stresses above the yield stress. The

details of viscoplastic models and their behaviour have been given in review papers by

Bird et al. (1983)) and Barnes| (1999).

The constitutive equations for these viscoplastic models are given by:

I The Bingham model: This model responds linearly when the applied stress ex-

ceeds the yield stress.

, Tij/ (u + f7°|) for 7> 1, (12.6)
ij = L.
0 for 7<1.

Examples: Drilled muds, spaghetti sauce, mustard paste, apple sauce, mayon-

naise, tomato paste, etc.

(c) Mustard 1y = 60Pa

(b) Spaghetti sauce T) =
25Pa

(d) Apple sauce 79 = 60Pa () Mayonnaise 7o = 90Pa () Tomato paste 7o = 125Pa

Figure 1.7 Bingham fluids.

II The Casson model: This two constant model describes the non-linear behaviour

of a flow curve. 5
Tij/ (\/H—l- |T70> for 7> 19,

0 for 7<m1.

= (1.2.7)

Examples: Blood, printing inks, yoghurt, puree and molten chocolate, etc.
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(c) Blood u =
3.5 x 10 3Pas and
To = 14.43 x 10~ 3Pa

(a) Tomato puree it = 5Pa.s
and 7y = 20Pa (b) Chocolate pt = 10.4 x
10~3Pa.s and 7 = 13.9Pa

Figure 1.8 Approximate viscosities and yield stresses of Casson fluids.

IIT The Herschel-Bulkley model: This is a more realistic and generalized model for
viscoplastic fluids. It exhibits both shear-thinning (when the power-law index(n)
is less than 1) and shear-thickening (when n > 1) behaviour. The Herschel-

Bulkley constitutive equation is given by

) ’L','j/ K|’}'/|n71+r—9 for 7> 1,
Wi = ( ) (1.2.8)

0 for 7 <19,

Examples: Yoghurt, tomato puree, chocolate, blood, starch, etc.

where 7y, U, K and n are the yield stress, plastic viscosity, the flow consistency index
and power-law index, respectively. Here, the second invariants of 7 and ¥ are denoted

by 7 and 7, respectively.
In section [I.3] we describe the squeeze flow problems involving these viscoplastic

fluids and reason for the well-known “squeeze flow paradox”.

1.3 SQUEEZE FLOW OF VISCOPLASTIC FLUIDS

The squeeze flow problem involves the compression of a thin film of a given in-
compressible material between parallel plates/disks, causing it to flow out in the hori-
zontal/radial direction(s) (Figure [I.10). The problem may be analyzed in both two di-
mensional(2D)/planar and axisymmetric geometries. The resulting rise in pressure, in
the lubrication geometry, is capable of supporting large loads. While squeeze-flow ge-

ometries of Newtonian fluids have been analyzed extensively in the lubrication regime

(Denn, [1980; [Lee et al| [1982; [Turns, 1983 [Singh et al., [1990; [Lin, [1996; Denn and|
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o1

(b) Tomato puree

n = 024, x = 33Pas"
(a) Yoghurt n=0.5-0.6, .47 —103.7Pa (c) Chocolate n = 0.5, Kk =
K = 25Pa.s" and 1) = 80Pa 0.7Pa.s" and 7y = 3 —40Pa

(d) Blood n = 0.63, x = 16Pa.s" and (e) Starch n = 0.252, k¥ =
7 <0.1Pa 88.85Pa.s" and 7y — 85.84Pa

Figure 1.9 Herschel-Bulkley fluids.

Marruccil, [1999; [Usha and Vimala, 2003), those involving viscoplastic fluids have re-

ceived less attention.

Many of the fluids that make up our day-to-day experience like muds, glues, tooth-
paste, greases, may be grouped under viscoplastic fluids. Such fluids flow only when
the applied stress exceeds a certain critical stress value, which is known as the yield
stress. Thus, the existence of a yield stress naturally divides a flow region into two
zones, one where the applied stress exceeds the yield stress (the yielded/sheared zone),
and the other where the applied stress is below (or above but close to) the threshold

yield value (the unyielded/plastic zone).

Understanding flows of viscoplastic fluids is of relevance to a range of applica-
tions including those pertaining to the food and polymer processing industries. These
flows are more difficult to analyze than the usual ones involving viscoelastic fluids
[1987), as the solution also involves determining the unknown yield surface, that
separates the sheared and plastic zones, which in all except the simple problems (for

instance, unidirectional channel or pipe flow) is a difficult exercise. Often, this surface
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Yield surface

Shear region y " Shear region
.................................... ] 0w Pasticregien | 2H
Shear region Shear region
CH*
_ L* v * L *
(a)E 2L"

(b)
Figure 1.10 Schematic representation of the squeeze flow of a viscoplastic fluid between
(a) two parallel plates and (b) two parallel disks.

is not a true yield surface in that the non-trivial kinematics imposed by the boundary

motion precludes the existence of true unyielded zones, and one instead has a pseudo-
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yield surface separating the sheared zone from a plastic zone (where the shear stress
which is small but finite, being comparable to the normal stress components). This is
the well-known “squeeze flow paradox” for viscoplastic fluids. Due to the differences
in the expressions for the second invariants in the shear and plastic regions, we require

a detailed investigation on the squeeze flow problem for viscoplastic fluids.

Many of the researchers have investigated the squeeze flow problem of viscoplastic
fluids in both planar and axisymmetric geometries using analytical methods and numer-
ical techniques (Gartling and Phan-Thien, |1984; O’Donovan and Tanner, |1984; Adams
et al.l (1994, 1997; Matsoukas and Mitsoulis, [2003; Mitsoulis and Matsoukas), | 2005}
Smyrnaios and Tsamopoulos, 2001). However, these methods have been used to solve
squeeze flow problem using regularized viscoplastic models and investigate unphysical
distinguished limits. But only a few of them have tried to resolve the squeeze flow para-
dox using analytical approximations. Asymptotic analysis is one such powerful tool for
finding an approximate analytical solution to complicated practical problems, which is

the analysis of an asymptotic expansions.

Definition: An asymptotic expansion is a formal series of functions which has the prop-
erty that truncating the series after a finite number of terms provides an approximation
to a given function. The most common type of an asymptotic expansion is a power

series. (For example problem, see appendix [A.3))
Examples:

1. The function log(sin(x)) has an asymptotic expansion as x — 0" with respect to

the asymptotic sequence {log(x),x*,x*,...}:

1 1
log(sin(x)) ~ log(x) — gxz ~ 150" xt.oas x— 0t
2. The function = has a generalized asymptotic expansion as x — 0" with respect

to the asymptotic sequence {x"\n = O, 1,2,3....}:
~ Z X as x—07,
n=0

—X

1 oo

~Y +
and also we have — ~ n:( x)x*" as x—0F.
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The focus of this work is to study the squeeze flow problem involving the viscoplas-
tic fluids, namely, Bingham (with inertia), Casson and Herschel-Bulkley fluids in both
2D planar and axisymmetric geometries (Figure [I.10) using a matched asymptotic ex-
pansions approach. A detailed literature survey on squeeze flow of the viscoplastic

fluids is given in chapter 2]
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CHAPTER 2

LITERATURE SURVEY

In this chapter, we shed light on the available literature, their efficiency in resolving
the squeeze flow paradox for viscoplastic fluids and the need for a matched asymptotic
expansions approach.

Initially, some of the researchers (Scott, 1929, 1931} Peek Jr, [1932; Scott, |1935;|Co-
hen and Orenl, |1949; Milne, [1954; Osterle et al., 1956; Batral, | 1966;|Wada et al., |1973albj;
Mutuli et al., |1986) have experimentally investigated the squeeze flow of viscoplastic
fluids in various geometries. Our present study mainly concentrate on theoretical ap-
proaches to analyze the squeeze flow problem and its paradox in the case of viscoplastic
fluids. |Da1 and Bird| (1981) have investigated the radial flow of a Bingham fluid between
a pair of circular disks, and shown that the plug flow region increases in extent with
increasing radius. Using lubrication assumptions, Covey and Stanmore| (1981) have
theoretically studied the axisymmetric squeeze flow of Bingham and Herschel-Bulkley
fluids, and validated their results with experiments using a parallel-plate plastometer.
Bird et al. (1983) theoretically investigated the flow behaviour of a Bingham fluid in
different unidirectional shearing flows such as that through a plane slit, a film falling
along an inclined surface, pressure-driven axial flow through a circular tube, etc.

Previously, some of the researchers examined the effects of fluid inertia on var-
ious squeeze film geometries (Pinkus and Sternlicht, 1961} [Usha and Vimala, 2002,
2000b, 2003; Hashimoto and Wada, 1986; Batra and Kandasamyl |1989; |Usha and Vi-
mala, 2000a; Lin and Hung, 2007; Lin, 2008). Using the method of averaged iner-
tia, Hashimoto and Wada (1986)) analyzed the effects of fluid inertia in parallel circu-
lar squeeze film bearings lubricated with pseudo-plastic fluids. Batra and Kandasamy

(1989) have theoretically analyzed the inertia effects on the bearing performances in an
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axisymmetric squeeze flow of a Bingham lubricant. [Usha and Vimalal (2000a) inves-
tigated the effects of fluid inertia on the flow behaviour of a power-law fluid between
parallel plane annuli using the modified lubrication theory (MLT) and energy integral
method (EIM). Based on the theory of micro-continuum, some of the researchers (Lin
and Hung, 2007; Lin, 2008) have theoretically studied the combined effects of non-
Newtonian couple stresses and fluid inertia on the squeeze flow between a long cylinder
and an infinite plate (Lin and Hung, |2007), and oscillating circular disks (Lin, [2008)

using the averaged inertia principle.

Some of the researchers have also attempted to solve the squeeze flow problem
using the Casson fluid model. Ahmed et al.|(2013) analyzed the magneto hydrodynamic
squeeze flow of a Casson fluid between two parallel disks using the HAM (Homotopy
Analysis Method) to get analytical solutions. Using approximate methods like VPM
(Variational Parameter Method) and ADM (Adomain’s Decomposition Method), Khan
et al.| (2014) have analytically solved the squeeze flow of a Casson fluid between two
parallel plates and, have verified their solution with numerical results. Again using
HAM, Mohyud-Din and Khan!(2016)) investigated the heat transfer analysis for the two-
dimensional squeezing flow of a Casson fluid between parallel disks under the effects
of thermal radiation and carried out a numerical analysis to verify the results obtained
using HAM. These efforts have, however, not explicitly considered the existence of a

pseudo-yield surface that is crucial to the understanding of the flow field.

Chan and Baird| (2002) have predicted the squeeze force for a Herschel-Bulkley
fluid between two parallel circular plates as a function of the gap height using lubri-
cation assumptions and the results were compared to experimentally determined val-
ues. Using both experimental and theoretical approaches, Meeten! (2005) calculated
the force required to squeeze a Herschel-Bulkley material, between two approaching
surfaces of various curvatures, as a function of the gap width. Based on classical lubri-
cation theory, Xu et al.|(2010) obtained analytical expressions for the squeeze flow of a
Herschel-Bulkley fluid between two rigid spheres. |[Vishwanath and Kandasamy|(2010)
analyzed the effect of inertia on the squeeze flow for a Herschel-Bulkley fluid between

two parallel disks. All the aforementioned authors, however, have only calculated the
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yield surface at leading order, and not characterized the stresses throughout the domain.

Unlike the case of unidirectional shear flows, classical lubrication theory leads
to a kinematical inconsistency in the evaluated velocity profiles for the squeeze flow
problem - this is the well known “squeeze flow paradox” (Lipscomb and Denn, |1984;
Gartling and Phan-Thien, 1984; |0’ Donovan and Tanner, [1984; Wilson, [1993). That is
to say, the shear stress cannot be zero within the region demarcated by the yield surface.
Instead, it becomes small and comparable to the normal stresses. Lipscomb and Denn
(1984)) argued that in geometrically complex flows, the squeeze flow problem being one

such example, often preclude the existence of true unyielded zones.

To describe the squeeze flow paradox, some of the researchers (Gartling and Phan-
Thien, |1984; |(O’Donovan and Tanner, |1984; Wilson, [1993) have used a bi-viscosity
model (Tanner and Milthorpe, |1983) to remove the computational difficulties associ-
ated with the discontinuity in the original Bingham model. |Gartling and Phan-Thien
(1984) have solved the squeeze flow of a Bingham fluid in an axisymmetric geometry
using a finite element method and shown the existence of a yield surface. They also
stated that, within the apparently unyielded zones, the fluid moves with a finite rate of
deformation. (O’ Donovan and Tanner| (1984) re-examined the |Gartling and Phan-Thien
(1984) effort using a finite element method, and concluded that there exists, in addition,
a true unyielded region adjacent to the center of the plates. [Wilson| (1993) analyzed the
squeeze flow of a Bingham material between two parallel disks and obtained approx-
imate solutions. Adams et al.| (1994, [1997) used a finite element method to analyze
the axisymmetric squeeze flow of an elasto-viscoplastic material (prior to yield, this
model assumes a linear elastic deformation rather than an entirely viscous response as
in the bi-viscosity model). They verified with the experimental results using both no
slip and lubricated wall boundary conditions. Other investigators have used a regular-
ized model suggested by |Papanastasiou (1987) in simulations in order to overcome the
discontinuity of the stress across the yield threshold in the original analytical form of
the constitutive models. Mitsoulis et al.| (1993) investigated the flow behaviour of a
Herschel-Bulkley fluid through extrusion dies using a finite element method and also

showed a corresponding increment in temperature due to viscous dissipation. Using
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slip boundary conditions, Sherwood and Durban| (1996) analyzed the three dimensional
stresses for the axisymmetric squeeze flow of generalised Newtonian fluids, including
Bingham fluid. They extended this analysis for a Herschel-Bulkley fluid, and com-
pared against the experimental and computational results of /Adams et al.| (1997) in
Sherwood and Durban| (1998). |Alexandrou et al.| (2001) investigated diverging channel
flow of a Herschel-Bulkley fluid with different exit to inlet height ratios and described
the shape of the yield surface as a function of the expansion ratio, Reynolds number
and power-law index. Smyrnaios and Tsamopoulos (2001)) examined the axisymmet-
ric squeeze flow of viscoplastic materials using both the original Bingham model and
the approximate Bingham-Papanastasiou model. They also confirmed the existence of
true unyielded zones. Matsoukas and Mitsoulis (2003) and Mitsoulis and Matsoukas
(2005) numerically studied the squeeze flow of a Bingham fluid for both planar and
axisymmetric geometries using the Bingham-Papanastasiou model and the variation of

the squeeze force was fitted by a function of the Bingham number and aspect ratio.

As discussed in earlier para, only a few works have focused on resolving the squeeze
flow paradox for the viscoplastic fluids. Identifying that the leading order of an asymp-
totic expansion leads to the lubrication theory and the higher terms indicate that the
problematic plugs are slightly above the yield stress, resolves the squeeze flow paradox
(Putz et al., [2009; Walton and Bittleston, (1991)). Earlier researchers have also tried to
analytically resolve the flow of Bingham fluids in non-trivial geometries. Firstly, using
a perturbation approach, |Beris et al.| (1985) analyzed the flow of a Bingham material
around a sphere and describe the location and shape of the yield surface. Walton and
Bittleston (1991) used a perturbation approach to resolve the squeeze flow paradox in
the context of the axial flow of a Bingham fluid through a narrow eccentric annulus, and
demonstrated the existence of true unyielded zones. Later Szabo and Hassager| (1992)
numerically investigated the squeeze flow of a Bingham fluid in the same geometry us-
ing a finite element method and confirmed the existence of true unyielded plug regions
along with pseudo-plug regions. Using a matched asymptotic expansions approach,
Balmforth and Craster (1999) derived a consistent thin-layer solution for a Bingham

fluid falling along an inclined plane and demonstrated that the shear rate is small but
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finite in the so-called plug regions (hence, the name pseudo-plug regions). They also
stated that true plug regions may occur in wall bounded lubrication type flows. Frigaard
and Ryan (2004) adopted the matched asymptotic expansions approach to study the
Poiseuille flow of a Bingham material along a channel of slowly varying width, and
also showed the existence of unyielded plug regions. Further, Putz et al.| (2009) in-
vestigated the flow of a Bingham material along a wavy-walled channel by applying
a matched asymptotic expansions approach. Recently Muravleval (2015} 2017, 2018)
has studied the squeeze flow of a Bingham fluid in planar and axisymmetric geometries
using both numerical simulations and the method of matched asymptotic expansions
approach used in Balmforth and Craster (1999). Further, Fusi et al.|(2015) determined
the dynamics of the unyielded regions in the planar squeeze flow geometry in which
one end is closed. The detailed description of squeeze flow problems can be found in
many review articles (Barnes, [1999; Engmann et al., 2005; [Mitsoulis, 2007; |Balmforth!
et al., 2014} Coussot, [2014).

Based on this summary of the literature, our aim is to investigate the squeeze flow of
the viscoplastic fluid in planar and axisymmetric geometries. We vary the rheology of
the viscoplastic fluid using different constitutive equations in order to study the squeeze
flow problems. We then explore the pseudo-yield surface for the viscoplastic fluids in
both planar and axisymmetric geometries. In addition we explore the effect of the gap
aspect ratio on the squeeze flow characteristics such as the pressure distribution and the

squeeze force.

2.1 ORGANIZATION OF THE THESIS

The main focus of the present work is to analyze the squeeze flow of viscoplastic
fluids. The classical lubrication theory leads to the kinematic inconsistency in the eval-
uated velocity profiles which is as mentioned earlier the “squeeze flow paradox”. In
order to resolve the squeeze flow paradox, we need to combine the effect of normal
stresses around the plane of symmetry. Although, one can resolve the paradox using
numerical simulations or approximate solutions. Some of the researchers (Walton and
Bittleston, |1991; Szabo and Hassager, |1992; Balmforth and Craster, [1999; |[Frigaard and
Ryan, 2004} Putz et al., 2009; Muravleval 2015, 2017, 2018), attempted asymptotic
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expansions to resolve squeeze flow paradox. They analyzed the squeeze flow of vis-
coplastic fluids using both analytical approximations and numerical simulations in the
context of Bingham fluid. Our present study is based on the earlier work of
(2015| 2017), who has analyzed the squeeze flow of a Bingham fluid in both 2D pla-
nar and axisymmetric geometries using the method of matched asymptotic expansions.
The objective of this work is to extend this to more complicated and realistic viscoplas-
tic models. We study the squeeze flow of the Casson and Herschel-Bulkley fluids in
both planar and axisymmetric geometries. Further, the effect of the yield threshold on
the pseudo-yield surface, pressure distribution and the squeeze force is investigated. In
the case of Bingham fluid, the combined effects of the fluid inertia and yield stress on
the pressure distribution and the squeeze force are investigated. The proposed thesis

consists of six chapters. These chapters are organized as follows (see Figure [2.1).

Muravleva
(2015;2017)

Bingham-
Squeeze flow

Figure 2.1 Schematic of the present work
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To make the thesis self-sufficient, chapter|[I] gives a concise preface to the theory of
Newtonian and non-Newtonian fluids with examples. Also, a brief introduction to the
squeeze flow and its paradox in the case of viscoplastic fluids is presented.

In chapter[2] a detailed review of literature related to the present work is conducted.
At the end of this chapter, an organization of the thesis is also presented. In this study,
a matched asymptotic expansions approach is used to resolve the squeeze flow paradox
in the case of viscoplastic fluids. Figure [2.2] shows the schematic of the process that is

used to solve the flow problem in each chapter.

‘ Goveming equations with Boundary conditions ‘
T

unknown s . i
W =" . Suggested corrections to
functions of 7 * resolve the paradox

ale
Velocity and Shear :‘;tress with
unknown functions of integration

— — — 0 — — — —

- — > Composite solutions

Figure 2.2 A matched asymptotic expansion approach : Outline

In chapter [3] we analyze the squeeze flow of the viscoplastic Casson fluid in both
2D planar and axisymmetric geometries. Here, the two parallel plates/disks are ap-
proaching each other with a constant squeeze velocity. The Casson model shows shear-
thinning behaviour for the stresses greater than the yield threshold and accounts for
the progressive alignment of the microstructure with an increase in the flow rate. We

develop consistent asymptotic solutions for the squeeze flow, which is free from the
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“squeeze flow paradox”. We use asymptotic expansions in terms of ‘€’, which is the
gap aspect ratio, to analyze the squeeze flow. We obtain the solutions in both the shear
and plastic regions separately. The expressions for the velocity profile and the shear
stress are derived up to '(g). The smooth velocity profiles are obtained using the
concept of composite solution theory. The expression for pressure distribution and the
squeeze force for different Casson numbers and gap aspect ratios up to &(€) are ob-
tained. Further, the effect of the yield threshold on the pseudo-yield surface, pressure

and the squeeze force for different Casson numbers are investigated.

In chapter [] the squeeze flow of a generalized viscoplastic model, i.e., Herschel-
Bulkley, is analyzed in both 2D planar and axisymmetric geometries. This model ex-
hibits the non-linear behaviour when the applied stress exceeds the yield stress. Again,
using the matched asymptotic expansions, we develop consistent solutions for the squeeze
flow of a Herschel-Bulkley fluid. The effect of the yield threshold and power-law index
on the pseudo-yield surface, pressure distribution and the squeeze force for different
non-dimensional yield stresses are investigated. Also, we obtain analytical expression,
within the limit n — 0, for the pseudo-yield surface and the squeeze force at leading
order. Further, we compare the obtained results in the present study with the available

literature for the Power-law and Bingham fluids.

In chapter [5 we investigate the effects of fluid inertia on the squeeze flow of a
Bingham fluid in both planar and axisymmetric geometries. We use an averaging tech-
nique to incorporate the effects of inertia and obtain the asymptotic solutions for the
squeeze flow problem. The combined effects of the fluid inertia and yield threshold on

the pressure distribution and the squeeze force are investigated.

The main focus of the present study is to resolve the “squeeze flow paradox” of vis-
coplastic fluids using a matched asymptotic expansions approach. Here we investigate
the effects of yield threshold on the pseudo-yield surface, velocity profiles, pressure dis-
tribution and the squeeze force in both 2D planar and axisymmetric geometries. Chapter
[6] concludes the entire research work and describes the scope for future research in this

arca.
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In Table 2.1, we begin by giving the expressions that describe the squeeze flow
of a Bingham fluid in both planar and axisymmetric geometries and also, the con-
tribution of the present study in the squeeze flow of viscoplastic fluid models using
Casson and Herschel-Bulkley constitutive equations. Here, the dimensionless measure
of the yield stress for Bingham, Casson and Herschel-Bulkley models are Bingham

number B, Casson number C,, and Herschel-Bulkley number H,, respectively. These
* *\2 * *\2 * *\2 * *\2
numbers are defined by B, = % () (or % (A7) >, C,= % (H) (or % () ) and H,, =

G 6 ()™ i / 02 40
Kf‘;;f)n()mn (or KZV%E)VL(L*V) , respectively. Here, 1) = \/4 (((uo) )2+ <M7> 4 ((MO) u7)>
where u%(r) = %(1 —20)2

The next three chapters are devoted to analyze the squeeze flow of viscoplastic fluids

in both planar and axisymmetric geometries using a matched asymptotic expansions

approach. In chapter 3] we investigate the squeeze flow behaviour of a Casson fluid.
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Table 2.1 Expressions for the pseudo-yield surface, pressure and the squeeze force for different fluids in various geometries.

Pressure distribution

Squeeze force

Fluid Geometry Pseudo-yield surface With corrections with corrections
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Zn(l0 3 1 4=
3 <y0+2 2) 9 <3 Yo+ log (o) 2y%+3y8>o
2 3nB
Planar —3y0 (1+B—x)+2:0 72 "<log (y0+yo+1) By ﬂ<y°+210g(yo)
n
Bingham ) 142 1 1
8 —|——arctan< + y0)> —3log (y%—i—yo—i—l))
Muravleva|(2015| 2017) V3 V3 ) /s T 0
B,
2B 1! > <§z8 — 423 + 323 + 182
20t — 2
3 2z 4l 8,2 !
Z (1) 2 —1210g 20 + = 5 3 +— >
Axisymmetry 320 (1 +Br ) +2=0 +£/ Z’) (4?77712(;) n 2(31g—(i_1 +i0)2)> . 2 2 Zo 0
n zo(r ZO - 20 T % 2 zo(1)u’ (1) 0 /
25, @ 1) +em Bn<—n(1) (2u®(1) + (u°(1))")
323 —5/0 nz()rdr>
Planar | y3+24./y0— 150 < —x> —10=0
Casson Cn
Axisymmetry | z; +24./z0 — 15z9 < C;) —10=0
= R 3
(I—yo)i "2 (n+1) <y_0> W W
Herschel-Bulkl Planar Gi+2) " \s \$
erschel-Bulkley
—(1 _yo)n+1 0 $Q:® $Q:®
(1-20)n"2  (n+1) _0>i£ ‘QJ ‘QJ
Axisymmetry (1+2) H,) 2 Q Q
(1 —z())1 =0
Pl 30 (142 ) +2=0
Bingham - anar Yo + B,
Inertia effects
Axisymmetry 3z0 [ 1+ B ) +2=0




CHAPTER 3

THE SQUEEZE FLOW OF A CASSON
FLUID

Majority of practical fluids include complex rheological properties of viscoplas-
tic fluid, which cannot be analyzed by a single model. To study these properties,
different mathematical models have been introduced, one such model is the Casson
fluid model (e.g., muds, glue, printing ink, emulsions, paints, tomato-puree, chocolate,
blood, foams, cosmetics, syrups, etc. (Table ). Casson fluid model exhibit shear-

thinning characteristics, yield stress along with high shear viscosity.

Table 3.1 Approximate viscosities and yield stresses of some viscoplastic Casson fluids
(Chhabra and Richardson, 2011} |Lee et al., 2011} (Wilkinson, [1960).

Name w*(Pa.s) 7, (Pa)
Tomato Puree 5 20
Blood 3.5x 1073 | 14.43x 1073
Polymer solution 1.83 42.58
Chocolate 10.4 x 1073 13.9

In this chapter, we study the squeeze flow of a Casson fluid in both planar and ax-
isymmetric geometries, where the parallel plates/disks are approaching each other with
a constant squeeze motion. We develop consistent asymptotic solutions for both pla-
nar (section and axisymmetric (section squeeze flow of a Casson fluid which
are free from squeeze flow paradox. We present the mathematical formulation to the
problem and hence describe its solution using the technique of matched asymptotic ex-
pansions in both shear and plastic regions by obtaining separate analytical expressions

for the velocity and shear stress at both ¢'(1) and &(€). The procedure of compos-
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ite solution theory has been used to obtain smooth velocity profiles. The important
characteristics of the squeeze flow problem such as the pressure distribution and the
squeeze force up to &(g) are obtained. The effect of the yield stress/threshold on the

pseudo-yield surface, pressure distribution and the squeeze force has been investigated.

3.1 PLANAR GEOMETRY

In this section, using a matched asymptotic expansions approach we obtain consis-

tent solutions for a 2D planar squeeze flow of a Casson fluid.

3.1.1 Mathematical formulation

The schematic of the problem is as shown in Figure 3.1l We consider a squeeze
flow of an incompressible viscoplastic fluid between two parallel plates of length 2L*
separated by a distance 2H*, where the plates approach each other with a constant
squeeze velocity vy using the Casson model. The system of equations which governs

the flow is as follows (Bird et al., |{1987):

Lfour  our L out\  dp* dtf Oy
P <8t* ety ay*) = o Tor Tay G.1.1)
LSOV Ldvt o Ldvt  dp” 3‘5;} 3Ty*y
(Gree et ) ot ety @D
du*  Iv*
a—x*—f—a—y*—o. (3.1.3)

In Eqs. (3.1.1)-(3.1.3), «* and v* represent the velocity components in the horizontal
(x*) and transverse (y*) directions respectively, p* denote the pressure, p* denote the

density and 7y, Ty, Ty, and 75, denote the components of the deviatoric stress tensor.

The constitutive equation that govern the stresses in the above equations is (Casson,

1959):
2
T/ (\/u*—h/ ) > for "> 15
= 7l (3.1.4)

ij
0 for 7 <15

where 7 is the yield stress and u* is the plastic viscosity. Here, the second invariants

of T and q?lare denoted by 7" and 7" respectively, and

SE D= @@l v=y5F =i R 61
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The components of strain rate tensor }{; are given by

du* L dut v

ko SO u sk .

We use different scales in both x* and y* directions to non-dimensionalize the gov-
erning equations, with plate half length L* as the horizontal length scale and the half
gap width H* as the vertical length scale, respectively. Here v} and viL*/H* are the
characteristic velocities in the transverse and the principal flow directions respectively,
and time is scaled with H* /v}. The pressure is scaled with u*v*(L*)?/(H*)3, and both
shear and extensional stress components are scaled with u*viL*/(H*)? and u*v:/H*,

respectively.

Yield surface

. ... & im

2H”

...........
______
W
".
K

*a

Shear region Shear region

-L* L*

vg¥

2L
Figure 3.1 Schematic representation of the squeeze flow of a viscoplastic fluid between
two plates of length 2L* and separated by a distance 2H*, such that the plates are at
y = +H". The plates are approaching each other with a constant velocity v;.

The following is the dimensionless system of equations that governs the flow:

du Ju du\ = dp  ,0Tu JTyy
ERe (§+u$+v8_y> = —g—i—s o + y (3.1.7)
dv dv  dv ap at at
3 ov had gry oYY 2 x4 2w
6Re(8t+u8x+vay) 8y+8 ( P + ay)’ (3.1.8)
%+%:Q (3.1.9)

Here the aspect ratio, €, is defined as € = H*/L*, Reynolds numbers for the Casson
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fluid flow is defined as Re = p*viL*/u*.

The constitutive equation in dimensionless terms is given by:

2
) (144/8) g >c
Wi = (3.1.10)

0 for 1<C,
In the above equation, the dimensionless measure of the yield stress is the Casson num-
ber C,, defined by
T (H*)?
wrviL
The aspect ratio is asymptotically small in the lubrication limit, and so even if Re is

Cn -

(3.1.11)

O(1), €Re is very small. Hence, by assuming the effect of fluid inertia is negligible,

Egs. (3.1.7)-(3.1.9) can be written as:
dp . 0Ty  OTy

— =€ =0 3.1.12
dx dx dy ’ ( )
op  , (90T  ITy
——=—+¢& — | =0 3.1.13
dy + ( dx + dy ’ ( )
du Jdv
—+=—=0. 3.1.14
dx + dy ( )
The above equations are to be solved by applying appropriate conditions at the bound-
aries:
at y=1= u=0, v=-1, (3.1.15)
at y=—1 = u=0, v=+4I1, (3.1.16)

and, in the planes of symmetry:
along y=0 = 1,=0, v=0, (3.1.17)
along x=0 = u=0, 7,=0, (3.1.18)
and, on the free surface x = 1:
Ou=—p+&T,=0, Ty=0. (3.1.19)
Using the method of matched asymptotic expansions, in section [3.1.2] we solve the

above Eqs. (3.1.12)-(3.1.14) along with the conditions (3.1.13)-(3.1.19).

3.1.2 Solution to the problem : Asymptotic expansions

A matched asymptotic expansions approach is used to resolve the squeeze flow

paradox and get consistent solutions for the squeeze flow problem. In the squeeze flow
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geometry of a viscoplastic fluid, the domain is divided into the shear region, in which
the stress is well above the yield threshold, and the plastic region, where the stress is
close to the threshold and which includes both the center planes (x = 0 and y = 0).
These two regions are separated by a smooth interface which is called the pseudo-yield
surface y = yo(x). In the shear region, shear stress dominates and the usual lubrication
assumptions follow. On the other hand, in the plastic region, the shear and extensional
stresses are comparable, with the overall stress magnitude (the second invariant of the
stress tensor) being close to but just above the yield threshold. Hence, following the
approach suggested by Balmforth and Craster (1999)), |[Frigaard and Ryan| (2004)), |Putz
et al. (2009) and Muravleva (2015, 2017)) in the context of a Bingham fluid, one needs
to postulate separate expansions within the yielded and apparently unyielded (plastic)

Zones.

Therefore, by introducing the following asymptotic expansions, one can solve the

Egs. (3.1.12)-(3.1.14) along with the boundary conditions (3.1.13)-(3.1.19).

u(x,y) = u®(x,y) + eu' (x,y) + €22 (x,y) + - -, (3.1.20)
v(x,y) =0 (x,y) +evl(x,y) + €2V (x,y) + -, (3.1.21)
plxy) =p (x.y) +ep' (x,y) + € p*(x,y) +-, (3.1.22)
Tij(x,y) = (%, y) + €T (x,y) + T (x,y) + -+ (3.1.23)

We obtain the velocities in the shear and plastic regions at both &'(1) ( Section

3.1.2.1) and &'(¢g) (Section [3.1.2.2)) separately. However, we show in section [3.1.2.2}

that the leading order term in the expansion of the plastic region is independent of y,

and hence we use a modified leading order term in the expansion for u(x,y).

3.1.2.1 The (1) expansions

Substituting the expansions (3.1.20)-(3.1.23) in Egs. (3.1.12)-(3.1.14) and compar-

ing the leading order terms, we get the governing equations at &'(1) as follows:

apo 81% _
-5 R =0, (3.1.24)
0
9 (3.1.25)
dy
0 0
LIy, (3.1.26)

y
Solving Eq. (3.1.25), we have p® = p°(x) and from Eq. (3.1.24) along with the bound-
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ary condition (3.1.17)), we have, 7 )?y, the shear stress at &'(1) as follows:

T (ny) = (). (3.127)
The above set of Eqs. (3.1.24)-(3.1.26)), along with the expression (3.1.27), are common

to both the shear and plastic regions. However, due to differences in the expressions for

the second invariants in the shear and plastic regions, we need to evaluate velocities in
both these regions separately.
Shear region:
. . 0__ 1.0 .0 (oud . .
In this region, we have 7° = |7,,| and P = |a—“y |, and one can write the leading order

stress tensor component as
oul
dy

2
0 auo
Ty = — |+ VG, | sgn 8_y . (3.1.28)

Due to the adoption of the no-slip boundary condition, tangential velocity vanishes on

the surface of either plate, and increases away from it. When the material is squeezed

out, shear stress ‘L' has negative sign in the region x > 0 and y > 0. Therefore, velocity

in this region becomes positive (u > 0), implying % ai < 0. Eq. (3.1.28) takes the form:

0, (x,y) = ( +vGC, ) (3.1.29)

Substituting (3.1.27) in (3.1.29) for 7%, and solving for 2 a ,we get

xy’
oud

FN =y(p°(x)) = Co +21/ = (P°(x))'Cu/5- (3.1.30)
Integrating Eq. (3.1.30) on both sides and applying boundary condition (3.1.15), we

8u0

get, 1, the velocity in the shear region at & (1), as follows:

21 4
”S’O(x’”:¥<P°(x>>’—cn(y—1>+§ Co (—(PO))) 7 1), (3.131)
Solving Eq. (3.1.31 for 2 a , we get
Ju*’ O’ =1 2 Cu 3/2 0/ .\
I ( 5 3 W(Y —1) | (p"(x))" (3.1.32)
From the continuity equation (3.1.26), we have
v B _8u5’0 (3.133)
dy  Ix o

Solving Eq. (3.1.33) by substituting (3.1.32), and applying boundary condition (3.1.15)),

we get v, the transverse velocity in the shear region at & (1), as follows:

;. B 1/y 2\ 2 Cy 2 3 ,
vO(x,y) =—1- <§ (g—)"Fg) 3 W <§y5/2—y+§>> (P°(x)".
(3.1.34)
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Plastic region:

We know that, magnitude of ‘L')?y attains a maximum at the plane y = 1 and vanishes at
the plane y = 0. So, there exists a plane y = yo(x) at which shear stress is same as the
yield stress and %—“yo = 0. Hence, G, = yo(x)|(p°(x))’| gives the first approximation to

the position of the pseudo-yield surface. For y € [0,yq], we have 7° < C, and 7° = 0.

Since the velocity is continuous at the pseudo-yield surface and constant along the

transverse direction in the plastic region, the expression for velocity in the plastic region
is obtained by using (3.1.31)) with y = yg. Thus,
Yo 1 4
uP¥(x,y) = —C (————1+ ) (3.1.35)
(x,5) (6 " 2 3
where C,, = —yo(p°(x))’. Here, u”? is the pseudo-plug velocity in the plastic region at

O (1) (uP? is later denoted by u°(x) in Eq. (3.1.57)).

One can use the integral form of the continuity Eq. (3.1.26)) to determine the pseudo-

yield surface y = yo(x), i.e.,

1 Y0 1
/ W (x,y)dy = / uP(x, y)dy + / w0 (x,y)dy = Q(x) = x. (3.1.36)
0 0

Yo
Now substituting Eqs. (3.1.31) and (3.1.33) into (3.1.36) leads to an algebraic equation

for the pseudo-yield surface, yo(x),

2

Vi +24./3 — 15y0 (1—C—x) —10=0. (3.1.37)

n
The algebraic equation (3.1.37) can be solved by using any numerical technique to

obtain yg(x). Solving Eq. (3.1.35)) for agf;(” we get

dur0 11 2
= —Cw) <—+—+—). (3.1.38)
ox 6 Zy(z) 3y(3)/ 2
From the continuity equation (3.1.26), we have

ovP0 oul
= . 3.1.39
dy dx ( )

Solving Eq. (3.1.39) by substituting (3.1.38), and applying boundary condition (3.1.17),

we get V79, the transverse velocity in the plastic region at ¢/(1), as follows:

1 1 2

v0(x,y) = Cuy e T o2t | (3.1.40)
2y5 3y,

In this section, we have obtained velocities, shear stresses and the yield surface

equation at leading order. Now in section[3.1.2.2] we obtain velocities and shear stresses

at the next order by using the governing equations at &'(€).
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3.1.2.2 The O(¢) expansions

In this section, we calculate velocity profiles in both the shear and plastic regions
separately by adopting the governing equations at &'(€).
Shear region:

Substituting the expansions (3.1.20)-(3.1.23) in Eqs. (3.1.12)-(3.1.14) and comparing

the 0 (&) terms, we have

ap' 9ty
il = 3.1.41
ox T oy ; ( )
0 1
) (3.1.42)
dy
ou' !
—+—=—=0 3.1.43
e + R ( )
and here ’c;;l, the shear stress in the shear region at &'(¢) is given by:
VG | ou!
ol =1 | S (3.1.44)
ou ay
y

After integrating Eqs. (3.1.41) and (3.1.42), we obtain p*>!, the pressure distribution in

the shear region at () as:

P> =p'(x) (3.1.45)
and shear stress, T)f;l, in the shear region at &'(¢) as follows:
w5 (x,y) = y(p' (%) +gc(x), (3.1.46)

where g.(x) is an unknown constant of integration. Substituting (3.1.44) in (3.1.46),

. 1
and solving for %iy we get

I/tl
%—y = (6(p' ()" +gc(0)) (1 - \/%) : (3.1.47)

Solving Eq. (3.1.47)), with the boundary condition (3.1.15)), we get, u*!, the velocity in
the shear region at & (¢€) as follows:
2
y—=1 2\
1) = ) (T3 - 2P0 )+ (5= 12055 - 1),
(3.1.48)
From Egs. (3.1.31) and (3.1.48]), one can write the velocity profile in the shear region

up to O(¢€) as follows:

' (x,y) = u™0(x,y) + eu*! (x,y)

Cn <1 —r +yo(1—) +4Ly_0(y3’/2 — 1))

_y_o 5
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re () (T -2 ) et (- 1 -2 ) )
(3.1.49)

Solving Eq. (3.1.48
s,1 2 /
=y (-2 ) - ey (0 )

Jx 2 3%
el (3= 1-2050(v5 - 1)~ el (2 (5 1),
VY0
(3.1.50)
From the continuity equation (3.1.43), we have
av_s’l — _8u_571 (3.1.51)
dy  ox o

Solving Eq. (3.1.51) by substituting (3.1.50), and applying boundary condition (3.1.15),

we get v, the transverse velocity in the shear region at &'(¢), as follows:

vsvl(x,y)z—(l?l(x))”(%()];_y—i_%) 2\/_@ 5/2 _ y+5>)

+(p' (%)) <3y_\/6y_0 (%y”2 —y+ %)) +gc(x) (\% (%yw —y+ %)) (3.1.52)

2 1

Y 1 2 3/2
- I, Nl e R I
) (2 y+5 -2 (3724
From Eqs. (3.1.34) and (3.1.52)), one can write the transverse velocity profile in the
shear region up to () as follows:

V(x,y) =v0x,y) + el (x,y)

:_1—<% (y;—er%)—% %(gyS/Z_y_*_g))(pO(x))//
+8<—(P1(X))"<% <)§—y+§)—@(2y5/2 y+§)>

(00 (5 (377543 ) et (jg_o (3w y+§))

2
—(gc(X))’<y3—y+l—2\/_<2 Wy 2 )))

Plastic region:

(3.1.53)

From Eq. (3.1.35)), it can be observed that u”"* is purely a function of x such that,

aup70 ! 1 1 2
oy L+l ) 20 (3.1.54)
ox ’ <2y3 6 3y 2)
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Here, C,,y¢’ can be obtained by differentiating and simplifying Eq. (3.1.37) as follows:

/ —15y5
Covo= 50— (3.1.55)
Y3~ 6/50+5

The variation of #”¥ immediately implies that the plastic region cannot be a true plug,
and therefore as mentioned earlier, yo(x) is only an apparent (pseudo) yield surface.
This, as we know, is the essence of the lubrication paradox for yield stress fluids. The
paradox also implies a breakdown of the original lubrication analysis as one approaches
the yield surface from within the shear region. This may be seen from considering the
expression for the normal stress components which are given by:

’r)(c)x(x>y):2 -+

Ep (3.1.56)

. 0 . . .
Since %Ly — 0 as y — yo, the divergence of the normal stresses is suggestive that they

become important at leading order in the plastic region. This is the reason why the
expression for the second invariant of the stress must incorporate the normal stresses at
leading order.

In the plug region, we now modify the leading order term in the expansion of the
horizontal velocity component u(x,y) to incorporate the effect of the diagonal stress

components which is explained in the next section.

Resolution of the squeeze-flow paradox:
Let us consider the region surrounded by the center plane of thickness 0 <y < yy.

The asymptotic expansions reported in Eqgs. (3.1.20)-(3.1.23) below the pseudo-yield

surface y = yq are not accurate due to the neglecting of diagonal stress components.

To include the effect of the diagonal stress components in the plastic region, at
leading order, we need to change the asymptotic expansion for the horizontal velocity
component u as follows:

u(x,y) = ul(x)  +eu' (x,y) +eruP(x,y)+- - (3.1.57)

Modified term
Using these modified expansions, one can find the stress components as follows:

70 70 71
A L = L N ER R )
P ox Y P dy Yo dy

dur1\ 2 dur0\ 2
._ -2 2. _ . . . _ .
7=/1+ &% =€ YO—\/< 5 ) +4( R ) : (3.1.59)
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o _ aup7 aul’70 2
T=\/t}+e2d; 1! \/(Tfyo) + (e 7’0\/ ( = ) =C,.

(3.1.60)
Here, the superscript ‘p,—1’ and ‘p,0’ denote the stress components in the plastic re-
gion of order &(¢~!) and & (1), respectively (Balmforth and Craster, 1999; Muravleva,
2015, 2017). From (3.1.58)-(3.1.60), one observes that the shear and normal stresses

are comparable in the plastic region. The leading order stress tensor component (3.1.27)

1s still valid and we have
_Cny

20(x,y) = . (3.1.61)
5 () yo(x)
From the stress component, Tfyo in (3.1.58)), along with d3.1.59[) and d3.1.61b, we obtain
Coy | (our'\? our0\ 2 ouP!
- 4 =C,——. 3.1.62
Y0 \/( dy ) T o " dy ( )
Solving Eq. (3.1.62) to get agl;’]
0 p,1 2 0 I
u _ W) (3.1.63)

d /
y y(2)_y2

Integrating Eq. (3.1.63)) above, we have, uP! the velocity in the plastic region at ()

P! (x,y) = 2(u’ ()" /3§ — 2 +ui (%), (3.1.64)

where u}(x) is an unknown constant of integration, which is a plastic region velocity of

O'(€) at the yield surface y = yo(x). From Egs. (3.1.35) and (3.1.64) one can write the

velocity profile in the plastic region up to &(€) as follows:

uP(x,y) = uP(x,y) + eul"! (x,y)

- _C, (%0 = ziyo —1+ 3\‘/‘%) +e (z(ﬁ@))’ﬂﬂ?@))

(3.1.65)

as follows:

In order to obtain the unknown integral constants, we need to find the shear stress at

O (€). Therefore, we use the following governing equations from the approximations
of O(¢g):

ap' 9ty Ity

_ =0 3.1.66

dx + dy + dx ’ ( )

—i(pl%—l');l)zo, (3.1.67)
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oul !

+— =0. (3.1.68)
ox | dy
From Egs. d3.1.58|), (13.1.59[) and li 0 s given by
2
W =Gy /1= (3.1.69)
Yo

Solving Eq. (3.1.67), we obtain p”:!, the pressure distribution in the plastic region at
0(¢) as:
32
PP =ye(x) — Gy [1— 5, (3.1.70)
Yo
where y,(x) is an unknown constant of integration. Solving Eq. (3.1.66) along with

(3.1.70), we get, ‘L}@l, the shear stress in the plastic region at &'(g) by applying the
condition (3.1.17):

ot ) y2
— 26, L 11— 2 1y, (3.1.71)
dy dx y%(x) ¢
/ C y . y
P! x,y) = yy.(x) + 20 (y sin”! — /Y3 (x —yz). (3.1.72)
(%) =YY, (x) yo 0(x) 0@ 0(x)
Solving Eq. (3.1.64
dul! Yoyt )
3 :2(M0(X))"\/y%—y2+2(u0(X))'—0+(M1(x))'- (3.1.73)
X 2 2
Yo— ¥
From the continuity equation (3.1.68), we have
ovP! JuP!
=— . 3.1.74
dy dx ( )

Solving Eq. by substitutin , and applying boundary condition ,
gLEq y g pplying y

we get v”!, the transverse velocity in the plastic region at 0(¢), as follows:

W (x,y) =—2(u’(x))" <§\/y7y+ }% s YO}(]X))

20 () yoypsin ' = — (ui (x)) .
Yo
From Eqgs. (3.1.40) and (3.1.73) one can write the transverse velocity profile in the

(3.1.75)

plastic region up to &'(¢) as follows:

VP () = v () + v (x,y)
11 2 Ly ¥ 1Y
Pl —2u 0 nr AP -1

—23u®(x))'yoyhsin ! yy—o )y
(3.1.76)
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Matching the shear and plastic regions to J'(¢):
Using matching technique, one can find unknown integral functions y.(x), g.(x), u}(x)
and (p'(x))". Since, pressure distribution is continuous aty =y (i.e. p*|y=y, = PP |y=y,)>

one can find the unknown integral function using (3.1.45)) and (3.1.70) as:

ye(x) = p'(x). (3.1.77)
From Egs. (3.1.27) and (3.1.46), we can write, ’L')fy, the shear stress in the shear region

up to O(¢€) as

T, (x,y) = T (x,) + €T3 (x,y)
Cy (3.1.78)

B yo( ) +8(y(p1(X))'+8c(x))7

similarly from Eqgs. (3.1.61)) and ( , we can write, Tfy, the shear stress in the

plastic region up to &(¢€) as follows:

0 1
T (6y) = 75 (x,y) + €T (x, )

o _Cny 1 X C”yO sin_l Yy _ 2 x) —
= e (30w S0 (st - ).
(3.1.79)

Since, shear stress is continuous at y = yo (i.e. Thlymy, = 7

;y’y
unknown integral function using and (3.1.79),
yoomom —15)3
ge(x) =Cyo(¥)5 = 5 :
¢ 2 T 20 -6 +5)

From Eq. (3.1.49), we can write the velocity in the shear region as:

K _Cn l_yz 4\/)7_0 y -1
) =52 (1% -+ 20— e (G ey (55

2./Y0 3 —15y2
— @3/2‘”)*5@3_6 0 (y—l—z\ryom—l)))
(3.1.81)

—y)» One can obtain

(3.1.80)

Similarly, we can write the velocity in the plastic region from Eq. (3.1.65)) as follows:

ul(x,y) = —C, (ygo—ziyo—lJr%\/y_O)Jrs(((zﬂ;\/jQ)\/y — 2 tuj(x ))
(3.1.82)

From the continuity of velocities at y = yo (u*|y—y, = u”|,—y,), we have

by (Y 2/%0 ~15y3
i) =y (-2 -3+ 240 )+ 2 (8_6\/y_2+5)<—y0—1+2\/(yj>1.83)
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In order to find the remaining unknown function (p'(x))’, we consider the integral form
of the equation of continuity (3.1.14)), i.e

O(x) = /01 u(x,y)dy = Qo(x) +€Q1(x)
and we require that Q = Qg and Q1 = 0 (since the imposed plate velocity is independent

of €). Therefore, from Eqgs. (3.1.81)) and (3.1.82)), we can find

Y0 1
O(x) = /() uP (x,y)dy+ [ u’(x,y)dy. (3.1.84)
)
Now comparing the &'(1) terms in (3.1.84)), we get
2
yo 42450 — 15y (l_c_x) —10=0. (3.1.85)
n

this is equivalent to Eq. (3.1.37). This equation is also called the pseudo-yield surface

equation. Comparing &'(¢€) terms in (3.1.84), we get

2
(p'(x) = 757%(3”0”‘/_) (3.1.86)

5/2

The above expression, together with (p (x)) , characterizes the pressure field in the gap

up to O(¢€).

The velocity and shear stress profiles up to 0'(¢):
The expressions for the velocity fields in both the shear and plastic regions, to O(€),

are as follows:

u(x,y)=y—0( Y +yo(1—y)+%_o(y3/2—l))

2
757y3(3 +y0 +2 -1 2
e Yol y0/ V/0) - (y2 - \gy_o(y”z—l)) (3.1.87)
<5+\/_+y0+yo +35+0 >
T 15)’0
_z y—1-2
2y8—6\/y_0+5< Volvy )
o 1 4) 5(3+y3—4
Wx,y)=—-C,[ = —— -1+ +&
(x,y) "(6 2% 3% (( 6\/_+5 \/7
757y5(3 + Yo +24/30) ( Yo_ 2 )
- (3.1.88)
2(=5+ motro+y +yO+y/>
T 15y0
Yo—1+42
2)’0 6\/_+5( 7 \/_

. - 15 Ly 2\ 2 2 5pn
Vi(xy)=—1+ 6\/_+5( ( y+3> 3\/y_o(5y +5
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o2y 7/2+3y0—|—3y0+6y0+11\/_+15>

11257ry0<6y

+e
Co(1—/3) ( /+y0+3yo+4\/_+5>

1/y 2 2\/y0 2 5p 3

X<z<3_y+3)_ 3" TS

7/2
3751y, (yo+2y/50+3) (%yS/z_y+§)
4 P\5 >
2Cn(\/y_0—1) <2y8/2+y(2)+3y0+4\/%+5)

7/2

2251 2 ]

+ i 2 (§y3/2—y—|— §>
2C, (yg — 6/%0+5)

225my3 (v3 4+ 91/Yo — 10) [ ¥? L, 2 3 1
RRv— so\2 Al ts) )
2C, (Y3 — 650 +5)

—15y3 1 1 2
P _ 0
) P —d (R [
VP (x,y) 6y +5 (6 22 3/2>y
( 75y3/2(10y3/2 o/ +4y0+10yo+4\/_+1>
+ &€

G (v - 1) (2537 433 +30 +4,5+5)

Y [2 Y_osml y 75y5 (0% — 4\/_+3) gin—! 2
><<2 }’0 )’+2 yo(X))+ ( 6\/_—1—5) 00

7/2+5y0—15y0—116y0—85\/y_—25> )
y .

32 5 4
2C, (o —1)° <2y +y0+3y0+4\/y_0+5>

(3.1.89)

205my3 ( 700+ 5y +

+

(3.1.90)
The expressions for the shear stress components in both the shear and plastic regions,

to O(¢€), are as follows:

i —Cpy 757933 + Y0 +2/0) 15my3
Txy(x7y):yo(x) +ely 32 5/2 2(y3—6\/y_0+5)
2( 5+Yo+yo+y +y0+y ) 0
(3.1.91)
— 75my3(3+y0+2
Tfy(x,y)zyo(g% y ot s \/_) e
v (i (55) )
— yo(x)sin —y\/ya(x) —y
(y3 — 60 +5) < o) Yo(x) o)
(3.1.92)

These asymptotic solutions are continuous at the yield surface y = yo but not smooth.

We now evaluate the composite solutions using an auxiliary formulation in an addi-
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tional inner layer, sandwiched between the plug and the shear regions, to obtain smooth

velocity profiles.

3.1.2.3 Composite solution theory

:::::::::::::::::::::::::::::::::::::::::::::

Figure 3.2 Schematic representation of inner layer in the region x > 0 and y > 0.

In the shear and plastic regions, we now have separate asymptotic expansions for
the relevant fields up to &'(€), and these solutions will now be termed the outer solu-
tions. Here, both these outer expansions are continuous at a single point y = yg, but have
different slopes. In order to obtain the smooth velocity profiles, we choose a thin inter-
mediate transition region, with a width of & (89) and 0 < 8 < 1, surrounding y = yy;
this region will be referred to as the inner layer in what follows. We follow the approach
suggested by |Putz et al.| (2009) and Muravleval (2015) to get composite solutions that
incorporate the aforementioned transition region.

Starting again from the axial momentum balance expression
Ty = yp (x), (3.1.93)

we now use the constitutive equation in a form that is valid in both the inner and outer

2
G\ .
Ty = |1+ 5 | B (3.1.94)

2 2
where 7 = \/ (3—;‘) +4¢€2 (%) and ¥y, = % by neglecting % at leading order. Sub-

regions, and given by:
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stituting (3.1.93) in (3.1.94) and rearranging the terms, one obtains

(55 (rovonfiof5) () (3

(3.1.95)
Introducing the variable z = y;% to characterize the transition layer surrounding y = yo,
substituting yop = (pg(cx’s), , (3.1.95) takes the form:

£ 202 (?TZ)Z = (-, +8(’Z(p°(x>)/)2 ((50,8)) | (3_2)2 e (%)4
ety g (2

—4e R (<G ) ) ( s )3/2 (3"

42630/ <_cn +E"Z(P0(x))/>

t4¢? (—Cn +89z(p°(x))’>2 (

+24620 (~C, +€%2(p°())') (zfo((i))’ (8_?)

623012 0. o) (2@ ' 2\ (2
—e 2R (et ) (o ) (5) (5)
(3.1.96)
Multiplying €29 on both sides of Eq. (3.1.96)), rearranging the terms, we obtain
: 2 )
2
2+20 ( _ 6.0 07\ p (x) @
137 (o 2000 <<p°<x>>') (5)
(P Y (o
_ 2 60_,.0 / P X ou
- (C" (~Grretz ) <<p0<x>>'> ) (5)

+4e70 (_Cn+89z(1?0(x))’>3/2 (L@)/) is (3_2)5/2

(P(x)
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+4s‘39/2< ~Cy+€%2(p°(x ))/>1/2<(§>8§ ) (%)7/2_48 (3_92(%)2
2 (G ) p(fi% () ()~ (3)
s (et (5) (%) ()

' /2
—|—1682+9/2( C,+¢€ Z(PO( )))1/2 (@0(3)/)1 (gbzt>3/2 (%)2

(3.1.97)

Further, we use the inner layer asymptotic expansions as follows:
u(x,z) = u'(x,z) := u0(x) + eu"! (x) + ek u'* (x, 2), (3.1.98)
p(x,2) = pi(x,2) == p"O(x) +ep"l(x). (3.1.99)

Here, the superscript ‘i’ denotes the inner-layer expansions. The terms u*? and p"? can

be calculated by matching with the leading order terms in the outer expansions eval-

i

uated at y = yo, and similarly, u*! and p“! can be obtained by matching with (&)
terms in the outer expansions at y = yg. In order to smoothen the velocity profile at the
pseudo-yield surface, we have to take the term £¥u'*(x, z) into account.

Substituting the expansions (3.1.98) and (3.1.99) in (3.1.97)) and retaining only domi-

k&u

nant terms (u°(x))’, (p°(x)) and €

42126 (—Cn—l—é‘ez(po(X))/) ((MO(X))/)2
2

, we get

2
2k [ 2 0. 0/ )2 a”i’kz
=¢ (Cn—(—Cn—i—S z2(p (x))) ( P )
aui,k)5/2

dz
Uk 3
dz
3 N1/2 [ uk\ T A
1 4¢(7k-36)/2 (—Cn+891 0 x») ( 5 ) _482+2k((u0(x>) )2( 5 )

24+0+k 6_/.0 ! 071y 2 Ju'* 4k—26 Ju'* *

duik 1/2
dz >

N3
46002 (¢, 18 (1))
0

(P°(x)
~ 66 (~Cy+£°2(p"()))
(P

1 16g(4+36+K)/2 (-Cn+89z(p°(x))'>3/2 ((uo(x)),>2 (
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0z

The above equation is valid only up to &'(£?), so one can assume 0 < 6 < 1 and 1 <

ik 3/2
1 164404302 (—cn +89z(p°(X))') " ((u%c))’)2 (a” ) . (3.1.100)

k < 2. Now neglecting the lower order terms in all bracketed terms of Eq. (3.1.100),

we get

N 2 , aui,k 2

4¢2+26¢2 <(M0(x))> — 2e%%0(p0(x)) G, (_ g )

i 5/2 i 3

4 (5k-0)/203/2 (_95 ”‘) / e 0C, (_85 ”‘)

< z
B uik\ 72 N2/ 9uik\ 2
—4eTk=30)2¢) /2 (_ 0z ) — g2tk ((uo(x))> <_ 07 )
(3.1.101)

N2 ouk _ duik\*
_24g2+0+kC, <(u0(x)) ) (_a_z) _ gHk—26 (_a_z>

ik 1/2
_ 168(4+39+k)/2C2/2 <(uo(x))’)2 (_ ag )
Z

ik 3/2
—168(4+9+3k)/2C,,1/2 <(uo(x)>’>2(_9g ) _
z

Further, one can omit contributions from the RHS, starting from the third term, since
these are of a lower order (.- 2+420 < % <240+k< % < 242k and

5k2—9 < —04+3k< @ < —20 +4k). One obtains:

N2 , ik 2 ik 3/2
421262 <(uo(x)) > — 26200 (1)) C, _du _ 4(5k-0)/203/2 _du”
9z 0z

(3.1.102)

By balancing powers of € in (3.1.102)), we get the values of 6 and k as 8 = 2/5 and

k = 6/5 respectively, and (3.1.102)) becomes

2

, , ous/s \ [ auteis\’
2Cn<(u0(x))> = | 2p°(x)) — 26} /- - (— - > (3.1.103)
which is of the form
54 %X“ +/Cy ((uo(x))'>2 ~0 (3.1.104)
with
X = —a”;’j/s (3.1.105)

where C, = —yo(p°(x)). One can solve (3.1.104) using any convenient numerical
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method to find X. Using (3.1.104)), one obtains
N 2
oo [ VG (W@))
\/ Cn X4

(3.1.106)

and
2

_ 2o

4G (1))
dz = N 1-— e

In order to obtain w0/ (x,z), we have to integrate (3.1.105) by substituting (3.1.106)
and (3.1.107)), one obtains the expression for velocity field in terms of X, as:
, 2 X3 2VGC, (°(x)))?
u176/5 — Y0 2 4 ”(( ( ))) —l—C(X),
vCy \ 3 X2

here c(x) is an unknown constant of integration, and can be determined by using the

dX. (3.1.107)

(3.1.108)

classical matching approach described earlier. It will thereby be shown that the func-
tion ¢(x) takes different forms in the shear and plastic regions owing to the differing
solutions in these two outer regions.

We now construct smooth composite solutions in both these regions as follows:

u(x,y) = %) > ) (3.1.109)

M;(X,y) ySyO(x)
where u; denotes the composite solution in the shear and inner regions and u}, denotes

the composite solution in the plastic and inner regions. Further, to get smooth velocity
profiles, we need to match the inner solution to the outer solution. Here we consider

these two cases separately.

Shear region:
For z — oo, the velocity gradient term becomes very large, and so, the bracketed com-

bination in (3.1.103)) can be equated to zero, and hence

2 _c,
— = . 3.1.110
dz 4y2 ¢ ( )
Integrating Eq. (3.1.110)) leads to
,6/5  —Ln 3
ug T = Fy%z + c5(x), (3.1.111)

here cg(x) is an unknown constant of integration, it can be calculated by comparing with
the outer solution. The composite solution can be formed by adding the outer and the

inner and then subtracting their common form in the overlap region as follows (Putz
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et al., 2009; Muravleva, 2015; Hinch, [1991):
uS (x,y) =u*(x,y) + eu®' (x,y)
+ MS’O(X,yo) +eut (x,30) + €950 (x,e (v —yo(x))  G.1112)

—u*%(x,y0) — eu’! (x,y0) — 86/5%2’6/5 (X, g2/ (v —yO(x))) .
Plastic region:
On the other hand, for z — —oo, the velocity gradient term becomes very small, and so,

the first term of RHS in (3.1.103)) can be equated to LHS. One obtains

8uf§6/5 \/270 0/.\\
= 2 (W) - (3.1.113)
Integrating Eq. (3.1.113)) leads to
W5 = 23/250 (10(x)) =2+ cp(x), (3.1.114)

where ¢, is an unknown constant of integration, which can be calculated by compar-

ing with the outer solution in the plastic region. Further, we can construct composite
solution in the plastic region as follows:
0 1
up (x,y) =u""(x,y) + eul’ (x,y)

—l—upo(x yo) + €ul! (x,y0) +£6/5 ’6/5< 2/5 (y— yo(x))> (3.1.115)

_“p’o(xa)’O) _gup’ (x yO 6/5 16/5 X, € 2/5 y y()(X))) )

2
here, in above all equations (u°(x))" = (u??(x))' = (i 9 v - 2?12) Therefore, the com-

posite solutions are given in Eqs. (3.1.112) and (3.1.115)) which smooth out the asymp-

totic velocity profiles and (3.1.88).

3.1.2.4 The pressure distribution
In this section, we obtain the pressure distribution in both the shear and plastic

regions up to O/(¢€).

The pressure gradient, %, in the shear region is given, up to '(g), by:
op° 0 5,0 0 s,1
P _oprT . o
. 1 ox ox dx
where % = (p°(x))" and ag—x' = (p'(x))’ are the pressure gradients in the shear region

at 0(1) and O(¢), respectively. Using (3.1.86), along with the expression (p°(x))’ =

—Q, we can write

Yo
' _ =G, 75my5(3+y0 +24/50)

dx Yo 3/2 3\’
2<—5+\/%+yo+y0/ +y3+y3>

(3.1.116)
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Using (3.1.37)), we obtain

Cn 3
= 15y0+ 10— yg — 24 3.1.117
x 30y0( Yo+ 10—y5—24,/y0) ( )
and
G
dx = 30”2 (=10 —2y3 + 124/%0) dyo. (3.1.118)
Y

0
Integrating (3.1.116) by substituting (3.1.117) and (3.1.118)), we get the pressure distri-

bution in the shear region up to &'(¢€), in terms of yy as:

s C2 [ —5+8/y0+2y} C2 [ —=5+8y/yo(1)+2y3(1)
p (X) = Tz ) T T e b
15 2y3 15 2y3(1) G119)
yo(1) 5nC,(3+2 + o
—|-8/ ln/g VYo 3}/)2) 5 dyo+ pr.
@) 2(5+4y," "4 3y0 +2y) "+ )

Similarly, using Egs. (3.1.70) and (3.1.77), along with the expression pP? = p$0 =

p°(x), we get p”(x,y), the pressure distribution in the plastic region up to (&) as:

2 (—5+8\/)2_0+2y8> a <—5+8\/y0(1)+2y8(1)>

P ="

15
() 57C,(3 420+ Yo V3
+e/ 1”/2 V0 3/2) —dyo— £C, 1-2+p;.
() 2(5+4y," "+ 3y0+2y,) "+ ) y
According to (3.1.19)), the outer boundary x = 1 is stress free. The normal stress is given
by

(3.1.120)

—p'(x)+0O(e? € [yo, 1],
Ox(x,y) = P+ o) v € bo-1] (3.1.121)

-1
—pP(x,y)+eth (x,y)+O(e*)  ye[0,y).
In the shear region, the dominant contribution to the normal stress Oy, comes from

the pressure, so we can choose p; = 0 (Muravleva, 2015)). Therefore, the pressure

distribution in the shear region is given by:

S(x)—C—’% —5+850+2y5 | CF [ =5+8/yo(1) +2y5(1)
P = s 2y2 15 2y5(1)
(3.1.122)
+8/YO(1) 57Cy(3424/50 +Y0) dy
0-
00 2(5+4y* 4 3y0+ 222 +32)

Further, we can write, p*°(x), the zeroth order approximation in the shear region, as
PO =G <_5 +8‘/y_°+2y‘3)> G <_5+8‘/M+2y8(1)) (3.1.123)

15 2y3 15 2y3(1) ' o
In section [3.1.2.5] using the above pressure distribution expression, we obtain squeeze

force in the gap to O(¢€).
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3.1.2.5 Squeeze Force

In this section, we calculate the squeeze force of a Casson fluid which, to leading
order, is equivalent to integrating the pressure over the surface of the plate. The non-

dimensional form of the squeeze force is given by
1 19
F:2/ pdx = (2xp)|(1)—/ 222 i, (3.1.124)
0o 0x
where F* = “(V () V' F. Substituting (3.1.116)-(3.1.118) in (3.1.124), with the boundary

condition (3.1.19)), one can write the squeeze force in terms of yp, as follows:

w) | ¢ 7572 (34 yo +2
F:—Z/ G, V(3 +yo+2,/y0) i
¥0(0) Yo 3/2 3
2( =5+ yo+yo+y +y0+y (3.1.125)

Cn( 0 , 24 >) (c ( 10 12

X(— 15+——y0—— ——2y0+3— dyy.
/2

30 Y0 VYo 30 Yo

In order to obtain (3.1.125)), one needs yo(1) Wthh is determined from the following

equation:
2
3(1) +241/y0(1) — 15y0(1) (1—C—> —10=0. (3.1.126)
Assuming that y(0) = 1, we get, F, the squeeze force up to &(€) as
yo(1) 75my3(3 2
F:—Z/ G Y03 30 2y50)
1 Yo

2
5
2( 5+¢_+yo+yo/ +y0+y2) (3.1.127)

C, ( 10 , 24 )) (c ( 10 12
15+——y — ——2y0—|—ﬂ dy().
30 Y0 VY0 30 yo/

At leading order, the squeezing force is given by:

FO_ _oc3 log(yo(1))  ¥p(1) Jryo(l) ~2y/y(1) 2 13
4 90 1350 30 25 15y7/%(1)  300y5(1)
L4 )
25y0/%(1) S 27y3(1) T 900
(3.1.128)

This then completes our analysis for the Casson fluid, which has included our obtaining
of the composite smooth velocity profiles valid throughout the gap, the pressure dis-
tribution, the squeeze force (3.1.127) together with an explicit expression (3.1.128) for

the leading order squeeze force. Figures showing plots of these various results will be

given in section [3.1.3]
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3.1.3 Results and Discussion

In section [3.1.2] we have resolved the squeeze flow paradox and calculated the ana-
lytical expressions for the velocity fields separately in both the shear and plastic regions
up to O(g). The velocity profiles, for various values of the Casson number (C,), but
for a fixed gap aspect ratio (¢ = 0.1), are depicted in Figure [3.3] Here, the solid lines
refer to the profiles at leading order (Eqs. (3.1.31) and (3.1.35])) which have been ob-

tained by earlier researchers for a Bingham fluid (Lipscomb and Denn, 1984; Wilson)
1993} Smyrnaios and Tsamopoulos, [2001; Balmforth and Craster, [1999; Frigaard and
Ryan, 2004} Putz et al., [2009; Muravleva, 2015), while the dotted lines correspond to
the asymptotic velocity profiles to &'(€) (Egs. and (3.1.88)). It is observed that
the thickness of the plastic region increases with an increase in C,,.

In order to achieve uniformly valid smooth velocity profiles in the entire domain
we obtained composite solutions using inner layer theory (section [3.1.2.3) in both the
shear and plastic regions. The results obtained by using both the asymptotic expansions,
to O(g) (Egs. and (3.1.88)) and the composite solutions (Egs. and
(3.1.115)), are shown in Figure [3.4] Here, the solid line corresponds to the asymptotic
solution and the dotted line corresponds to the composite solution. Use of the composite
solution eliminates the kink in the profile obtained using the &'(€) asymptotic expan-
sion. The velocity distributions at different positions along the principal flow direction
for € = 0.05 and C,, = 10 are plotted in Figure [3.5] From this figure, we observe that
the decreasing extent of the plastic region implies an increase in the velocity from the
center-plane to the edge of the plate. Further, the composite velocity profile at the edge
of the plate for different values of the gap aspect ratio (€) for a fixed value of Casson
number, C, = 10, is shown in Figure [3.6] The flow in the plastic region is observed to
speed up with increasing €.

The shape of the pseudo-yield surface (Eq. (3.1.37)) for different Casson numbers
(C,) is shown in Figure The figure shows that the extent of the plastic region is
maximum at the center-plane (x = 0), and monotonically decreases with increasing x

as one approaches the edge of the gap (x = 1). As expected, an increase in the Cas-
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son number (the non-dimensional yield stress) increases the extent of the plastic region.
The pseudo-yield surface is independent of the gap aspect ratio.

Figure[3.§]depicts the pressure distribution (Eq. (3.1.122)) for various values of the
gap aspect ratio (€) and Casson number (C,,). From Figure [3.8(a), we observe that, for
a particular C,, the decrease in pressure is considerable with an increase in €. Next, in
Figure [3.8|(b), the pressure distribution is shown for different Casson numbers (C,), but
for a particular gap aspect ratio € = 0.1. It is observed that pressure decreases along the
length from the center plane up to the edge of the plate. Further, the pressure increases
significantly with increase in C,,.

Figure [3.9]shows the numerically determined squeeze force (Eq. (3.1.127)) for dif-
ferent values of gap aspect ratio (¢) and Casson number (C,). We observe that the
squeeze force increases substantially with an increase in the non-dimensional yield
stress. A similar change was observed by Matsoukas and Mitsoulis| (2003) and Muravl-
eva (2015) for a planar geometry using a Bingham fluid. Also, due to the decrease in the
pressure, the squeeze force decreases marginally with increasing €. From Figure[3.9(b),
one can notice that as non-dimensional yield stress approaches to zero, the squeeze force

collapses for various values of € and leads to the Newtonian result (Fy = 2).
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Figure 3.3 The velocity profile u(1,y) (3.1.31), (3.1.35), (3.1.87), (3.1.88)), obtained

from resolving the squeeze-flow paradox, for the Casson fluid (¢ =0.1) (a) C, =5, (b)

C,=10and (¢c) C, = 15.
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Figure 3.4 The velocity profile u(1,y), obtained from the composite solutions (3.1.112),

(3.1.115)), for the Casson fluid (¢ = 0.05) compared to the asymptotic solutions (3.1.87),
(3.1.88) at O(¢). (a) C, =5 and (b) C,, = 10.
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Figure 3.5 Velocity profiles u(x,y) (3.1.87), (3.1.88), (3.1.112), (3.1.115), at various
positions along the principal flow direction when € = 0.05 and C,, = 10.
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Figure 3.6 Effect of the gap aspect ratio € on the predicted velocity profile u(1,y)
(3.1.112), (3.1.115), for C, = 10.

51



0 0.2 0.4 0.6 0.8 1

Figure 3.7 Effect of the Casson number C, on the pseudo-yield surface yo(x) (3.1.37)
for the Casson fluid.
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Figure 3.8 Effect of (a) the gap aspect ratio € for C,, = 10 and (b) the Casson number

C, for € = 0.1 on the pressure distribution p(x) (3.1.122).
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Figure 3.9 The variation of the squeeze force F(C,) (3.1.127) versus the Casson number
C, for various values of gap aspect ratio €.
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3.2 AXISYMMETRIC GEOMETRY

In this section, we develop consistent solutions for an axisymmetric squeeze flow of

a Casson fluid using a matched asymptotic expansions approach.

3.2.1 Mathematical Formulation

The schematic of the problem is as shown in Figure [3.10] We consider a squeeze
flow of an incompressible viscoplastic fluid between two parallel circular disks of radius
R* separated by a distance 2H*, where the disks approach each other with a constant
squeeze velocity wi. The system of equations which governs the flow is as follows

(Bird et al.l, [1987):

* du* *au* *8u* B 8p* 1 a(l”*T;kr) ng afr*z
p (at* +I/l ar* +W az*> - ar* + 7 ar* - P + az* ; (3.2.1)

AW oW LW\ dpt  1d(r'ty)  dT
(at* +u or +w az*) =0 +r_* ppe + P (3.2.2)
AL 0. (3.2.3)

—+—+
art  r*  dz*

In Eqgs. (3.2.1)-(3.2.3)), «* and w* represent the velocity components in the radial (r*)

and vertical (z*) directions respectively, p* denote the pressure, p* denote the density

and 1, T, T,,, Tyy and 77, denote the components of the deviatoric stress tensor.

The constitutive equation that govern the stresses in the above equations is given by Eq.

(3.1.4), and 7* and y* are defined as

1= = * *
v =[50 = (522 4 (57 + (56)° + T,

7 =30 1) = 0+ P+ o) + e

The components of strain rate tensor }{3 are given by
du* du*  Iw* aw* u*
=2—1; Y.=%.= — Yo =2=—; Yo =2—; 325
’}/rkr ar* y;’kz ’}ékr az* + ar* ﬁz az* %9 7 ( )

In this case, the scales used in both r* and z* directions to non-dimensionalize the

(3.24)

governing equations are disk radius R* and half gap width H* which are the radial
length scale and the vertical length scale, respectively. Here w} and wiR*/H* are the
characteristic velocities in the transverse and the radial flow directions respectively, and
time is scaled with H* /w}. The pressure is scaled with u*w?*(R*)?/(H*)3, and both
shear and extensional stress components are scaled with u*w*R* /(H*)? and p*w*/H*,

respectively.
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The following is the dimensionless system of equations that governs the flow:

Yield surface

H*

Shear region i S S Shear region
e — oo
Shear region Shear region
e
wg* e s

(b)
Figure 3.10 Schematic representation of the squeeze flow of a viscoplastic fluid between
two parallel disks : (a) Geometry (b) Core formation
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u u du\  dp  ,0T, OTr o Twr—Teo
ERe (E%—ug—l—wa—z) ——Z—f—g or + oz + € f , (3.2.6)

3 hilid hilid A I 2 Z . Yr Y400
£Re(at+uar +W8z> 5. € (ar S T, ) (3.2.7)
du u Jdw

Here aspect ratio, €, can be defined as € = H*/R* and Reynolds number Re is defined
as Re = p*wiR*/u*.
The constitutive equation in dimensionless terms is given by Eq. (3.1.10), and the

dimensionless measure of the yield stress is the Casson number C,,, defined by

T* H* 2
Cy = o () (3.2.9)
Assuming the effect of fluid inertia to be negligible, Egs. (3.2.6)-(3.2.8) can be written
as:
dp  ,0T 0T o [ Trr— Tog
——=—+€ el —— | =0 3.2.10
ar * ar + dz * r ’ ( )
ap 2 a rrz Trz a Trr a Te 2]
~ P e T 2768 3.2.11
9z " ( or T T oz ez ’ ( )
du u Jdw
—+-+—==0. 3.2.12
ar + r + dz ( )
The Egs. (3.2.10)-(3.2.12) are to be solved by applying appropriate conditions at the
boundaries:
at z=1 = u=0, w=—1I, (3.2.13)
at z7=—1 = u=0, w=4+I, (3.2.14)

and, in the planes of symmetry:
along 7=0 = 7,,=0, w=0, (3.2.15)
along r=0 —= u=0, 71,=0, (3.2.16)
and, on the free surface r = 1:
Oy =—p+€T,=0, 7.=0. (3.2.17)

Using the method of matched asymptotic expansions, in section [3.2.2] we solve the

above Eqgs. (3.2.10)-(3.2.12) along with the conditions (3.2.13)-(3.2.17).

3.2.2 Solution to the problem : Asymptotic expansions

Based on the analysis discussed in section[3.1.2] we solve the Eqs. (3.2.10)-(3.2.12)
along with the boundary conditions (3.2.13)-(3.2.17) by introducing the following asymp-
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totic expansions specific to an axisymmetric geometry:

u(r,z) =ul(r,z) +eu' (r,2) + €2 (r2) + -, (3.2.18)
v(r,z) =W (nz)+ev' () + €22 (rz) + -, (3.2.19)
p(rz) = p°(rz)+ep'(rn2) +€p* (o) +--- (3.2.20)
Tij(r,2) = Ty(n2) + €T5(n2) + €215 (r2) + -+ . 3.2.21)

We obtain the velocities in the shear and plastic regions at both & (1) (section

3.2.2.1) and O(¢g) (section [3.2.2.2) separately. However, we show in section [3.2.2.2]

that the leading order term in the expansion of the plastic region is independent of z,

and hence we use a modified leading order term in the expansion for u(r,z).
3.2.2.1 The 0(1) expansions

Substituting the expansions (3.2.18)-(3.2.21)) in Egs. (3.2.10)-(3.2.12)) and compar-

ing the leading order terms, we get the governing equations at (1) as follows:

op° 91
_ a_Pr + a%z —0, (3.2.22)
0
_ %L o, (3.2.23)
<
0 0 0 0 0
a_”r +”7+8_VZ —0. (3.2.24)

Solving Eq. (3.2.23), we have p® = p°(r) and from Eq. (3.2.22) along with the bound-

ary condition (3.2.15), we have, ’L'?Z, the shear stress at (1) as follows:

7 (r,2) = (p°(r))'z. (3.2.25)
The above set of Eqgs. (3.2.22))-(3.2.24]), along with the expression (3.2.25)), are common

to both the shear and plastic regions. However, due to differences in the expressions for
the second invariants in the shear and plastic regions, we need to evaluate velocities in
both these regions separately.

Shear region:

In this region, we have t° = |7%| and ¥ = \‘98—”:\, and one can write the leading order

stress tensor component as

0 ? 3u0
0 = +/C, | sgn o) (3.2.26)

As a result of the no-slip boundary condition, radial velocity vanishes on the surface of

a0
dz

either disks, and increases away from it. Also, when the material is squeezed out, shear

stress ‘L'?Z has negative sign in the region r > 0 and z > 0. Therefore, velocity in this
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region becomes positive (« > 0), implying aa—"zo < 0. Eq. (3.2.26) takes the form:

2
0
‘L'?Z(r,z)z( ou +\/Fn> (—1). (3.2.27)

Jz
Substituting (3.2.25)) in (3.2.27) for ‘L'?Z, and solving for aa—”‘zo, we get
du’
= = 2(p°(r)) — Cu+24/ —(p°(r)) Cun/z. (3.2.28)

Integrating Eq. (3.2.28) on both sides and applying boundary condition (3.2.13), we

get, 10, the velocity in the shear region at &/(1), as follows:

2_
u(r,z) = %(po(r))’ —Cu(z— 1)+ gw/cn (—(P2())N (PP =1).  (3.2.29)

Solving Eq. (3.2.29) for agsr’o, we get

du? (-1 2 C
5= S0 -5y S POV R, G230)
From the continuity equation (3.2.24), we have
aws,O aus.,O us,O
5 = or (3.2.31)

Solving Eq. (3.2.31) by substituting (3.2.30), and applying boundary condition (3.2.13)),

we get v, the transverse velocity in the shear region at & (1), as follows:

w(rz) =—1— ()" (i —z+%) +% L)),(po(r))” <gz5/2—z+ é)

2 3 3) 3\ =(0(r 5 5

(pO(r))/ Z3 2 Gy Z2 1 4 0 , 25/2 3
B (?‘”5)*7(3‘”5)‘5 C”(_(“’")))(EZ ‘”5)
(3.2.32)

Plastic region:
Based on the earlier discussion for a Casson fluid in the planar geometry, Casson num-
ber in the case of axisymmetry C,, = zo(r)|(p°(r))’| gives the first approximation to the
position of the pseudo-yield surface. For z € [0,z], we have ° < C, and 7° = 0. Due
to the continuity of velocity at the pseudo-yield surface, the expression for velocity in
the plastic region is obtained by using (3.2.29) with z = z¢. Thus,

w?O(r,z) = —C, (%0 - 2%0 1+ 335) , (3.2.33)
where C, = —z0(p®(r))’. Here, u?"? is the pseudo-plug velocity in the plastic region at

O (1) (uP? is later denoted by u°(r) in Eq. (3.2.55)).
One can use the integral form of the continuity Eq. (3.2.24) to determine the pseudo-

yield surface z = zo(r), i.e.,

1 20 1
0 _ p,0 5,0 - _r
/0 u(r,z)dz /0 u (r,z)dz+/zo u P (r,z)dz = QO(r) 5 (3.2.34)
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Now substituting Eqgs. (3.2.29) and (3.2.33) into (3.2.34)) leads to an algebraic equation

for the pseudo-yield surface, zo(r),

2 +24,/70 — 152 (1—CL) —10=0. (3.2.35)

n

The algebraic equation (3.2.35) can be solved by using any numerical technique to

obtain zp(r). We note that (3.2.35) is the analog of (3.1.37) in the planar geometry.

Solving Eq. (3.2.33) for ‘95[:0, we get

duP? 1 1 2

— =—Cuzh|-+——-——"=]. 3.2.36
From the continuity equation (3.2.24)), we have

owPY oul® PO
oz = T (3.2.37)

Solving Eq. (3.2.37) by substituting (3.2.36)), and applying boundary condition (3.2.15)),

we get wPY, the transverse velocity in the plastic region at ¢'(1), as follows:

1 1 2 C, (20 1 4
w0 (en(le L 2 )\, Gfo_1 (3238
w (V',Z) ( n<( <6+2Z(2) 3Z8/2) T r (6 2Z() +3\/Z_0>)Z ( )

In this section, we have obtained velocities, shear stresses and the yield surface

equation at leading order. Now in section[3.2.2.2] we obtain velocities and shear stresses

at the next order by using the governing equations at &'(€).

3.2.2.2 The O(¢) expansions

In this section, we calculate velocity profiles in both the shear and plastic regions

separately by using the governing equations at &'(¢).

Shear region:

Substituting the expansions (3.2.18)-(3.2.21) in Eqs. (3.2.10)-(3.2.12) and comparing

the 0 (¢€) terms, we have

op! a7
_ apr n ;Zrz —0, (3.2.39)
1
_ i.)i —0, (3.2.40)
Z
1 1 1
aa”r ”7 aalzzo (3.2.41)



and here sz’l , the shear stress in the shear region at &'(€) is given by:

1
R VG | 9u (3.2.42)
dz
u®
dz

After integrating Eqs. (3.2.39) and (3.2.40), we obtain p*!, the pressure distribution in

the shear region at 0 (¢€) as:
Pt =pl(r) (3.2.43)
and shear stress, sz’l, in the shear region at &'(€) as follows:
73 (n2) = 2(p' () +ge(r), (3.2.44)

where g.(r) is an unknown constant of integration. Substituting (3.2.42)) in (3.2.44),

. 1
and solving for aaiz, we get

I/ll
= o +e) (1-/2). 3245

Solving Eq. , with the boundary condition (3.2.13)), we get, u*!, the velocity in
the shear region at &'(¢€) as follows:
102 = (00 (S5 22 1)) ) (a1 -2(VE- )
(3.2.46)
From Egs. (3.2.29) and (3.2.46)), one can write the velocity profile in the shear region

up to O'(¢€) as follows:
' (r,2) = u0(r,2) + eu' (r,2)

=& (L ran-9+ 2@ )

20 2

e ((pl(r))’ (ZZ; LR 1)) +ge(r) (2= 1-2va(vZ - 1)))
(3.2.47)

Solving Eq. (3.2.46)) for ag—;] we get
aus,l Z2 -1

00 (32 1) e (ZL vz ).

320 V20
(3.2.48)
From the continuity equation (3.2.41), we have
aws,l aus,l us,l
v _ o 3.2.49
0z or r ( )
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Solving Eq. (3.2.49) by substituting (3.2.48]), and applying boundary condition (3.2.13)),

we get w®!, the transverse velocity in the shear region at &(€), as follows:

wmn@=—<@%wV+95¥ﬁ)(%(?-%+§> )

2

- ((gc(r))’+@) (5 - +— 2\/_( z+%>)

+(p'(r ))'<3\Z/0— <2 V- Z+2>> +g0(r)<\j_€2_0 (§Z3/2—z+%>)' (3.2.50)

From Eqgs. (3.2.32) and (3.2.50), one can write the transverse velocity profile in the

shear region up to &(¢€) as follows:

wH(r,2) = w(r,2) + ew™! (r,2)

—-1- (D) %v[_gi:_ I EE
) S (e e ()
+g(—(@% 210 )(%(__. ) ( 512 >)

—(@w»+&“)(2 5 -2va (52 w@))

1
2
o (%5 (30 e (G (-1))

(3.2.51)

Plastic region:

From Eq. (3.2.33)), it can be observed that u”* is purely a function of r such that,

dur0 112
=-C —+-——5 0. 3.2.52
ar n<Q (ZZ% + 6 3Z3/2> 7& ( )
Here, C,z¢’ can be obtained by differentiating and simplifying Eq. (3.2.35) as follows:

. —1573

0= .
"0 23— 670+ 5)
As discussed in section [3.1.2.2] the velocity in the plastic region, u”?, cannot be a

(3.2.53)

true plug, and therefore as mentioned earlier, zo(r) is only an apparent (pseudo) yield

surface. This paradox can be resolved by considering the expression for the normal

62



stress components which are given by:

2
T?r(rvz> =2 9u
dz
(3.2.54)

0 . .
Due to aaiz — 0 as z — 20, the normal stresses become more important at leading order
in the plastic region. Therefore, we now modify the leading order term in the expansion
of the radial velocity component u(r,z) to incorporate the effect of the diagonal stress

components which is explained in the next section.

Resolution of the squeeze-flow paradox:
Consider the region surrounded by the center plane of thickness 0 < z < zg. The asymp-

totic expansions reported in Egs. (3.2.18)-(3.2.21]) below the pseudo-yield surface z = 7

are not accurate due to the neglecting of diagonal stress components. To incorporate the
effects of the normal stress components in the plastic region, at leading order, we need
to change the asymptotic expansion for the radial velocity component u as follows:

u(rz)= ()  Heu'(rnz)+ 2t (nz)+---. (3.2.55)
——

Modified term
Using these modified expansions, one can find the stress components as follows:

p-] 2Cn8up’0_ -1 2Cnup’0_

WS T — o, R T g

1\ 2 0\ 2 0\ 2 0,00
PRpSY N B U Y ( (e R e e PR 7
dz or r ar r

T :\/(rrz)z + &2 (124 Tho + TrrTo0);

o = (O (T (e Pt ey =

C, dur-1\? 4 Jur0\? upON2  Qup0 yp0 _c
PN\ 9z - ar * r N or r | "

Here, the superscript ‘p,—1" and ‘p,0’ denote the stress components in the plastic re-

(3.2.56)

(3.2.58)

gion of order &(¢~1) and & (1), respectively (Balmforth and Craster, 1999; Muravleva,
2017). From (3.2.56)-(3.2.38)), one observes that the shear and normal stresses are com-

parable in the plastic region. The leading order stress tensor component (3.2.29) is still

valid and we have
J— nz
z20(r)

t29(r,2) = (3.2.59)
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From the stress component, sz’o in (3.2.56), along with d3.2.57|) and d3.2.59l), we obtain

C dur1\ ouP!
ol ( - ) rn2=c, 2" (3.2.60)
20 dz dz
where
, u0\? ,ul
. JuP!
Solving Eq. (3.2.60) to get <5 ]
P,
ag S (3.2.62)
< 75— 2

Integrating Eq. (3.2.62)) above, we have, u”'!, the velocity in the plastic region at (&)
as follows:

uP(r,2) =N/ — 2 +ul(r), (3.2.63)
where u}(r) is an unknown constant of integration, which is a plastic region velocity of

O'(€) at the yield surface z = zo(r). From Egs. (3.2.33) and (3.2.63) one can write the

velocity profile in the plastic region up to &(€) as follows:

() = (1) + 2w (12)

3.2.64)
0 1 4 5 (
- (- — V22 ui(r) ).

C (6 7 +3 ZO>+8(T] =2 +uc(r))

We use the following governing equations from the approximations at &'(€), to obtain

the shear stress at &'(€).
1 1 e
ap 8TI‘Z aT + Trr - Tee _ 07

— L 3.2.65
or dz or r ( )
d
a—z(pl — 1T, —Tpe) =0, (3.2.66)
ou'  u'  ow!
— +—+—=—=0 3.2.67
dr i r + dz ’ ( )
From Eqgs. (3.2.56), (3.2.57)) and (3.2.59), ! and ‘L'g’e*l are given by
1 2C,(uf(r)) 1 2Cu°(r)
Tl =T A Tl =T [ -2 3.2.68
rr n20 0 60 Nzor 0 ( )
Solving Eq. (3.2.66), we obtain p”:!, the pressure distribution in the plastic region at
0(¢) as:
2¢C, u
P = el = (b + ) 3 -2 (3.2.69)

where y,(r) is an unknown constant of integration. Solving Eq. (3.2.65]) along with
(3.2.69), we get, sz’l, the shear stress in the plastic region at &'(g) by applying the
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condition (3.2.T3):
1 0(,)Y 4 20
I :—2Cni 260) + 7 23—
Jz ar Nzo
2C, 0/ uo(r) 7 ,
— oo (00 =) B2 v,

/ 2 MO /+ £ / . Z
2 (r,2) = y.(r)z —2C, (%) ZpZosin~ ! <Z_o)

r L u(r) 07 _ «0)
B 7 {2\ [ (20°0) + 2N (@) — L
Cn(Z 2y —2° +2zpsmm (Zo)) <8r< % + n2or

(3.2.70)

(3.2.71)
Solving Eq. (3.2.63) for ag’;’l, we get
duP:! 202 .
—— =0'\/F -2+ n——=+(u(r))". (3.2.72)
or 2_ 2
ZO —Z
From the continuity equation (3.2.67), we have
owP1 ouPt PO
Iz =— 5 (3.2.73)

Solving Eq. (3.2.73) by substituting (3.2.72)), and applying boundary condition (3.2.15),

we get wP:!, the transverse velocity in the plastic region at &(€), as follows:

2
p.l — (N (2 22 01
wP(rz) = (Tl+r>(2 0 z—|—251n Zo(i’))

.12 ui(r
— Nzozpsin~! P ((uj(r))/ + #) z.
0
From Eqgs. (3.2.38) and (3.2.74) one can write the transverse velocity profile in the

(3.2.74)

plastic region up to &'(¢) as follows:

wP(r,z) = wp’o(r,z) +ewh! (r,2)
11 2 Co(z0 1 4
=({Cz|z+=5-—5 | +=(Z-—-1+
("ZO<6 222 3Z(3)/2) r\6 2 3v@/))°
2
_ /ﬂ>§/2_2 % 12
+£< <77+r (2 % Z+2sm zo(r))

—Nz0Zpsin” ! Zi - ((ui‘(r))’ + uc—fr)) Z> :

0
Matching the shear and plastic regions to J'(¢):

(3.2.75)

Using matching technique, one can find unknown integral functions y.(r), g.(r), u(r)
and (p'(r))’. Since, pressure distribution is continuous at z = zg (i.e. p*|;=z = PP|z=z)»

one can find the unknown integral function using (3.2.43) and (3.2.69) as:
v.(r) = p'(r). (3.2.76)
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From Egs. (3.2.25) and (3.2.44), we can write, T, the shear stress in the shear region
up to () as:

Tiz(r7z> = sz’o(l’,z) + efrsél (r, Z)
C,z (3.2.77)

=0 e e,

Similarly, from Eqgs. (3.2.59) and (3.2.71), we can write, 7., the shear stress in the

plastic region up to &'(¢) as follows:

o(n2) = 0 (n2) + et (n2)

/ 0

—Cn ! 2 0 + ©w / .
Tl (rz) = —nt +e| yw.(r)z—2C, L 2020 sin”! (E)
z0(r)

Nzo

G (/-2 (£)) ( 2 <z<u°<r1>7>;0+ : 5”) e ﬁ))

(3.2.78)

Since, shear stress is continuous at z = zq (i.e. 72| =20 = Tiz|z=7), One can obtain un-

known integral function using (3.2.77) and (3.2.78)),

=G, (9 (20 0, v uo(r) 20 o, ul(r)
From Eq. (3.2.47)), we can write the velocity in the shear region as:

us(r’z) _ 9 (1 —Z2 +ZO(1 _Z)+@(Z3/2_ 1))

20 2

21 2z
+ € ((pl (r) (Z - %_0(13/2 _ 1)) +gc.(r) <z— 1-2v/z0(Vz— 1)))
(3.2.80)
Similarly, we can write the velocity in the plastic region from Eq. (3.2.64)) as follows:

P - _ Z_O_L_ 4 2__ .2 *
uf(r,z) Cn(6 2 1+3\/Z_0 +e(ny/z5—z2+us(r) ). (3.2.81)

From the continuity of velocities at z = zo (u*|;—;, = u”|;—;,), we have

2
uz(r) = (p'(r) (—%0 - % + %Z_O) +gc(r) ( —z—1 +2\/Z—0>. (3.2.82)

In order to find the remaining unknown function (p'(r))’, we consider the integral form

of the equation of continuity (3.2.12)), i.e.,
1
0(r) = [ u(r2)dz = Qo(r) +£Q1 (1
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and we require that Q = Qg and Q1 = 0 (since the imposed plate velocity is independent

of €). Therefore, from Egs. (3.2.80) and (3.2.8T]), we can find

20 1
Qx) = /0 up(r,z)dz+/ u'(r,z)dz. (3.2.83)

20

Now comparing the &'(1) terms in (3.2.83)), we get
2 +24/70 — 152 (1—%) ~10=0. (3.2.84)

n

this is equivalent to Eq. (3.2.35). This equation is also called the pseudo-yield surface
equation.

Comparing &'(¢g) terms in (3.2.83)), we get
5(3n7mz2 —2g.(r) (3—4y/20 + 22
(p'(r) = Bnz = ) ). (3.2.85)

The above expression, together with (p®(r))’, characterizes the pressure field in the gap

up to O(g). These asymptotic solutions (3.2.80) and (3.2.81), along with functions

(3.2.76), (3.2.79), (3.2.82)) and (3.2.83)), are continuous at the yield surface z = z( but

not smooth. We now evaluate the composite solutions using an auxiliary formulation in

an additional inner layer, sandwiched between the plug and the shear regions, to obtain

smooth velocity profiles.

3.2.2.3 Composite solution theory

In this section, we follow the earlier approach suggested by |Putz et al. (2009) and
Muravleval (2015, 2017) to get composite solutions that prompt smooth substantial ve-

locity profiles throughout the domain. Based on the earlier discussion for a Casson fluid

Figure 3.11 Schematic representation of inner layer in the region z > 0.
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in the planar geometry (section (3.1.2.3)), the axial momentum balance expression in the
axisymmetric geometry is given by
T =2p (1), (3.2.86)

we now use the constitutive equation in a form that is valid in both the inner and outer

2
Trz = (1 + \/ C_,}:l> Vrzs (3.2.87)

where 7= (3—2‘) +¢&?n? and fy = a “ by neglectmg - at leading order. Substituting
(3.2.86)) in (3.2.87) and rearranging the terms, one obtains

du du /3u 2.2
(Cna_z> = (a +2p (r)—24/zp( 8z> <(—) +&m ) (3.2.88)

Introducing the variable & = T"ZO to characterize the transition layer surrounding z = 7o,

regions, that is given by:

substituting zo = (pg(c;;),, 3.2.88) takes the form:

a3 oo () (o) e G

+6g 3 (‘Cn +e% (PO(”>)/) (;'Eri) (32)3

!

—4e720-02 (¢, 4 02 () ) ( i ) (5 5)5/2
_4g720-30)2 (—Cn+s"§(p°(r))')l/ ? <%> / (3_2)7/2
1 (Gt 2P ( edy ,>2n2+8“9 (2
ot ? (e 800) gy (5 ) 7

4R (et ) ((58)) . ()

2 P\ e\
—482_39/2(—Cn-l—eeé(po(r))’) (P ) (_) n2.

(3.2.89)
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Multiplying £2¢ on both sides of Eq. (3.2.89), rearranging the terms, we obtain
/ 2
2
2+2e( 0 00y p(r) 2
£ —C,+€%E(p°(r ) = n
S oy

(c (-G e%(p <>>)< E%))(%)

(P
32
a0 (G e /() (2

P
e )
seeme(caseson) () ()" e )
soet (el (”/) <p0<3>' () (%)
4g2+30/2 (-cn +895<p0(r>)')3/ ’ ( ( ;E:%,) " (3—2) 1/21‘12 (3.2.90)

1 4g2+0/2 (—Cn+89§(p°(r))’>l/2( p/(r) ) (@)3/2112'

(P°(r)) e
Further, we use the inner layer asymptotic expansions as follows:
u(r,§) = u' (&) = u(r) +eu' (r) + 'u (1, &), (3.2.91)
p(r&) = p'(rE) = p"O(r)+ep™ (). (3.2.92)

The superscript ‘i> denotes the inner-layer expansions, and one can obtain the terms '
and p“? by matching with the leading order terms in the outer expansions evaluated at
7= 2z0. Similarly, «*! and p! can be obtained by matching with &'(¢) terms in the outer
expansions at z = 2.

Substituting the expansions (3.2.91) and (3.2.92)) in (3.2.90) and retaining only domi-
nant terms (uo(r))/, (po(r)) and gk 855 , we get

(et (po(r))/>2nz = (Cﬁ - (-Gt e"é(po(r)),y) <3ui’k>2

s
1 4(5k=0)/2 <_Cn L0 (r)),>3/2 (%)5/2

_e3k—o <—Cn+89€(p°(r))’> <38Lék)3
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. N1/2 [ uk\ T dui#\ >
1 4¢(7k=36)/2 (—Cn—i—eeé(po(r))) ( 3 ) _82+2kn2( 7 )

e (G () ) e e (2]
N2y (uik\
(4+30+k)/2 ( 0z, 0 2
+ae (-areteon) (%)

A 1/2 Juik\ 2
+48(4+e+3k)/2<_C,,+895(Po(r))) ”2(8M€> '

The above equation is valid only up to &(&?), so one can assume 0 < 6 < 1 and 1 <

(3.2.93)

k < 2. Now neglecting the lower order terms in all bracketed terms of Eq. (3.2.93), we

get
e2t2002n2 = 2620 (10(r)Y C, (_ aa”;k)z — 4g(5k=0)/2¢3/2 <_88Lék> h
_6e2toHkC, 2 (_%L;k) _ gth—20 (_ a;;k>4
44301020322 (_ aa”;k) " — 4gl4+0+30/2¢, 22 (_%) ) .
(3.2.94)

Further, one can omit contributions from the RHS, starting from the third term, since
these are of a lower order (*.-2+20 < % <240+k< W < 242k and

—5k2_9 < —-0+43k< @ < —26 +4k). One obtains:

/ duik\ 2 du'* 32
242022 _ 5 2k+0 (0 _ _4e(5k—0)/2-3/2 [ OUT
e C, 2ePE(p (r))Cn( 2E ) 4e Cy ( 2E ) .
(3.2.95)

By balancing powers of € in (3.2.95)), we get the values of 6 and k as 6 = 2/5 and
k = 6/5 respectively, and (3.2.95) becomes

. 2
c,n? , 9ui6/5 96/
2" = [ £(°()) —2¢1% [~ ”;5 (— ”35 ) , (3.2.96)

which is of the form
C 2
X5+ gz—MX“ + ‘/C"nT —0 (3.2.97)
20

i.6/5
X =4 —a”T (3.2.98)
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where C, = —z(p°(r)) . One can solve (3.2.97) using any of the convenient numerical
method to find X. Using (3.2.97), one obtains

27 VCn?
§= C (X + 1y (3.2.99)
and
_ 220 \/Cnnz
dE = "o (1 <5 ) dx. (3.2.100)

In order to obtain u>%/> (1, £ ), we integrate (3.2.98) by substituting (3.2.99) and (3.2.100).
One obtains the expression for velocity field in terms of X, as:

, 2720 (X* VCm?
i,6/5 _ 0 n
u \/C_n(3 +5 +c(r), (3.2.101)

here ¢(r) is an unknown constant of integration, and can be determined by using the

classical matching approach described earlier. Based on the earlier case (section[3.1.2.3)),
we now construct smooth composite solutions in the axisymmetric geometry in both

these regions as follows:

u(r,z) = e ez al), (3.2.102)

uy(nz) 2 <zo(r).

where u denotes the composite solution in the shear and inner regions and uj, denotes
the composite solution in the plastic and inner regions. Further, to get smooth velocity

profiles, we consider these two cases separately.

Shear region:
For & — oo, the velocity gradient term becomes very large, and so, the bracketed com-

bination in Eq. (3.2.96)) can be equated to zero, and hence

i,6/5
s - nE2, (3.2.103)
d& 473
Integrating Eq. (3.2.103)) leads to
: —C
WP = TE (), (3.2.104)
1275

here c4(r) is an unknown constant of integration, it can be calculated by comparing with
the outer solution. The composite solution can be obtained in the shear region as (Putz
et al., [2009; Muravleva, 2015; Hinch| [1991):

s (r,z) =u**(r,2) + eus(r,2)

+ us’o(r, z0) +eutl(r,z0) + g8/56/3 (V, g3 (z— Zo(r))> (3.2.105)

— us’o(r, 20) — eu’! (r,20) — 86/5u§’6/5 (r, g 2/3 (z— zo(l”))) )
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Plastic region:
On the other hand, for & — —oo, the velocity gradient term becomes very small, and so,

the first term of RHS in Eq. (3.2.96) can be equated to LHS. One obtains

8u§;6/5 20 M
=—,——F. (3.2.106)
d¢ -&V2

Integrating Eq. (3.2.106)) leads to
s = 1\/2207/ =€ + ¢, (r), (3.2.107)

where ¢, is an unknown constant of integration, which can be calculated by compar-

ing with the outer solution in the plastic region. Further, we can construct composite

solution in the plastic region as follows:

5(2) = 0(12) + eu ()
+uPO(r,20) + €uP (r, 20) + g8/3,0/3 <r, 8_2/5<Z - Zo(r))> (3.2.108)

— up70(r, 20) — guP! (r,z0) — 86/5u;,’6/5 <r,8_2/5(z — Zo(r))> ’

2
here, in above all equations 1 = /4 <((u0)')2 + (“—:) + ((uo)'”())). Therefore, the

composite solutions are given in Eqs. (3.2.105) and (3.2.108) which smoothen the

asymptotic velocity profiles (3.2.80) and (3.2.81).

3.2.2.4 The pressure distribution

In this section, we obtain the pressure distribution in both the shear and plastic

regions up to &'(g). The pressure gradient, a , in the shear region is given, up to &'(¢€),

by:
aps_aps,0+ apsl
or  dr or ’
where 22" — (p%(r)) and 22" = (p'(r))’ are th dients in the sh i
or P or p\r are the pressure gradients 1 tne snear region

at (1) and O(¢), respectively. Using (3.2.85)), along with the expression (p°(r))’ =

C" , We can write

5(3nmzg—2 3-4
31) :—%4-8 ( n 20— gC( )( \/_+Z0)) (32109)
o 4@ 6va 1)
Using (3.2.35), we obtain
1 1 24 2.11

r= 15ZO(5zO+ 0—z5—24/%) (3.2.110)

and
—2C,
dr=—27 I3 " (542 —6v/20) dzo. (3.2.111)

Integrating (3.2.109)) by substituting @) and (3.2.TTT]), we get the pressure distri-
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bution in the shear region up to &'(€), in terms of zg as:

s C2 (—5+8z0+2\ C2 [ —5+8y/20(1)+25(1)
p(r):B Z2 _B 12(1)
0 0 (3.2.112)
(1) C, 5 )
+e/() 6—Z2(3n7rz0—2gc(r) (3—4\/20+2;)) dzo + pr-
20\ 0

Similarly, using Egs. (3.2.69) and (3.2.76), along with the expression pP? = p*0 =

p°(r), we get pP(r,z), the pressure distribution in the plastic region up to (&) as:

i )_c,% (—S—I—S\/z_o—l—ZzS) a (—54—8«/Z0(1)—|—2Z(3)(1)>

Y71 2 15 2(1)
() C, ) )
+8/ —2(3n7tz0—2gc(r) (3—4\/z_0+z0))dz()+pR
Z()(F) 6Z0

(3.2.113)

2C, [, o, v uo(r)) 5 )
—el— (@' (r) + B—7%).
(22 (oo + ) 3
According to (3.2.17), the outer boundary r = 1 is stress free. The normal stress is given
by
_ps(r)+ﬁ(82)7 VS [Z071]7
o, (r,2) = (3.2.114)
—pP(rz)+¢€ (Tffl(r,z) + Tgbfl(r,z)> , 7€ 1[0,70].
In the shear region, the dominant contribution to the normal stress o, comes from

the pressure, so we can choose pr = 0 (Muravleva, 2017). Therefore, the pressure

distribution in the shear region is given by:
i C2 (—5+8z0+2\ C2 [ —5+8y/20(1)+25(1)
p (r):B Z2 _B Zz(l)
0 0 (3.2.115)

(1) C,
+e/ — (3n7rz(2)—2gc(r) (3—4\/%+Z(%))dzo.
20(r) 620

Further, we can write, ps’o(r), the zeroth order approximation in the shear region, as
0 C2 (=5+8yz0+2%\ C2 [ —5+8+/z0(1) +223(1)

pr(r) = —= 5 e 5 . (3.2.116)

15 %5 15 %5 (1)

In section [3.2.2.5] using the above pressure distribution expression, we obtain squeeze

force in the gap up to O'(¢).
3.2.2.5 Squeeze Force

In this section, we calculate the squeeze force of a Casson fluid which, to leading
order, is equivalent to integrating the pressure over the surface of the disks. The non-

dimensional form of the squeeze force is given by

1 1
F :27:/ rpdr = (ﬂrzp)|(l)—7r/ 22 ar, (3.2.117)
0 0 r

where F* = “(”;{—()RfF Substituting (3.2.109)-(3.2.111) in (3.2.117), with the bound-
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ary condition (3.2.17)), one can write the squeeze force in terms of zp, as follows:

o) ( c, (5(3n7rz(2)—2gcr(r) (3—4@%))))
F = —7'[/ —— +€& 3
0000\ 20 4(z—6v/20+5) (3.2.118)

Cy 10, 24\)\° (—2cn 3 )

X|—=154+——2z5— 72 —6+/720+5) ) dz.
<15 ( 0 «/Zo)) 152 (= 0+5) ) dz

In order to obtain (3.2.118)), one needs zo(1) which is determined from the following

equation:

(1) +24+/20(1) — 15z0(1) (1 - ci> ~10=0. (3.2.119)

n

Assuming that zp(0) = 1, we get, F, the squeeze force up to O(€) as

" _”/mm (‘gﬁ (5 Siliconke 542 (3—4¢z_o+z%))>>
1 (3.2.120)

- 456y +5)

Cy 10, 24\\*/-2C,, ;4
(= (15+——z5— —6y/20+5) ) dzo.

(15 ( 0 2 ﬁ))) ( 1522 (20 =6v20+3) ) dzo
At leading order, the squeezing force is given by:

271?C3< 125 6000 2420 17712 5445 900 240

t— -+ -+ 55+
B\ G 7 R R m g

FY =

(1) (3.2.121)

5/2 5

1522 84z Z

—1080+/z0 +225z0 — TO + TO — 10z + go +4381og(z0)
1

This finishes our investigation for the squeeze flow of a Casson fluid in the axisymmetric
geometry, which incorporate our obtaining of the composite smooth velocity profiles
valid throughout the gap, the pressure distribution, and lastly, the expression for the

leading order squeeze force.

3.2.3 Results and Discussion

In section [3.2.2] we have resolved the squeeze flow paradox and calculated the ana-
lytical expressions for the velocity fields separately in both the shear and plastic regions
up to O(€). The velocity profiles, for various values of the Casson number (C,), but
for a fixed gap aspect ratio (€ = 0.1), are depicted in Figure [3.12] Here, the solid lines
refer to the profiles at leading order (Eqs. (3.2.29) and (3.2.33))), while the dotted lines
correspond to the asymptotic velocity profiles to &'(g) (Egs. and (3.2.81)). It
is observed that the thickness of the plastic region increases with an increase in C,,.

In order to get smooth substantial velocity profiles in the entire domain, we obtained
composite solutions using inner layer theory (section[3.2.2.3)) in both the shear and plas-

tic regions. The results obtained by using both the asymptotic expansions, to & (&) (Egs.
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(3.2.80) and (3.2.81))) and the composite solutions (Egs. (3.2.105) and (3.2.108)), are

shown in Figure [3.13] Here too, the solid line corresponds to the asymptotic solution
and the dotted line corresponds to the composite solution. The velocity distributions at
different positions along the principal flow direction for € = 0.05 and C, = 10 are plot-
ted in Figure [3.14] Further, the composite velocity profile at the edge of the plate for
different values of the gap aspect ratio (€) for a fixed value of Casson number, C,, = 10,
is shown in Figure [3.15] From these figures, we observe that the results are analogous
to the planar geometry case.

The shape of the pseudo-yield surface (Eq. (3.2.35)) for different Casson numbers
(Cy) is shown in Figure[3.16] As discussed in section [3.1.3|for the planar geometry, an
increase in the Casson number (the non-dimensional yield stress) increases the extent
of the plastic region. Also, the pseudo-yield surface is independent of the gap aspect
ratio.

Figure depicts the pressure distribution (Eq. (3.2.115))) for various values of
the gap aspect ratio (€) and Casson number (C,,). From Figure [3.17|(a), we observe that,
for a particular C,, the decrease in pressure is considerable with an increase in €. Next,
in Figure [3.17(b), the pressure distribution is shown for different Casson numbers (C,),
but for a particular gap aspect ratio € = 0.1. It is observed that pressure decreases along
the length from the center plane up to the edge of the plate. Further, the pressure in-
creases significantly with increase in C,,.

Figure shows the numerically determined squeeze force (Eq. (3.2.120)) for
different values of gap aspect ratio (¢) and Casson number (C,). We observe that the
squeeze force increases substantially with an increase in the non-dimensional yield
stress. A similar change was observed by [Smyrnaios and Tsamopoulos (2001), [Mat-
soukas and Mitsoulis (2003) and Muravleva (2017, 2018)) for an axisymmetric geom-
etry using a Bingham fluid. Also, due to the decrease in the pressure distribution, the
squeeze force decreases marginally with increasing €. From Figure [3.1§(b), one can
notice that as non-dimensional yield stress approaches to zero, the squeeze force col-
lapses for various values of € and leads to the Newtonian result (Fy = 37/8).

In Table [3.2] we list some of the viscoplastic fluids that are approximated by a Cas-
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son model, along with squeeze force values for different Casson numbers. Next, in

chapter [d we discuss the squeeze flow behaviour of a Herschel-Bulkley material in both

2D planar and axisymmetric geometries.

Table 3.2 The values of C,, and the corresponding squeeze force F calculated for differ-

ent fluids in a channel of half channel width 5 x 10~3m, and velocity scale 0.0lms™!
Name C,= LO*—IZ; Squeeze force F
Planar Axisymmetry
e=0 £=0.05 e=0.1 e=0 £=0.05 e=0.1
Tomato Puree 2 9.330466 9.244473 9.15844 7.631453 7.600777 7.570100
Blood 2.061 9.480349 9.391295 9.302404 7.769055 7.737370 7.705685

Polymer solution 11.633 27.997209 | 27.498486 | 26.999763 | 25.298589 | 25.127582 | 24.956576

Chocolate 668.269 | 838.252368 | 826.240372 | 814.213272 | 844.928626 | 840.887669 | 836.846712
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Velocity upto O(1)
Velocity upto O(¢)

0 0.1 0.2 0.3

(@)
0.2 Velocity upto O(1)
---- Velocity upto O(¢)
0 - - Y . M 1
0 0.1 0.2 0.3 0.4 0.5 0.6
(b)
0.2 Velocity upto O(1)
----- Velocity upto O(¢)
. . . . . , ,
0 0.1 0.2 0.3 0.4 0.5 0.6
©

Figure 3.12 The velocity profile u(1,z) (3.2.29), (3.2.33), (3.2.80), (3.2.81), obtained
from resolving the squeeze-flow paradox, for the Casson fluid (¢ =0.1) (a) C, =5, (b)
C,=10and (¢c) C, = 15.
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0.2

- Asymptotic solution
""" Composite solution

0 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

(a)

0.2 || ——Asymptotic solution
---- Composite solution

0 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

u
(b)
Figure 3.13 The velocity profile u(1,z), obtained from the composite solutions

(3.2.105)), (3.2.108]), for the Casson fluid (¢ = 0.05) compared to the asymptotic so-
lutions (3.2.80), (3.2.81) at &(¢). (a) C, = 5 and (b) C,, = 10.
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0.8F

- Asymptotic solution
»==== Composite solution

0.2F

Figure 3.14 Velocity profiles u(r,z) (3.2.80), (3.2.81), (3.2.105), (3.2.108), at various
positions along the principal flow direction when € = 0.05 and C,, = 10.
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0.3 0.4 0.5 0.6 0.7
u

Figure 3.15 Effect of the gap aspect ratio € on the predicted velocity profile u(1,z)
(3.2.103), (3.2.108)), for C,, = 10.
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0 0.2 0.4 0.6 0.8 1

Figure 3.16 Effect of the Casson number C, on the pseudo-yield surface zo(r) (3.2.35)
for the Casson fluid.

80



20 L] ] L |
e e=0
-==e=0.05
15 e N EETTTITTITT 6=0 1 -
101 .
5 = -
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1
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Figure 3.17 Effect of (a) the gap aspect ratio € for C,, = 10 and (b) the Casson number
C, for € = 0.1 on the pressure distribution p(r) (3.2.115).
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Figure 3.18 The variation of the squeeze force F(C,) (3.2.120) versus the Casson num-
ber C, for various values of gap aspect ratio €.
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CHAPTER 4

THE SQUEEZE FLOW OF A
HERSCHEL-BULKLEY FLUID

In this chapter, the squeeze flow of a generalized viscoplastic model, i.e., Herschel-
Bulkley (Herschel and Bulkley, [1926)) (Table[4.T)), is analyzed in both 2D planar and ax-
isymmetric geometries. This model exhibits the non-linear behaviour when the applied
stress exceeds the yield stress. The essential aspect is due to the internal structure and
its deformation while squeezing. Again, using the matched asymptotic expansions, we
develop asymptotic solutions for both 2D planar (section [4.1)) and axisymmetric (sec-
tion geometries. Here too, we describe the procedure to obtain the smooth velocity
profiles using composite solutions. The effect of the yield threshold and power-law in-
dex on the pseudo-yield surface, pressure distribution and the squeeze force for different
non-dimensional yield stresses are investigated. Also, we obtain analytical expression,
within the limit n — 0, for the pseudo-yield surface and the squeeze force at leading
order. Further, we compare the obtained results in the present study with the available
literature for the Power-law and Bingham fluids.

Table 4.1 Some commonly approximated Herschel-Bulkley fluids and their rheological
quantities (Chhabra and Richardson, 2011; |Lee et al., 2011).

Name n K(Pa.s") | 15(Pa)
Blood 0.63 16 0.1

Starch 0.252 | 88.65 85.84
Yoghurt 0.55 25 80

Tomoto puree | 0.24 33 103.7
Chocolate 0.5 0.7 40
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4.1 PLANAR GEOMETRY

In this section, we resolve the squeeze flow paradox by obtaining consistent solu-

tions for the squeeze flow of a Herschel-Bulkley fluid in a planar geometry.

4.1.1 Mathematical formulation

The schematic of the problem is as shown in Figure We consider the squeeze
flow of an incompressible viscoplastic Herschel-Bulkley fluid between two parallel
plates of length 2L* separated by a distance 2H*, where the plates approach each other
with a constant squeeze velocity v;. The set of governing equations (3.1.1)-(3.1.3) are
common to both Casson and Herschel-Bulkley fluids. The constitutive equation for a
Herschel-Bulkley model that govern the stresses in Eqs. (3.1.1)-(3.1.3)) is (Bird et al
1983)):

o (kI ) for >,
0 for 7" <15,

where 7 is the yield stress and k and n are the flow consistency index and power-law

V= 4.1.1)

index, respectively. The second invariants of T and ;' are denoted by 7* and 7*, and

defined as in . The components of strain rate tensor J; are given by Eq. .
In this case, we follow the same scale as in the Casson case (section [3.1]) except
for the pressure is scaled with k(L*)"T!(v¥)" /(H*)>"*! and both shear and extensional
stress components are scaled with x(L*)"(v)"/(H*)?" and x(L*)"'(v¥)"/(H*)*"!,
respectively.
The dimensional system of equations that governs the flow is given by Eqs. (3.1.7)-

(3.1.9). The constitutive equation in dimensionless terms is given by:

. %/ <|,)-/|n71_|_%/'|l> for ©>H,, 412)
0 for ©<H,.

Here, the gap aspect ratio &, is defined as € = I'LL:, and Reynolds number Re for a

Herschel-Bulkley fluid flow is defined as Re = p*(H*)>"~2/k(v})"~2(L*)"~2. In Eq.

(4.1.2), the dimensionless measure of the yield stress is the Herschel-Bulkley number

H,, defined by

T()k (H*)Zn

= 413
k(v (L) 1
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Assuming the effect of fluid inertia to be negligible, Eqs. (3.1.7)-(3.1.9) can be written

as:
dp . 0T  OTy
ST =0 (4.1.4)
Ip | 2(9Tx 9T\
e (ax +5) <o, (4.1.5)
Ju oJv
a—f—a—y:(). (4.1.6)

The Eqs. 4.1.4)-(4.1.6) are to be solved by applying appropriate conditions at the

boundaries:
at y=1= u=0, v=-1, 4.1.7)
at y=—-1= u=0, v=+4I1, (4.1.8)
and, in the planes of symmetry:
along y=0— 1,=0, v=0, (4.1.9)
along x=0 = u=0, 71,=0, (4.1.10)
and, on the free surface x = 1:
Ou=—p+€Ty=0, 7,=0. (4.1.11)
Using the method of matched asymptotic expansions, in section we solve the
above Eqs. (#.1.4)-(#.1.6) along with the conditions (.1.7)-@.1.TT).

4.1.2 Solution to the problem : Asymptotic expansions

In this section, we analyze the squeeze-film problem for a Herschel-Bulkley fluid,
along the lines of the Casson fluid (section[3.1I). Since the details have already been set

for Casson model, we will be brief in this case. Using the asymptotic expansions given

in (3.1.20)-(3.1.23)), one can solve the Eqs. (4.1.4)-(4.1.6) along with the conditions
@.1.7)-@.1.11).
4.1.2.1 The (1) expansions

In this section, we calculate velocity profiles at leading order, in both the shear
and plastic regions, from the governing equations at ¢'(1). The set of governing Egs.
(3.1.24)-(3.1.26) are common to both the Casson and Herschel-Bulkley fluids. As for
the Casson fluid, these Eqs. (3.1.24)-(3.1.26)), along with the expression (3.1.27), are

common to both the shear and plastic regions as well. Owing to the differences in

the functional form involving the invariants, one requires a separate integration of the

velocity fields.
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Shear region:

stress takes the form:

oud

: : . 0 : .
In this region, t° = |’L')9y| and }° = \%\ at leading order, and the expression for the shear

" du
0 _ +H, . 4.1.12
K (( dy ) )Sgn(ﬁy) ( )

Restricting the flow domain to x > 0 and y > 0, and substituting (3.1.27) in (¢.1.12) to

0
get %iy, we have

Ju® / "
Sy = (@) —m)" (4.1.13)

Integrating Eq. (4.1.13) by applying boundary condition (4.1.7)), we get, u*°, the veloc-

ity in the shear region at &'(1), as

) = TGy (o —m) = () -m)).
(4.1.14)

Plastic region:
For y € [0,y], we have 7° < H, and }° = 0. Therefore, the velocity in the plastic region,
at leading order, is merely given by that in the shear region evaluated at y = yg. Thus,

one obtains:

n H,\ " 1
WPey) = (y—()) (1=y0)*", (4.1.15)

where H, = —yo(p®(x))".

One may now use the integral form of the continuity Eq. (3.1.26) to determine the
pseudo-yield surface y = yo(x). Substituting Eqs. (4.1.14) and (4.1.15)) into (3.1.36))

leads to an algebraic equation for the pseudo-yield surface, yg(x),

1— %—1—2 1 %

The algebraic Eq. (4.1.16)) can be solved numerically to obtain yy(x). Also, whenn =1,
this expression (4.1.16) is same as Eq. (33) inMuravleval (2015).

4.1.2.2 The O(¢) expansions

In this section, we calculate velocity profiles at &'(¢€), in both the shear and plastic

regions, from the governing equations at &'(€) (Egs. (3.1.41)-(3.1.43)).

Shear region:

In the shear region, the shear stress at &'(¢) is as follows:
ou """ du!

a—y. 4.1.17)




Solving Eqs. (3.1.41)) and (3.1.42), we obtain p*!, the pressure distribution in the shear

region at 0'(€) as:

Pt =p'(x) (4.1.18)
and T,ﬁ;l, the shear stress in the shear region at &'(¢€) is given as:
w5 (x,y) = y(p' (%)) + gn(x), (4.1.19)

where gj(x) is an unknown constant of integration. Substituting Eq. (4.1.17) in (4.1.19),

one obtains:

du' 1 0/ A\ IR,

= CHR @) T O @) ). @120
Solving Eq. (4.1.20), with the boundary condition (4.1.7), we get, u®!, the velocity in

the shear region at '(¢€), as

ut(x,y) = 1 (Hn)_ <gh(x)(n+l)(()’—yo)
+(P1(x))l<(nyo+y)(y—yo)i—(ny0+1)(1_y0),11>)_

n+1 y_o
From Eqs. (4.1.14) and (@.1.27]), one can write the velocity profile in the shear region

S =
=

— (I =yo)
(4.1.21)

up to (&) as follows:
u* () = u*(x,y) +eut! (x,y)

() (a-m-0mit)
re(i () (st om0

+(p' () (0 +9) (v —30)% = (my0 + 1) (1= 0)* )

=
=

— (1 —=yo)

(4.1.22)
Plastic region:
From Eq. (4.1.15), it is seen that u”? is still a function of x such that,
1
duP P / (Hn)" (nyo+1) I
__y( )y 20 (4.1.23)
ox o) e

leading to the squeeze flow paradox. In Eq. (4.1.23), yé) can be obtained by differenti-
ating and simplifying Eq. (4.1.16) as follows:

, —(143n+2n%)y, (é—i)ﬁ
Vo = - —. (4.1.24)
(1 —=y0)n(1+n+2nyo+2ny;)
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Based on the earlier discussion for a Casson fluid (section [3.1.2.2), the paradox can
be resolved by considering the expression for the normal stress components which are

given by:

dud
T)?x x,y) =2 (‘—
( y) dy

In the plastic region, we now modify the leading order term in the expansion of the

n=1 5,0 du’
) ——+Hy ;;) = —10,(x,). (4.1.25)
Iy

horizontal velocity component u(x,y) to incorporate the effect of the normal stresses.
Resolution of the squeeze-flow paradox:

Using Egs. (3.1.21)-(3.1.23), along with (3.1.57)), one can find the stress components

as follows:

-1 _ 2Hn aup’o. p—1 _ 2Hn avp’o' p70_Hn 3up’1

A ‘Fay’ PP oy
: 0\ 2
LB+ ()2 YO\/ our (agi> —H,  (4127)

2
where, as before, 7 = €7” and ¥ = \/ a(’;’;’l —|—4 <‘93‘;’0) . From Egs. (4.1.26)-

™ (4.1.26)

(4.1.2°7), one observes that the shear and normal stresses are comparable in the plastic
region. The leading order momentum balance (Eq. (3.1.24)) is still valid and yields:

20(x,y) = n.
(%)) o0
From the expression for the shear stress in (4.1.26)) along with (4.1.28)), one obtains the

dur0\? duP!

(4.1.28)

following equation for u”!:

- nJ’\/(8ul’>1)2+4
Y0 dy
Solving Eq. (4.1.29) to get “5— a“p

ourt _ 2y(u’(x))" (4.1.30)

d /
y y%_yz

Integrating Eq. || , we have, u”!, the velocity in the plastic region at €'(¢), as

uP(x,y) = 20’ (x))'\ /33 — ¥* + uj (x), (4.1.31)

where u} (x) is an unknown constant of integration, which is a plastic region velocity of

O'(€) at the yield surface y = yo(x). From Egs. (4.1.15)) and (4.1.31)), one can write the
velocity profile in the plastic region up to &'(¢€), as

ul (x,y) = uP O (x,y) + eu’' (x,)

_ n—T—1 <1y1_0> z (1—yo)i* te (2(u0(x))’m+u2(x)) .
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Solving Eq. (3.1.67), along with the expression 75~ I= Hyy /11— i—j one can obtain the
0

pressure distribution in the plastic region at &(¢€) as

2
PPl = y(x) — Hyy |1 — i— (4.1.33)
0

where y;(x) is an unknown constant of integration. Solving Eq. ll we get, Txy ,

the shear stress in the plastic region at (&) by applying the condition (4.1.9):

/ Hn A .
2 (x,y) = yy(x) + y2y° (y%(X)sm 1<y0¥x)> —y\/yé(x)—yz). (4.1.34)
0

Matching the shear and plastic regions to J'(¢):

Using matching technique, one can find unknown integral functions v, (x), gn(x), uj (x)
and (p!(x))’. Since, pressure is continuous at y = yo (i.e. p*|y—y, = pP|y=y,)» One can
find the unknown integral function using Eqs. (4.1.18) and (#.1.33) as
i (x) = p' (x). (4.1.35)
From Egs. (3.1.27) and (#.1.19), we can write, Ty, the shear stress in the shear region
up to (€), as
B (0) = Byt eny () = <y ke (0 () +aul) . (4136)

Similarly, from Egs. (]4.1.28[) and (]4.1.34[), we can write, Tfy, the shear stress in the

plastic region up to & (¢€) as follows:

2 (x,y) = 20 (x,y) + et (x,)

— ;ﬁ;)y +e (yllf;/l(X)JrHynOyO (yo( Jsin™ (yoﬁx)) V) _y2>) |
(4.1.37)

Since, shear stress is continuous at y = yp, one can obtain unknown integral function
using Eqs. (4.1.36) and (4.1.37),
1
—(143n+2n?)y <y—°> !
/ T ( 0 H, H.,
gn(x) = Hnyo(x)i = T > ; . (4.1.38)
(1 =y0)n (14 n+2nyo+2n2yg)
And from Eq. (#.1.22), we can write the velocity in the shear region as follows:

W) = n:l-1 (%) E ( ((1 —yo)r ! - (y—yoﬁ“)

—(1+3n+2n%)yg (2 "(n+1 1 1
+8<y0 ( ( )o( ) (n+1) g <(y_y0)g_(l_y0)ﬁ> (4.1.39)
nH, (l—yo) (1+n+2nyo +2n2y3) 2

+<p1<x>>’(<nyo+y><y—yo>i—(nyo+1><1—yo>i))>).
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Similarly, we can write velocity in the plastic region from Eq. (4.1.32) as follows:
1
Py — " (En N o e (200G 32 — 2 (4.1.40)
woy) =g (5, ) (v e { 2000) /g =y () )

From the continuity of velocities at y =y, we have
—1 H, %71 1 / T /
G0 = (2] (1 =y0)r (1 DHo(0) 5 + (0" (6)) (o + 1)) . 414D
n+1\ yo 2
In order to find the remaining unknown function (p'(x))’, we consider the integral form

of the equation of continuity {@.1.6). Substituting (4.1.39) and @.1.40) in (3.1.84),

comparing (1) terms, we get

1
1—yg)nt? 1 "
( IYO) (n+ )(Y_O) x—(1—yo)rt! =0. (4.1.42)
(142 n \H,
this is equivalent to Eq. (4.1.16). Comparing &'(€) terms in (3.1.84), we get

(@) (2n+1)<1+3n+2n2)<ny0+1)y07rH,,(,yTg)% L
p (X)) = . 1.
(1= y0)7 (2022 + 2nyg +n+ 1)

Here too, when n = 1, this expression (p'(x))’ is equivalent to the expression (63)

in Muravleval (2015). The above expression, together with (p°(x))’, characterizes the

pressure field for a Herschel-Bulkley fluid in the gap up to &'(¢€).
The velocity and shear stress profiles up to 7'(¢):

Having completed the determination of the integral functions, the expressions for the

velocity fields in both the shear and plastic regions may be summarized as follows:

w(ey) = (;’—0) (((1—y0)’]'+1—(y—m)’]'+l>

1
Yo <_(n+1)(1+3n+2n2)y"(13—3>"Hn

1 1
+e€ z ((y—yo)ﬁ—(l—m)ﬁ)
nHn \ (1 —yo)u (1+n+2nyo+2n2y2) 2 (4.1.44)

S =

. (2n+ 1)(1+3n+2n%) (nyo + 1)yotHy (3)
(1 _yo)%(any(z)—f—Zny()-i-n—F 1)2

% ((my0-+3)(r—=y0)7 = (myo + 1)(1 —yo>i))>,

1
n (Hy\" 14 2(142n)(nyo+1) 5
u? (x, — | (I—=yo)"™ +e —y?
o= () - ((HHZWOHH%) By

1

1 (Hn)il(l ) —(n+1)(1+3”+2”2)y0<1y73>nHn” (4.1.45)
(l_yo)%(1—|—n+2nyo+2”2)%) 2

. (2n41)(1 4 3n+2n2)(nyo + 1)2y0an(gT?1>% ))

1

(1 —yo)n(2n2y3+2nyo+n+ 1)?
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The expressions for the shear stress components in both the shear and plastic regions,

up to (), are as follows:

1
() = W e y(2n—|— 1)(1+43n+2n%)(nyy + 1)yo7an(}yT(i)n
X Y 1
’ Yo (1—yo)n (2n2y5+2nyg+n+1)?
1
1 (4.1.46)
(14 3n+2n%)y (1%) H,1
(1—y0)%(1—|—n+2ny0+2n2y%) 2 |
1
() = W e y(2n~|— 1) (14 3n+2n%)(nyo + l)yoan(;Ton)ﬁ
o Yo (1_)’0)%(2”2}’(2)“1—2’1)’04—”-1-1)2
1
(14 3n+ 202 (y_0> ! (4.1.47)
- i & (yﬁ(X) sin”! —— —y\/3(x) —yz)
(1=y0)n (1 +n+2nyo+2n%y3) yo(x)

Further, when n = 1 these velocity and shear stress expressions provide the results of
Muravleva (2015) (Egs. 57-60).

4.1.2.3 Composite solution theory
In this section, we follow the approach suggested by Putz et al.|(2009) and Muravl-

eva (2015) to get the composite solutions that lead to smooth uniformly valid profiles
throughout the domain. Using the axial momentum balance (Eq. 4.1.4) as:

Ty = yp (x). (4.1.48)
Using the Herschel-Bulkley constitutive equation, (4.1.2)), to express the shear stress in

terms of the velocity gradients, one obtains:

a1 Hn\ .
Ty = <|yy 1+ﬁ) Ty (4.1.49)
Substituting the dimensionless forms of (3.1.5]) and (3.1.6) in (4.1.49) along with {#.1.48),

and by neglecting % as there of lower order, we get
n 2
du\? ou\? ou\? du\? du
reon2 [ 2% 2 (ou _ ou ) [ 20U ou
L7 ) ((fb) e (9x> ) \/(3y> e (3X) ot (ay) '

Introducing the variable z = *— in the inner layer surrounding y = yo, that serves as

\S)

a transition between the shear and plastic regions, and substituting yg =

@.1.50) takes the form: 2
=20 (—Hn + sez(l?o(x))'>2 <%) (_3_2) 2
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e (s () (2

2 242
— [2e26 _@ 4 g—(2H+2m)6 _@ i 1 442120
" dz dz

(_@)2 (4.1.51)

2\ n/2
ou 2+n (%)
+2Hn87(2+n)9 ey 1 +482+29—
dz ou\?
(~%)
Multiplying Eq. (4.1.51)) by €29, and rearranging the terms, one obtains

/ 2
42120 <_Hn—|—892(P0(x))/)2 <%> (%>2

, 2
_ H,f— (—Hn—i—SeZ(PO(X))/)Z (dfo&?)/) <_g_2>2

(4.1.52)

242
+ 8721’!9 (_@) " 1 +482+29 >
Jz du
(~5)
Further, we use the inner layer asymptotic expansions from Eqs. (3.1.98)) and (3.1.99)

in (4.1.52) by retaining only dominant terms («°(x))’, (p°(x)) and &* ag;k, one obtains:

4229 (<H, 1 8 ) (00
- (- (-t e 0) ) - a;‘;’k)z

4o, gm0k (_ “ ) + g(2F2n)k=2n0 (— . ) (4.1.53)

dz dz
2-2n0+20+2nk ' 2 du'* 2
- dpg OO (uo(x)> (— 5 >
Z

ik "
+4Hnng2—n9+29+nk((MO(X))/)Z (_8; ) .
Z

The above equation is valid only up to &(&?), so one can assume 0 < 6 < I and 1 <

k<2.
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Now neglecting lower order terms in all bracketed terms of Eq. (4.1.53)), we get

ik\ 2
482+29H,f (<u0<x))/)2 _ £2k+92an(p0(x))’ ( du ’k)

oz
2k g6k (_ 88_)2 S (_ ag_)“
X ik - (4.1.54)
+ dpg? 2042020k ((,01)') (_ - )
N
+4Hnn£2—n9+29+nk((uo(x))/)Z (_agz ) _

Further, one can omit contributions from the RHS, starting from the third term, since
these are of a lower order (*."2+260 <2+20 +n(k—0) <2+20+2n(k—6) and
—n0O + (2+n)k < (2+2n)k — 2n0). The resulting expression for the velocity field in

the transition layer is:

4H382+29 ((uo(x))/)Z

. 2 .
_ o, g2k+6 ( o/ [ ut 2| e~ nB+(2+n)k _a”l’k
=2H,e™z(p (%)) | == | +2Hqe —

dz dz

By balancing powers of € in Eq. (4.1.55), we get 60 = nz% and k = % respectively,
and Eq. (4.1.55) becomes
2 aui’k " 8ui7k 2
2H, ((u°(x)))" = <z(p0(x))’+ (_ 5 ) > (— 5 ) : (4.1.56)

which is of the form

>2+n (4.1.55)

H %
x4+ _ _nZX4 _2H, <(MO(X)) ) =0, 4.1.57)
Yo
with
ik
X =] 2% (4.158)
dz

where H, = —yo(p°(x)) . The algebraic equation (4.1.57) can be solved numerically to
obtain X. From Eq. (4.1.57), we have

2
_ y_O 2n 2H” ((uO(x))/)
7= H, <X e (4.1.59)
and )
_ Yo 1, SHy ((“O(x))/)
dz = En 2nX + <5 dXx. (4.1.60)

Integrating Eq. (4.1.58)) by substituting (4.1.59) and (4.1.60), we get ui’%, the expres-

sion for the velocity field in the transition layer, in terms of X as:

0,V 2
g = 220 (2_”X2n+2_ 4 () ) +en(x), (4.1.61)

H, \2n+2 X2
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where c¢j(x) is an unknown constant of integration, and can be determined by using
the classical matching approach. In order to obtain the smooth composite solutions in
both the shear and plastic regions, we follow the earlier discussion for the Casson fluid

(section 3.1.2.3) by considering these two cases separately.

Shear region:

For z — oo, the bracketed combination in Eq. (4.1.56) can be equated to zero, giving:

aui,zyﬁzz " ZHn
_ _“n (4.1.62)
dz Yo
Integrating Eq. (4.1.62)) leads to /
;202 g\
bar _ M (T 1+1/n 4.1.63
G () T, @163

where cg(x) is an unknown function of integration, which may be calculated by com-
paring with the outer solution. Following Putz et al.| (2009), the composite solution can
be formed as follows:
uS(x,y) = w0 (x,y) + eu” (x,y) + 1" (x, y0)
e (x,y0) + €77 W HE (5,877 (v = yo(x)))

- ni2 (4.1.64)
5,0 s,1 2042 iS5 _2n
—u> (x,yo)—8u ’ (x,yo)—gn+2 Uy <x7g n+2 (y_yo(x))> .

Plastic region:

On the other hand, for z — —oo, only the first term on the RHS need to be retained in

Eq. and can be equated to LHS, we get

(4.1.65)

-z - 0z

2y0 (W0 (x))) (_ dub R ) 2'

Integrating Eq. (.1.65) leads to

: 2n+2

u;; " _ 9 2y0(u0(x))/\/—_z+cp(x), (4.1.66)

where ¢, (x) is an unknown function of integration, which can again be calculated by

comparing with the outer solution in the plastic region. Along lines similar to those

above, the composite solution in the plastic region may be constructed as follows:

Uy (x,y) = up’o(x,y) +euPl(x,y) + up’o(x,yo)

2n+2  ; 2n42 2n
+eul! (x,y0) + € WT Yt <x78_m(y—yo(x))> (4.1.67)

- 2n+2
- up70(x7y0) - eup’l(x7YO) - g%u; e (x787%(y_y0(x))) .
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(1+2n)(nyo+1)

(1+n-+2nyg +2n2y3)
expressions for the composite solutions in both the shear and plastic regions (Eqgs.

(4.1.64) and (.1.67)) smoothen the asymptotic velocity profiles (Eqs. (4.1.44) and
(@.1.45)) for the Herschel-Bulkley case. Note that when n = 1, these composite solu-
tions develop the same results (Egs. (80) and (85)) of Muravleva (2015).

Note that in all of the above Eqs., (u°(x)) = (u”°(x))' = . The

4.1.2.4 The pressure distribution

In this section, we obtain the pressure distribution for a Herschel-Bulkley fluid in

both the shear and plastic regions up to &'(€).

From Eq. (4.1.43), along with the expression (p®(x))" = —%’, we can write
1
ap® —H 2n+1)(143n+2n? nyo+ 1)yomH, (3 )n
p_ T ( ) : ) ) ()" (4.1.68)
dx Yo (1—y0)# (2n2yG +2nyo+n+1)2
Rewriting the expression (#.1.16) and differentiating, we get
1
n 1 H,\"
x= 1+n+ny) (1 —yo)nt! <—”> 4.1.69
and 1
(147 +2nyo +20%3) (1 = yo) (f;_())
dx = — dyo. (4.1.70)

(n+1)(1+2n)(y0)

Solving Eq. (4.1.68) by substituting (4.1.69) and (.1.70), and applying boundary con-
dition (4.1.11), we get p*(x), the pressure distribution in the shear region up to &(¢€), in

terms of yg as:

p’(x)=pn+C —n(1+2”y0(x))(1—)’o(x))%+1 ( H, ),Hl
Z )

(14n)(1+2n) yo(x
tan~! ( 14+2nyo(x) )

1 Jit2n
—eg(1+2n)H, | —1og (1 2 2n%y2
e(1+2mHym | —log (14 n+2nyo(x) +2n7yp(x)) + rvies ol
4.1.71)
where
1
o (L4 2ny0(D)(1 —yo(1) ! ( H, )n“
< (1+n)(1+2n) yo(1)

~1 1+2ny0(1)>
tan < V14+2n

2nv/1+2n
4.1.72)

1
+e(1+2n)H,x Elog (1+n+2nyo(1) +2n%y5(1)) +
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Similarly, using Eqs. (4.1.33) and (4.1.35)), along with the expression p”? = p$0 =
p(x), we get p”(x,y), the pressure distribution in the plastic region up to (&) as

El a+mmwm—mwﬁ“(HaY“
)

RO T Uamim) e
tan—! < 142nyg(x) )

V1+2n
2n\/142n
4.1.73)

PP (x,y) = pp—€Hyy[1—

1
—e(1+2n)H,m Elog (1+n+2nyo(x)+ 2n2y%(x)) +

In the shear region, the pressure contribution to the normal stress being dominant, on
account of the free surface boundary condition, one may choose p; = 0 (as discussed
in section [3.1.2.4|for the Casson case). Therefore, the pressure distribution in the shear

region is given by:

S _n(1+2nyo(x))(1—yo(x))%+l B\
p'(x)=C; (14+n)(1+2n) (yo(x)>

—1 { 14+2nyp(x)
tan ( V1+2n >

2nv/1+2n
4.1.74)

The expression leads to Eq. (92) of Muravleva (2015) when n = 1 (Bingham

1
—&(142n)H,m Elog (1-+n+2ny(x) +2n2y%(x)) +

case). Using the expression for C,, the leading order expression for the pressure in the

shear region may be written as:

_ n(142nyo(x)) (1 —yo(x ))%H ( H, )}.H
(1+n)(1+2n) Yo(x)
)

mwmmxum»w(m)ﬁ
(14+n)(1+2n) yo(1) '

(4.1.75)

4.1.2.5 Squeeze Force

In this section, we calculate the squeeze force of a Herschel-Bulkley fluid using

% Substituting Eq. (4.1.68)-

(@.1.70) in (3.1.124), with the boundary condition {#.1.11)), one can write the squeeze

force in terms of a yg-integral as follows:

Eq. (3.1.124), where force is now scaled with

241
v yo(1) 2n(1+n+ny0)(1+n+2ny0+2n )(l—yo) <y0>
B /yow) (n+1)2(1+2n)2y,

1
vo(1) 2nHy (1 +n+nyo)(1+nyo)(1 _yO)%H <%> " d
ve| [
0 (e r2ng) O

(4.1.76)
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where yo(0) = 1. We use the following equation to calculate yo(1) in Eq. (4.1.76):
1
(1= | ) (ot
I +
(ﬁ + 2) n H,
The squeeze force, up to O(€), is:

)"—(1—y0(1))i+1 —0. 4.1.77)

2

241
yo(1) 2n(1 4+ n+nyo) (1 +n+ 2nyo +2n%y3)(1 —yo)it! <%>
_ d
/1 (n+1)2(142n)2y "0

1

1 I
yo(1) 2nH, (1 +n+nyo) (1 +nyo)(1 _yO)ﬁH <%>
+& / 24,2
1 (n+1)(14n+2nyo +2ny;)

dyo

(4.1.78)
Again, when n = 1, Eq. produces the expression (102) of [Muravleval (2015)).
Therefore, by resolving the squeeze flow paradox, we have obtained the composite
smooth velocity profiles valid throughout the gap, the pressure distribution, and finally,

the squeeze force expression.

4.1.3 Results and Discussion

In section4.1.2] we have resolved the squeeze flow paradox for a Herschel-Bulkley
fluid and obtained analytical expressions for the velocity fields up to &'(g). The velocity
profiles, for various values of Herschel-Bulkley numbers (H,,) for a fixed gap aspect
ratio (¢ = 0.1) and the power-law index (n = 0.5) are depicted in Figure 4.1| Here, the
solid lines refer to the velocity profiles at leading order (Eqs. (4.1.14) and (#.1.15)) and
the dotted lines correspond to the asymptotic velocity profiles to &'(g) (Egs.

and (4.1.45))). We note that these results are analogous to the Casson fluid.

In section we determined the smooth composite velocity profiles, valid
throughout the gap in both the shear and plastic regions. The results obtained by using
both the asymptotic expansions up to &(¢g) (Egs. and (4.1.43)) and the com-
posite solutions (Eqs. (#.1.64) and (4.1.67)), are shown in Figure 4.2 In this figure,

the solid lines correspond to the asymptotic solutions and the dotted lines correspond

to the composite solutions. The composite velocity distribution at the edge of the plate
for different gap aspect ratios (€) and power-law indices (n), but for a fixed value of
Herschel-Bulkley number, H,, = 10, are shown in Figure @ Based on the earlier dis-

cussion for a Casson fluid, from Figure [4.3|a), we notice similar trends with increasing
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€. It is seen that with an increase in n, velocity in the plastic region increases whereas

velocity in the shear region decreases (Figure 4.3|(b)).

The contour of the pseudo-yield surface (Eq. (4.1.16)) for the different Herschel-
Bulkley numbers (H,) and power-law indices (1) are shown in Figure d.4] From Figure
M.4(a), we observe similar changes with an increase in H, (as discussed in section[3.1.3|
for the Casson case). From Figure 4.4(b), it is observed that, for a particular H,, the

plastic region decreases with an increase in n.

The pressure distributions for various values of H,, for € = 0.1 and n = 0.5, are
shown in Figured.5] Here, the solid lines refer to profiles at leading order (Eq. (#.1.75)))
and the dotted lines correspond to the pressure distributions up to &'(¢) (Eq. @.1.74)).
The pressure increases with an increase in H,. Figure 4.6]illustrates the pressure distri-
bution for various values of the gap aspect ratio (€¢) and power-law index (n), but for a
fixed Herschel-Bulkley number (H, = 10). From Figure {4.6(a), we observe that, for a
particular n, the pressure decreases marginally with an increase in €. In Figure @.6(b),

the pressure increases with increasing » for a fixed €.

Figure 7] shows the numerically obtained squeeze force, based on Eq. (4.1.78)), for
different values of the gap aspect ratio (€), the power-law index (n) and the Herschel-
Bulkley number (H,). From Figure d.7((a), we observe that the squeeze force increases
substantially with an increase in H,. Based on the earlier discussion for a Casson fluid,
we observe analogous changes with increasing €. In Figure d.7(b), the squeeze force is
seen to increase with increasing n. Figure [4.7](c) shows the comparison of numerically
obtained squeeze force for n = 1, based on Eq. (4.1.78), against the results that were
given in Muravleva (2015). Here, we scaled H, by € and F by €. Here, the numeri-
cally calculated squeeze force indicated with lines (dashed line for € = 0.05 and dotted
line for € = 0.1) and the results from |Muravleval (2015) indicated with special marks
(circles for € = 0.05 and inverted triangles for € = 0.1). The results of our numerical

calculation essentially matches with the results of Muravleval (2015)) for n = 1.
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4.1.3.1 The leading order squeeze force as n — 0

To understand the behaviour of rate-independent squeeze flow that occurs in the
limit of a plastic solid, one should study the Herschel-Bulkley model in the limit H,, — 0
and n — 0. As is known, when a power-law fluid is squeezed between two parallel

plates, the non-dimensional squeeze force can be expressed as (see appendix [A.1):
1+2n\" 1
F=2 . 4.1.79
( n ) (n+2) ( )
When n = 1, the above relation gives the familiar squeeze force Fy = 2, corresponding

to a dimensional squeeze force of a Newtonian fluid. For the opposite limit, that is for
n—0, reduces to unity, corresponding to a dimensional squeeze force of KL*.
In this sub-section, we obtain the leading order squeeze force for a Herschel-Bulkley
fluid in the same limit (n — 0), which allows for the effect of a yield stress on the
aforementioned result for a power-law fluid.

Consider the expression for the pseudo-yield surface from (4.1.16):

1— %4—2 1 % 1

The objective here is to solve this equation for limiting case of n — 0 to obtain the

analytical approximation for yg. Rearranging the terms in (4.1.80), one obtains

<i_ 1)'1’ (1= y0) —n(142) " (1 - y0)?) = (%H) H%/x (4.181)

Yo
Now, expanding yo = yoo + yo1 +Y02 + -+ (Yoo = Yo1 = Yo2--+), and additionally ap-

proximating lir%(l +n)" ~ 1+ n?, (4.1.81) takes the form:
n—

n

(L — 1) I—W ((1 —y00 — yo1 —n(1 —2n)(1 —}’00—y01)2)

Yoo B
Y00
1 2
)
n"H,
(4.1.82)
Neglecting the O(n?) corrections in (4.1.82), we have
1 n
(——1> =2 | (1 —yw)" = = (4.1.83)
00 4 n-riy
y Y00 <Y00 1)
Solving (4.1.83) for the leading order correction ygo, one obtains
H,n"
=— 4.1.84
Y00 = G ( )
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Taking log on both sides of (4.1.83) and simplifying, we have

1 "H,
log (——1) —%Jrnlog(l—yoo):—log (" n") (4.1.85)
X
Yoo V3o (yE - 1)
Solving (4.1.83)), one obtains the first order correction as:
H,n"x" H,n"
=—n———--=l 1 : 4.1.86
Yol I’L(xn + Hy')? og ( t = ) ( )

Substituting (4.1.84) and (4.1.86) in yo, one obtains the analytical approximation for the

pseudo-yield surface up to first order, as
H,n" nx'" H,n"
= = 1— 1 1 . 4.1.87
Yo =Yoo +yo1 + Y Ho ( o7 + By 0g ( T )) ( )
From Figure [4.§] it is seen that the pseudo-yield surface calculated numerically, based

on ({.1.16), matches well with the approximation (4.1.87). Now, consider the leading

order squeeze force based on the approximation (.1.87) of the pseudo-yield surface.
From (3.1.124), the squeeze force is given as:

1 90
F=-2 / 2P g, (4.1.88)
0o Ox
0
where %Lx = *y—?’ Substituting value of yg at x = 1 from (4.1.87) in (4.1.88)), we have
H, 1+ H,n")?
FO(n,H,) = —" (1+Hun') (4.1.89)

Yo T (1+Hyn" —nlog(1+ Hyn"))
Further taking the limit n — 0, the squeeze force becomes F° ~ (H, + 1). Therefore, for

a Herschel-Bulkley fluid, the squeeze force remains finite, equalling (k + 7;)L*, which
is the result for the power-law fluid in the same limit, except for the additive contribution
of the yield stress. The squeeze force calculated using the analytical approximation (Eq.
(#.1.89)) and the numerically determined solution (Eq. to O(1)), for the limit
n — 0, are shown in Figure There is a good match between the numerical solution,
and the small-n analytical approximation, regardless of the Herschel-Bulkley number.
From Figure §.10] we notice that as H,, — 0, the numerically calculated squeeze force
for a Herschel-Bulkley fluid converges to the power-law results for n < 1, and the New-
tonian result when n = 1. Similarly, for the yield stress remaining finite, but withn — 1,
the squeeze force approaches the known result for a Bingham fluid given by Muravleva

(2015):

3 /.3 1
o= B (0 ) b log(0() — o ) . @190)
9 3 Y )x()
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where B, = (H,),— is the non-dimensional yield stress for a Bingham fluid, and y(x)

is given by the expression (34) in Muravleva (2015)):

) 1 1 2
yo(x)=—21/1+écos S arccos | —— —?” . (4.1.91)

3
(1+§—j>

101



0.8} 1
0.6} 1
N
0.4} %
0.2F Velocity upto O(1) 1
---- Velocity upto O(¢)
. : : . , , :
0 02 04 06 08 1 1.2
(@) ¢
e ———, : ' '
0.8} 1
0.6} 1
N
0.4} 1
0.2F Velocity upto O(1) 1
---- Velocity upto O(¢)
0 : . . , , :
0 0.2 0.4 0.6 0.8 1 1.2
(b) !
1 —————— T T ' '
0.8} \ 1
0.6} 1
. B
0.4} 1
0.2F Velocity upto O(1) 1
----- Velocity upto O(¢)
0 : - . . \ :
0 0.2 0.4 0.6 0.8 1 1.2
© ‘

Figure 4.1 The velocity profile u(1,y) (4.1.14), (4.1.15)), (4.1.44), (4.1.45), obtained
from resolving the squeeze flow paradox, for the Herschel-Bulkley fluid ( € = 0.1,
n=0.5)(a) H, =5, (b) H, =10 and (¢c) H, = 15.
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Figure 4.2 The velocity profile u(1,y), obtained from the composite solutions (4.1.64),

(4.1.67), for the Herschel-Bulkley fluid (¢ = 0.1) compared to the asymptotic solutions
@ 144), @145) at 6(¢). (a) H, = Sand n = 0.5, (b) H, = 10 and n = 1.5.
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Figure 4.3 Effect of (a) the gap aspect ratio € for n = 0.5 and (b) the power-law index n
for € = 0.1 on the velocity profile u(1,y) (4.1.64), (4.1.67) for H, = 10.
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Figure 4.4 Effect of (a) the Herschel-Bulkley number H,, for n = 0.5 (b) the power-law
index n for H, = 10 on the pseudo-yield surface yo(x) (4.1.16) for the Herschel-Bulkley
fluid.
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Figure 4.5 Effect of the Herschel-Bulkley number H,, on the pressure distribution p(x)

(@.1.74) (¢ =0.1,n =0.5).
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Figure 4.6 Effect of (a) the gap aspect ratio € for n = 0.5 (b) the power-law index n for
€ = 0.1 on the pressure distribution p(x) (4.1.74) for H, = 10.
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Figure 4.7 The variation of the squeeze force F(n,H,) (4.1.78) versus the Herschel-
Bulkley number H,,. (a) The effect of gap aspect ratio € for n = 0.5. (b) The effect of
power-law index n for € = 0.1. (c) Comparison of a Herschel Bulkley fluid (n = 1) with
a Bingham fluid (Eq. (102) in|Muravleval (2015)).
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Figure 4.8 The pseudo-yield surface approximation yo(x) (4.1.16), (4.1.87) as n — 0 for
(a)H,=0.5(b)H,=1and (c) H,=1.5.
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4.2 AXISYMMETRIC GEOMETRY

In this section, we develop consistent solutions for an axisymmetric squeeze flow of

a Herschel-Bulkley fluid using a matched asymptotic expansions approach.

4.2.1 Mathematical formulation

The schematic of the problem is as shown in Figure [3.10] We consider the squeeze
flow of an incompressible viscoplastic Herschel-Bulkley fluid between two circular
disks of radius R* separated by a distance 2H*, where the plates approach each other
with a constant squeeze velocity w;. Again, we use same set of equations (3.2.1)-(3.2.3)
to analyze the flow behaviour in this geometry. The constitutive equation for a Herschel-
Bulkley model that govern the stresses in Eqs. (3.2.1)-(3.2.3) is given by (.1.1)). The
second invariants of 7 and ’?yare denoted by t* and 7*, and defined as in (3.2.4). The

components of strain rate tensor 7;; are given by Eq. li

In this case, we follow the earlier scale as in the Casson case (section [3.2) except
for the pressure is scaled with k(R*)"*!(w¥)" /(H*)?"*! and both shear and extensional
stress components are scaled with k(R*)"(w!)"/(H*)?" and x(R*)" ' (w*)"/(H*)*"!,

respectively.

The dimensional system of equations that governs the flow is given by Eqgs. (3.2.6)-
(3.2.8). The constitutive equation for a Herschel-Bulkley fluid in dimensionless terms
is given in Eq. . Again, the gap aspect ratio €, is defined as € = H*/R*, and
Reynolds number Re is defined as Re = p*(H*)?"~2 /x(w?)"~2(R*)"~2. In Eq. ,
the dimensionless measure of the yield stress is the Herschel-Bulkley number H,, de-

fined by

= B @2.1)
T k() (R -
Assuming the effect of fluid inertia to be negligible, Eqgs. (3.2.6)-(3.2.8) can be written
as:
dp  ,0T 0Ty o [ Trr— Top
—=+¢ el ——) =0 4.2.2
ar + ar + dz * r ’ ( )
dp  2(9T; Tz OTy JTgg
——+€ -t —=——————1]=0 423
dz - ( ar dz dz ’ (42.3)
du u Jdw
—+-+—==0. 424
ar * r + dz ( )



The Eqgs. (4.2.2)-(4.2.4) are to be solved by applying appropriate conditions at the

boundaries:
at z=1=—= u=0, w=-1, (4.2.5)
at z=—1 = u=0, w=+I, (4.2.6)
and, in the planes of symmetry:
along 7=0 = 7,=0, w=0, 4.2.7)
along r=0 = u=0, 71,=0, (4.2.8)
and, on the free surface r = 1:
O =—p+€T,=0, 7.=0. (4.2.9)

Using the method of matched asymptotic expansions, in section we solve the

above Eqgs. (4.2.2)-(#.2.4) along with the conditions (4.2.5)-(@.2.9).

4.2.2 Solution to the problem : Asymptotic expansions

In this section, we analyze the axisymmetric squeeze-film problem for a Herschel-

Bulkley fluid, along the lines of the Casson fluid (section [3.2). Using the asymptotic

expansions given in (3.2.18)-(3.2.21), one can solve the Eqs. {#.2.2)-(.2.4) along with
the conditions (4.2.3)-@.2.9).

4.2.2.1 The 0(1) expansions

In this section, we calculate velocity profiles, at leading order, in both the shear
and plastic regions, from the governing equations at &'(1). The set of governing Egs.
(3.2.22))-(3.2.24) are common to both the Casson and Herschel-Bulkley fluids. As for
the Casson fluid, these Eqs. (3.2.22)-(3.2.24), along with the expression (3.2.23), are

common to both the shear and plastic regions as well. Also, one requires a separate

integration of the velocity fields.

Shear region:

. . 0 . .
In this region, t° = [72| and }° = ]aaiz] at leading order, and the expression for the shear

oul|" ou®
0 __ -
T, = ( 3z -l—Hn) sgn( 7z ) . 4.2.10)

Restricting the flow domain to z > 0, and substituting (3.2.25)) in (4.2.10)) to get aa—”zo, we

stress takes the form:

have
ou® B

i (=z(p°(r)) — Hy) (4.2.11)



Integrating Eq. (4.2.11) by applying boundary condition (4.2.5)), we get, u*?, the veloc-
ity in the shear region at &'(1), as

SOy ) — -1 (0 AU 0(,)Y 141 ‘
- <%+1><p°<r>>'<( o= = 0 )
(4.2.12)

Plastic region:
For z € [0,z9], we have ¥ < H,, and 7 = 0. Therefore, the velocity in the plastic region,
at leading order, is merely given by that in the shear region evaluated at z = zg. Thus,

one obtains:

1
WPO(r,z) = (ﬂ) T(1—zo)n T, (4.2.13)

where H, = —zo(p°(r))’.
Using the integral form of the continuity equation (3.2.24), one can determine the
pseudo-yield surface z = zo(r). Substituting Egs. and (4.2.13) into (3.2.34)

leads to an algebraic equation for the pseudo-yield surface, zo(r),
1 1
(1-z20)7 "  (n+1) (Zo)” r 1y
+ D) L (=gt =o0. 42.14
(1+2) n \m,) 27U @.2.14)
The algebraic Eq. (4.2.14) can be solved numerically to obtain zo(r). Also, whenn =1,
this expression (4.2.14)) is same as Eq. (36) in[Muravleva (2017).

4.2.2.2 The O(g) expansions

In this section, we calculate velocity profiles at &'(€), in both the shear and plastic

regions, from the governing equations at &'(€) (Egs. (3.2.39)-(3.2.41))).

Shear region:

In the shear region, the shear stress at '(¢) is as follows:
ou """ du!
E RN
Solving Egs. and , we obtain p*!, the pressure distribution in the shear

region at '(¢) as:

(4.2.15)

=n

p=pr) (4.2.16)
and Trsz’l , the shear stress in the shear region at &'(¢€) is given as:
1 1
T3 (n2) =2(p () + (1), 4.2.17)
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where g,(r) is an unknown constant of integration. Substituting (4.2.15) in (4.2.17),

one obtains:

Ju' 1 0/ 07,7\

0z = (_Hn —z(p"(r)) ) (Z(P (r)) +gr(r)) . (4.2.18)
Solving Eq. (4.2.18)), with the boundary condition (4.2.5), we get, u®!, the velocity in

the shear region at 0'(¢€), as

W (r2) = — (@Q“J@Awm+w(@—mﬁ—u—mﬁ)

:I’l—l—l 20

(4.2.19)
Ho' () (20 + e 2007 — (nz+ 1)1 —20)1 ) ).
From Eqs. (#.2.12)) and (#.2.19), one can write the velocity profile in the shear region

up to O(¢€) as follows:

W (rz) =— (Ii)i((I—ZO)}I_H_(Z_Z())'IL—H)

n+1\ zo
+8QJJ(%QM4@46@+U<@—mﬁ—U—mﬂ) @220

+(p'(r) ((nzo +2)(z—20)" — (nzo+ 1)(1 _ZO)%>)) :

Plastic region:
From (4.2.13)), it is seen that u”? is still a function of r such that,
1
duP? / (Hn>" (nzo+1)
_ = _Z _ -
or o\ 2 (n+1)z9
leading to the squeeze flow paradox. In (4.2.21)), zé) can be obtained by differentiating

and simplifying Eq. as follows:
1

) —(1+3n+2n%)z9 (%)n
20 = 1 - . (4.2.22)
2(1—z0)n (1 +n+2nz0+2n2z3)
Based on the earlier discussion for a Casson fluid in the axisymmetric geometry (section

(1—2z0)1 #£0, 4.2.21)

[3.2.2.2)), the paradox can be resolved by considering the expression for the normal stress

components which are given by:

_ 0

0 \" " 9u® %L
&WF2QZ> o TH T |

0z

oud n—1 u0 ul

dz

In the plastic region, we now modify the leading order term in the expansion of the

radial velocity component u(r,z) to incorporate the effect of the normal stresses.

115



Resolution of the squeeze-flow paradox:

Using Eqgs. (3.2.19)-(3.2.21), along with (3.2.53), one can find the stress components

as follows:

p—1_ 2H, ouw® 1 2H,ul? B _
Trr — ’)/) ar E) Tee — ’yo }" 9 rz - W &Z 9

! =\/ (22 + (e 2+ (e 2+ el ey =
H, Jub:l 2 4 oul0 2 N uP0 2 N Qub0 yp0 .y (4.2.25)
7 dz ar r or r | "

where, as before, 7= £° and }° = \/<ag';1>2+4 ((agl;ﬂ)z—i- (@)24— ‘93}:’0 #)

From Eqs. (4.2.24) and (@.2.25), one observes that the shear and normal stresses are

(4.2.24)

comparable in the plastic region. The leading order momentum balance (Eq. (3.2.22))

is still valid and yields:

0 7) = —X. 4.2.26
0(2) = @226)
From the expression for the shear stress in (4.2.24)) along with (4.2.26)), one obtains the
following equation for u?!:
Hn a p,l 2 (9 p:1
_ HnZ < u ) yn2=p,2 (4.2.27)
20 Jz J7

where

n=la (((MO)')2+ <u_r0>2+ ((uo)f”_:))), (4.2.28)

Solving Eq. (4.2.27)) to get ag_zl

ouP!
g SR (4.2.29)
Z Z(Z) —72
Integrating Eq. (4.2.29), we have, u”:!, the velocity in the plastic region at &(¢), as
ub! (nz)=n z(z) — 22+ ul(r), (4.2.30)

where u(r) is an unknown constant of integration, which is a plastic region velocity of

O (€) at the yield surface z = zo(r). From Eqgs. (4.2.13) and (4.2.30), one can write the

velocity profile in the plastic region up to &'(€), as

w?(r,2) = u”®(r,2) + eu’! (r,2)
, 4.2.31)

n H,\" 1 «
= <Z> (l—zo)"+l+8(m/zg—zz%—ur(r)).
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Solving Eq. (3.2.66), along with the expression 7 ' = M, /73— 72 and ‘L'gb_l =

Nzo
2H,u0(r) o) 2 . e . .
=—=/z5 — 2%, one can obtain the pressure distribution in the plastic region at &'(¢)

nzor
2H u®
P __ _ n 0y/ 2 .2
p1 =y (r) 7“004»+r)\&0 2, (4.2.32)

as:
where y,(r) is an unknown constant of integration. Solving Eq. (3.2.65)), we get, rf}’l,

the shear stress in the plastic region at &'(€) by applying the condition (4.2.7):

' 20 + 12 ‘
szﬂ(r,z) =vy,.(r)z—2H, (L) 2020 sin~! (i)

N=zo 20
o 0 2(1,!0), U (MO)’ o
—Hy (222 +2sin [ = — T+ r .
(Z R (z() or nzo nzor

Matching the shear and plastic regions to J'(¢):

(4.2.33)

Using matching technique, one can find unknown integral functions y,(r), g.(r), u}(r)

and (p'(r)). Since, pressure is continuous at z = zg (i.e. p*|;—z = p”|:=z), One can
find the unknown integral function using and as

yi(r) = p'(r). (4.2.34)
From Egs. and , we can write, 7;, the shear stress in the shear region
up to O(¢€), as:

w(n2) = 802+ £5 (1)
n (4.2.35)
=j5%+8@@W0Y+&UD-

Similarly, from Egs. (]4.2.26[) and (]4.2.33[), we can write, Tf}, the shear stress in the

plastic region up to &'(¢) as follows:

T,{)Z(I’,Z) = TI{QO(”J )+ E’sz’l(}’,z)

—Ha L)) 20+ (Z)
= —2H, | ——~— a
e + € ((P (r)z ( n% Zp<0 S1n %
! u / MO
O e R A N R I WO e
H, <Z 25 —2- +zpsm (Zo)) <8r< — + nZor .

Since, shear stress is continuous at z = zp, one can obtain unknown integral function

using @233) and (F236).

ar) = 2 (5 (2 (2000 +22) )+ 2 () - £2) ).
(4.2.37)
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And from (4.2.20), we can write the velocity in the shear region as follows:

u'(r,z) = n (é)i((I—Zo)’Hl—(Z—Zo)'l’Jrl)

n+1 \ zo
Te (nnltl ([;I_:)nl <gr<r)(n+ 1) ((z—zo)% —(1 —Zo)%> (4.2.38)

’ 1 1
+(p' () ((n20+2)(z = 20) 7 = (20 +1)(1 = 20)+ ) ) ).
Similarly, we can write velocity in the plastic region from (4.2.31)) as follows:

1
H,\" . .
u(r,z) = n_nH (Z) (1—-z20)7" +e (m/z%—z%ru,(r)). (4.2.39)

From the continuity of velocities at z = zgp, we have

Pl 1 ,
i (r) = — (£> (1—zo)ﬁ((n+1)g,(r)+(p1(r))(nZOH)), (4.2.40)

- n+1\ zo
In order to find the remaining unknown function (p'(r))’, we consider the integral form

of the equation of continuity (#.2.4). Substituting (4.2.38) and #.2.39) in (3.2.83),

comparing (1) terms, we get

1 1
T () fumwime a2
LS n n
n

this is equivalent to Eq. (4.2.14). Comparing &'(€) terms in (3.2.83)), we get
1/n 1/n
e 20) (7) "m0+ =g )t ()" (-4

4(1—z0)"/"(1 + n+2nzp + 2n2z3)

(p'(r)) =
(4.2.42)

This expression (p'(r))’ is equivalent to the expression (64) in Muravleva (2017) when
n = 1. The above expressions (4.2.38)) and (4.2.39), along with the expressions (.2.34),

#.2.37), (.2.40) and (@.2.42), are the asymptotic expansions in the axisymmetric ge-
ometry for a Herschel-Bulkley fluid. The above expression (4.2.42), together with

(p°(r)), characterizes the pressure field for a Herschel-Bulkley fluid in the gap up to
O(¢).

4.2.2.3 Composite solution theory

In this section, we follow the approach suggested by Putz et al.|(2009) and |Singeetham
and Puttannal (2019)) to get the composite solutions that lead to smooth uniformly valid

profiles throughout the domain. Using the axial momentum balance in the axisymmetric

geometry (Eq. (4.2.2)):

T =2p (1). (4.2.43)
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Using the Herschel-Bulkley constitutive equation, (4.1.2), to express the shear stress in

terms of the velocity gradients, one obtains:

o1, Hn\ .
Ty, = (M Iy m) Yrzs (4.2.44)

2
where 7=/ <‘3—”Z‘> + €2m2. Substituting the dimensionless forms of (3.2.4) and (3.2.5

in (4.2.44)) along with 1] , and by neglecting %—f as there of lower order, we get

(zp'(r))2<(3—3)2+82n2> = \/(%Z)2+e2n2)n+ﬂn 2(3_2‘)2_ (4.2.45)

Introducing the variable & = “-3° in the inner layer surrounding z = zo, that serves as a

4.2.45

transition between the shear and plastic regions, and substituting zg =

—H,
(PO(r)"”

takes the form:
!
r

, 2 2

28 (—Hn+£9§(p0(r))/>2 (%) (_g_g)
2

+ &2 (‘Hﬁgeé(l’o(r))/)z (%) "

= Hye ? (_3_2‘)2 L e (24m)0 (_@)2“” TR (4.2.46)

(PO(r

au 2+n nz
+2H g—(2+n)6 <__) | 4g2t20 1T
n 85 (_@> 2
dz
Multiplying Eq. (4.2.46) by €29, and rearranging the terms, one obtains

, 2
e (e (50 ) o

/ 2
_ H,%—(—Hn+89§(p°(r)>,)z<%> (‘%)2

n/2

2+
+2H,e " (—%) ' 1 +¢g2t20 n*
n

8 24+2n 2
il (——”) 14e2t2e_ 1" | (4.2.47)
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Further, we use the inner layer asymptotic expansions from Eqs. (3.2.91) and (3.2.92)

in (4.2.47) by retaining only dominant terms (1°(r))’, (p°(r))" and & ‘95‘5 , one obtains:

% A 2 ik 2
82+29 (—Hn+895(p0(r)) ) n2 = 82k (Hr% _ <_Hn+89§(p0(l”)) > ) (_ 881,% )
oul kN 2+n o i 242
—nb+(2+n)k 2n0 4 (2 2m)k
+2H,€ ( e ) e ( - )

duk\" Quik\ "
1 g2+20-n04nk 2 [ £2+26-2n0+2nk 22 ( '
+nH, n”(-%g ) n 58

(4.2.48)
The above equation is valid only up to &(&?), so one can assume 0 < 6 < 1 and 1 <

k < 2. Now neglecting lower order terms in all bracketed terms of Eq. (4.2.48)), we get

[ duR\? dui\ >
82+29H3 2 _ 282k+eHn§ (pO(r)) (_ ) + 2Hn87n9+(2+n)k ( )

& d&
a lk 2-‘1—21’1 a l,k n
+82n9+(2+2n)k( a“é ) +an82+29—n9+nkn2 (_;_é)
Quik\ 2"
2420-2n0+2nk 22 [
o (%)
(4.2.49)

Further, one can omit contributions from the RHS, starting from the third term, since
these are of a lower order (*."2+20 <2+20+n(k—6) <2+260+2n(k—0) and
—nb + (2+n)k < (2+2n)k —2n0). The resulting expression for the velocity field in
the transition layer is:
, duik 2 duik 2+n
82+29H,% 2 _ 282k+9Hné: (pO(r)) _ + 2Hn£—n9+(2+n)k '
¢ k3
(4.2.50)
By balancing powers of € in Eq. (4.2.50), we get 6 = n2+”2 and k = 2n++22 respectively,
and (4.2.50) becomes

H,n? : Qul iz i E 2
217 = <5<p°(r)) +<— uag 2) ) (— uag ) 4.2.51)

which is of the form

2
xSty "2’7 —0, (4.2.52)
20
with
. 2n+2
a ’ n42
X = ”a—g, (4.2.53)

where H, = —zo(p°(r))". The algebraic equation (4.2.52) can be solved numerically to
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obtain X. From Eq. (4.2.52)), we have

Z . Hym?
= H—O (X2 - 2;4 ) (4.2.54)

and

20 et | 2HaM?
dé = — | 2nX — | dX. 4.2.55
& i, ( n + 3 ( )

Integrating Eq. (4.2.53)) by substituting (4.2.54)) and (4.2.55)), we get ui’zlfn:f, the expres-

sion for the velocity field in the transition layer, in terms of X as:

2
i, 22 20 2n _onin  HpM
e R N e e .t 4.2.56
we H, (2n—|—2 xz ) ten(r), (4.2.56)

where ¢;,(r) is an unknown constant of integration, and can be determined by using

the classical matching approach. In order to obtain the smooth composite solutions in
both the shear and plastic regions, we follow the earlier discussion for the Casson fluid
(section [3.2.2.3) by considering these two cases separately.

Shear region:

For & — oo, the bracketed combination in (4.2.51)) can be equated to zero, giving:

- 2n+2 n
dub n¥2 EH,
_ = ) 4.2.57
Integrating Eq. leads to
- 202 1/n
Lour2 — n I—ﬁ 1+1/n 4.2.58
b o () e, @258

where c,(r) is an unknown function of integration, which may be calculated by com-
paring with the outer solution. Following Putz et al. (2009), the composite solution can

be formed as follows:
uS(r,2) =u*0(r,z) + eu®' (r,2)

2n+2  : 2n+42 2n

_I_ usvo(r’ ZO) + 81/[9’1 (r’ ZO) + E nt+2 ul7m (}"’ Sim (Z — Zo(r))) (4.2.59)

mt2  f 2nt2

— us’o(r, 20) — eu’! (r,z0) — €2 ug " (r, 87'1% (z—2z0(r)))-

Plastic region:
On the other hand, for & — —oo, only the first term on the RHS need to be retained in
(4.2.51) and can be equated to LHS, we get
nZ oul 2”:22 2

20 u’n

— =] . 4.2.60

o ( - ) 4260
Integrating Eq. leads to

Mi’%’p:n\/z_a)\/__é—}_cp(r)a (4261)
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where ¢, (r) is an unknown function of integration, which can again be calculated by
comparing with the outer solution in the plastic region. Along lines similar to those
above, the composite solution in the plastic region may be constructed as follows:

uS(r,z) =ul(r,z) + eu? (r,2)

2n+2  : 2n42 2n

+uP0(r,20) + euP (r,20) + €742 ub w32 (r, e w2 (2 — 20(r))) (4.2.62)

i 2n+2
—uP(r,20) — 4P (1, 20) — €753 up " (87w (z— 20(r)),

r

Note that in all of the above Egs., ) = \/4 ((uz))z + (@)2 + (ub”—f)) The expressions
for the composite solutions in both the shear and plastic regions (Eqs. (4.2.59) and

(4.2.62)) smoothen the asymptotic velocity profiles (Eqs. (4.2.38)) and (4.2.39)) for the

Herschel-Bulkley case. Note that when n = 1, these composite solutions develop the

same results (Egs. (165) and (169)) of Muravleval (2017).
4.2.2.4 The pressure distribution

In this section, we obtain the pressure distribution for a Herschel-Bulkley fluid in

both the shear and plastic regions up to &'(¢€).

_Hy
20

From Eq. (4.2.42), along with the expression (p°(r))’ =
1/n 1/n
(1+2@(§ﬁ <nﬂ+nﬂﬂﬂm—4&UX1_mym<%> (y+m@)

, We can write

Jdp* —H, e
or 2 4(1—2z0) /(1 + n+2nzo +2n2z3)
(4.2.63)
Rewriting the expression (4.2.14) and differentiating, we get
1/n
Zdl—myMH(%> (1+n+nz)
r= 4.2.64
(T n)(1+2n) (4269
and 1
~2(1+n+2nz9+2n223) (1 — 20)7 (i> "
dr = ——dz. (4.2.65)

(n41)(1+2n)(zo)
Solving Eq. (4.2.63)) by substituting (4.2.64) and (4.2.65)), and applying boundary con-

dition .2.9), we get p*(r), the pressure distribution in the shear region up to &'(¢), in

terms of zg as: X 1
20y (1+2n20(r)) (1~ 20(r)) (L)

20(r)
(1+n)(142n)z0(r)
2nH,(1+2n20(1)) (1 —2p(1))n ! <Z0“)>;; (4.2.66)
(1+n)(142n)z0(1)

1/n

2o(t) 11 (1 m)Hyzo — 4 (r) (1 = 20)/7 (22) 7 (14 nzo)

+8/
20(r) 2(14n)z9

p'(r)=pn—

T

_|_

dZ().
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Similarly, using Eqgs. (4.2.32) and (4.2.34), along with the expression pP? = p
p°(r), we get pP(r,z), the pressure distribution in the plastic region up to &'(€)
2, (14 2z0(r) (1 — 20(r)) (L
(1+n)(142n)z0(r)
2t 1+ 20011 ~(0) ()" oo, Wy Jaa
(1) (14 2m)2(1) <nZo( > 0 ‘7’)

1/n
20(1) N(1+n)H,mzo —4g,(r)(1 —Zo)l/n <Z(’)’> (1+nzo)
+€/ dzp.
20(r) 2(14n)zo

1

)E

pP(rnz) =pn—

3=

_|_

(4.2.67)
In the shear region, the pressure contribution to the normal stress being dominant, on

account of the free surface boundary condition, one may choose pj, = 0. Therefore, the
pressure distribution in the shear region is given by

2nHy (14 2n20(r)) (1 = 20(r) 71 (L)
p’(r)=—

20(r)
(14n)(1+2n)z0(r)
2nH, (1+2nz0(1))(1 = z0(1))n*! (zéﬁ))ﬁ
T (14n)(1+2n)z0(1)

1/n
2o(t) 1 (1 m)Hy 2o — 4 (r) (1 = 20)/7 (22) 7 (14 nzo)
+£/

zo(r)

dzg.
2(14n)zo %0
(4.2.68)

Using the expression (#.2.68)), the leading order expression for the pressure in the shear
region may be written as:

Ly 22— et ()"
po(r) == (1+n)(1+2n)z(r) (42,69
2nH, (14 2nz0(1)) (1 — zo(1)) 5! (Zg{q))ﬁ
_|_
(1+n)(142n)z0(1)
4.2.2.5 Squeeze Force

In this section, we calculate the squeeze force of a Herschel-Bulkley fluid using
3
3.2.117), where force is now scaled with % Substituting Eqs. (4.2.63
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#.2.65) in (3.2.117)), with the boundary condition (4.2.9), one can write the squeeze

force in terms of a zg-integral as follows:

2

1/n

(1) [ 2n(1 —Zo)l/nJrl (%) (1+n+nzo)

F = —n/
20(0) (14n)(1+2n)

1/n 1/n

Ly 2 () (0 Az a0 ) () (1))
+€

20 4(1—20) /(1 +n+2nzo +2nz})

1

—2(1+n+2nz0+2n222) (1 —z0) (&> ’

<0

dzp.
(n+ 1)(1+2n) () ;
(4.2.70)
where zp(0) = 1. We use the following equation to calculate zo(1) in (4.2.70):
1 1
(1-z0(1)*?  (n+1) (Zo(l))" Lol
+ —(1—=2zp(1))»"" =0. 4.2.71

The squeeze force, up to O(€), is:

2

1/n
o) [ 20(1=20)' /4 (B) 7 (144 nzg)
F=-— :
”/1 (T+n)(1+2n)

1/n 1/n
Ly ) (;70) <n(1 ) Hymzo — 4g,(r)(1 —z0)'/" (%) (1 +nz())>
+ &
2 4(1—z0)'/"(1+n+2nzo +2n2z3)

1

—2(1+n+2nz0+21223) (1 — 20) (%) "
(n+1)(142n)(z0)

dzp.
(4.2.72)

Again, when n = 1, Eq. (4.2.72) produces the expression (79) of Muravleva (2017).
Therefore, by resolving the squeeze flow paradox, we have obtained the composite
smooth velocity profiles valid throughout the gap, the pressure distribution, and finally,

the squeeze force expression.

4.2.3 Results and Discussion

In section4.2.2] we have resolved the squeeze flow paradox for a Herschel-Bulkley
fluid and obtained analytical expressions for the velocity fields up to &'(g). The velocity

profiles, for various values of Herschel-Bulkley numbers (H,) for a fixed gap aspect
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ratio (¢ = 0.1) and the power-law index (n = 0.5) are depicted in Figure The solid
lines refer to the velocity profiles at leading order (Eqs. (4.2.12) and (4.2.13)) which

have been obtained by earlier researchers (Xu et al.,[2010; |Vishwanath and Kandasamy,
2010) and the dotted lines correspond to the asymptotic velocity profiles to &'(g) (Egs.
(4.2.38)) and (4.2.39))) similar to that of Casson fluid.

In section 4.2.2.3] we determined the smooth composite velocity profiles, valid

throughout the gap (section|4.2.2.3) in both the shear and plastic regions. The results ob-

tained by using both the asymptotic expansions up to &(€) (Egs. (4.2.38) and (4.2.39))
and the composite solutions (Eqs. (#.2.59) and (4.2.62))), are shown in Figure 4.12]

Here, the solid lines correspond to the asymptotic solutions and the dotted lines corre-
spond to the composite solutions. The composite velocity distribution at the edge of
the plate for different gap aspect ratios (€) and power-law indices (n), but for a fixed
value of Herschel-Bulkley number, H,, = 10, are shown in Figure Based on the
earlier discussion for a Casson fluid, from Figure d.13(a), we notice similar trends with
increasing €. It is seen that with an increase in n, velocity in the plastic region increases

whereas in the shear region decreases (Figure d.13(b)).

The contour of the pseudo-yield surface (Eq. (4.2.14)) for the different Herschel-
Bulkley numbers (H,,) and power-law indices (n) are shown in Figure From Figure
M.T4(a), we observe similar changes with an increase in H,. From Figure @.14(b), it is

observed that, for a particular H,,, the plastic region decreases with an increase in n.

The pressure distributions for various values of H,, for € = 0.1 and n = 0.8, are
shown in Figure 4.15] Here, the solid lines refer to profiles at leading order (Eq.
) and the dotted lines correspond to the pressure distributions up to &' (¢) (Eq.
(4.2.68)). The pressure increases with an increase in H,. Figure [4.16] illustrates the
pressure distribution for various values of the gap aspect ratio (€) and power-law index
(n), but for a fixed Herschel-Bulkley number (H,, = 10). From Figure 4.16(a), we ob-

serve that, for a particular n, the pressure decreases marginally with an increase in €. In
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Figure 4.16[b), the pressure increases with increasing n for a fixed €.

Figure shows the numerically obtained squeeze force, based on Eq. (4.2.72),
for different values of the gap aspect ratio (€), the power-law index (n) and the Herschel-
Bulkley number (H,). From Figured.17|(a), we observe that the squeeze force increases
substantially with an increase in H,. Based on the earlier discussion for a Casson fluid,
we observe analogous changes with increasing €. In Figure . 17|(b), the squeeze force is
seen to increase with increasing n. Figure4.17)(c) shows the comparison of numerically
obtained squeeze force for n = 1, based on Eq. (4.2.72)), against the results that were
given in Muravleva (2017). Note that, we scaled H,, by € and F by £2. The numerically
calculated squeeze force indicated with lines (dashed line for € = 0.05 and dotted line
for € = 0.1) and the results from Muravleva (2017) indicated with special marks (circles
for € = 0.05 and inverted triangles for € = 0.1). The results of our numerical calculation

essentially matches with the results of Muravleval (2017) for n = 1.

4.2.3.1 The leading order squeeze force as n — 0

Based on the earlier discussion for a Herschel-Bulkley fluid (section 4.1.3.1)), one
can study the behaviour of rate-independent squeeze flow that occurs in the limit H,, — 0
and n — 0. As is known, when a power-law fluid is squeezed between two circular disks,

the non-dimensional squeeze force can be expressed as (see appendix [A.2)
1+2n\" =«
F = . 4.2.73
( 2n ) n13) (273
When n = 1, the above relation gives the familiar squeeze force Fy = %’r, corresponding

to a dimensional squeeze force of a Newtonian fluid. For the opposite limit, that is for
n— 0, Eq. reduces to ¥, corresponding to a dimensional squeeze force of KR*.
In this sub-section, we obtain the leading order squeeze force for a Herschel-Bulkley
fluid in the same limit (n — 0), which allows for the effect of a yield stress on the
aforementioned result for a power-law fluid.

Consider the expression for the pseudo-yield surface from (#.2.14):
1 1
(1—z0)n**  (n+1) (m)”r Ly
The objective here is to solve this equation for limiting case of n — 0 to obtain the
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analytical approximation for zp. Rearranging the terms in (4.2.74)), one obtains
1
1 n 1 n (1 1 r
(Z—O — 1> (1—20) —n(1+2n)"'(1—20)°) = (; + 1) PWE. (4.2.75)
Now, expanding zo = zoo + 201 + 202 + -+ (200 = Zo1 = 202 - - + ), and additionally approx-

imating lirr(l)(l +n)" =~ 1+ n?, (4.2.75) takes the form:
n—

<L—1) I_L) <(1—Zoo—201—n(1—200)2)n:1+n2<£>n'

200 3, (ZL —1 n"H, \2
00
4.2.76)
Neglecting the O(n?) corrections in (4.2.76)), we have
1 ) 201 r”
200 2 (1 22n"H,
200 (Zoo 1) "
Solving (#.2.77) for the leading order correction zpg, one obtains
H,n"
200 = —7——- (4.2.78)
(5)"+ Hyn"

Taking log on both sides of (4.2.77) and simplifying, we have

1 "H
log (_ _ 1) B log(1—z0) = —log [ 2] @279)
200 22 (L — 1) (5)

<00

Solving (4.2.79), one obtains the first order correction as:
Hn" (5)" H,n"
201 = —n—-0n (2) 5 log (1+ ") (4.2.80)
((5)"+Han") (5)
Substituting (#.2.78)) and (4.2.80)) in z(, one obtains the analytical approximation for the

pseudo-yield surface up to first order, as
H,2"'n" H,2" 0" r" H,2"'n"
log| 1+ .

_ _ 4.2.81
O 2w (o Hy)? ( )

From Figure.T§] it is seen that the pseudo-yield surface calculated numerically, based

rn

on (#.2.74), matches well with the approximation (4.2.81)). Now, consider the leading
order squeeze force based on the approximation (4.2.81)) of the pseudo-yield surface.
From (3.2.117), the squeeze force is given as:

1 _apY
F=-n / P2 gy (4.2.82)
o OJr
0
where aair = *Z—I:)I" Substituting value of zg at r = 1 from (4.2.81)) in (4.2.82)), we have
nH, = (1+2"H,n")?

F(n,H,) = (4.2.83)

320 32" (14 2"Hyn" — nlog(1 + 2"Hun))'
The squeeze force calculated using the analytical approximation (Eq. (#.2.83)) and

the numerically determined solution (Eq. (4.2.72)) to &'(1)), for the limit n — 0, are
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shown in Figure d.19 There is a good match between the numerical solution, and the
small-n analytical approximation, regardless of the Herschel-Bulkley number. From
Figure 4.20}, we notice that as H, — 0, the numerically calculated squeeze force for a
Herschel-Bulkley fluid converges to the power-law results for n < 1, and the Newtonian
result when n = 1. Similarly, for the yield stress remaining finite, but with n — 1, the
squeeze force approaches the known result for a Bingham fluid given by Muravleva

(2017):

1
B} (233 9 8 2
Foznz_; ?0—4z(3)+3z(2)+18z()—1210gz()+—2——3—|——4) : (4.2.84)
0 % %0/,

where B, = (H,),—1 is the non-dimensional yield stress for a Bingham fluid, and zo(r)

is given by the expression (36) in Muravleva (2017)):

1 1
20(r) =24/1+ L gin| Zaresin | ——— . (4.2.85)
B, 3 3
(1+%)

Here in Table [4.2] we have calculated the squeeze force corresponding to both planar
and axisymmetric geometries, for different fluids which exhibit the Herschel-Bulkley
fluid behaviour for different physical parameters.

In chapter [5] we investigate the combined effects of fluid inertia and yield stress on

the squeeze flow of a Bingham material in both planar and axisymmetric geometries.

Table 4.2 The values of H,, and the corresponding squeeze force F calculated for differ-
ent fluids in a channel of half channel width 5 x 10~3m, and velocity scale 0.0lms~!.

Name H, = ng:gln F
Planar Axisymmetry
e=0 €=0.05 e=0.1 e=0 €=0.05 e=0.1
Blood 0.00403 1.706081 | 1.706077 | 1.706072 | 1.256404 | 1.256402 | 1.256401
Starch 0.8113 2.336009 | 2.320529 | 2.305048 | 2.256682 | 2.251268 | 2.245854
Yoghurt 2.185 4.371221 | 4.287318 | 4.203415 | 4.081631 | 4.052796 | 4.023960
Tomato puree 2.66 4.347164 | 4.303959 | 4.260754 | 4.362417 | 4.347479 | 4.332542

Chocolate 40.406 44.837907 | 44.480691 | 44.123476 | 46.152497 | 46.031867 | 45.911236

128



1 pr———r T T T '
0.8 |
0.6 ]
e
0.4} |
0.2 Velocity upto O(1) -
---- Velocity upto O(¢) :
. : . . . . :
0 0.1 0.2 0.3 04 0.5 0.6
(@) "
1 ———erre] — T T
0.8F $ 1
0.6} 1
) ‘"
0.4} LT
0.2r Velocity upto O(1) - ]
""" Velocity upto O(c) :
0 - - , . \ :
0 0.1 0.2 0.3 04 0.5 0.6
(b) "
1 ] — T '
TNann. ..:.\
0.8} 1
0.6 1. |
) ‘"
04} 1]
0.2 YV elocity upto O(1) ]
---- Velocity upto O(c)
0 - - , . L H
0 0.1 0.2 0.3 0.4 0.5 0.6
© "

Figure 4.11 The velocity profile u(1,z) (4.2.12), (4.2.13)), (4.2.38), (4.2.39), obtained
from resolving the squeeze flow paradox, for the Herschel-Bulkley fluid ( € = 0.1,
n=0.5)(a) H, =5, (b) H, =10 and (¢c) H, = 15.
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Figure 4.12 The velocity profile u(1,z), obtained from the composite solutions (4.2.59),
(#.2.62), for the Herschel-Bulkley fluid (¢ = 0.1) compared to the asymptotic solutions
@2.38), @239 at O(e). (2) H, = 5 and n = 0.8, (b) H, = 10 and n = 1.2.
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Figure 4.13 Effect of (a) the gap aspect ratio € for n = 0.5 and (b) the power-law index
n for € = 0.1 on the velocity profile u(1,y) (4.2.59), (4.2.62) for H, = 10.
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Figure 4.14 Effect of (a) the Herschel-Bulkley number H,, for n = 0.5 (b) the power-law

index n for H, = 10 on the pseudo-yield surface zo(r) (4.2.14)) for the Herschel-Bulkley
fluid.
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Figure 4.16 Effect of (a) the gap aspect ratio € for n = 0.5 (b) the power-law index n for
€ = 0.1 on the pressure distribution p(r) (4.2.68) for H, = 10.
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Figure 4.17 The variation of the squeeze force F(n,H,) (4.2.72) versus the Herschel-
Bulkley number H,,. (a) The effect of gap aspect ratio € for n = 1.2. (b) The effect of
power-law index n for € = 0.1. (c) Comparison of a Herschel Bulkley fluid (n = 1) with

a Bingham fluid (Eq. (79) in Muravleva (2017)).
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Figure 4.18 The pseudo-yield surface approximation zo(r) (4.2.14)), (4.2.81) as n — 0
for (a) H, =0.5(b) H, =1 and (c) H, = 1.5.
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CHAPTER 5

INERTIA EFFECTS IN THE SQUEEZE
FLOW OF A BINGHAM FLUID

In most of the squeeze flow geometries, the effect of fluid inertia plays a vital role
with an increase in both squeeze velocity and the gap between the surfaces. In this
chapter, we extend the work of Muravleva (2015, 2017) to investigate the effects of
fluid inertia on the squeeze flow between parallel plates/disks that are approaching each
other with a constant squeeze motion in both 2D planar and axisymmetric geometries.
Unlike Muravleva (2015, 2017), we use the modified pressure gradients to incorporate
the effects of fluid inertia. We resolve the paradox by developing asymptotic solutions
for the squeeze flow of a Bingham fluid (Table [5.1)). The combined effects of the fluid
inertia and yield stress on the pressure distribution and the squeeze force are investi-

gated.

Table 5.1 Examples of Bingham fluid (Bird et al.,|1983; Chhabra and Richardson,|[2011)

Name Viscosity (Pa.s) | Yield stress (Pa)
Meat extract 9.29 17.8
Coal slurry 14 x 1073 0.5
Drilled muds 0.212 17
China clay 150 x 1073 15
Carbopol solution 50x 10— 8
Coal-in-oil slurry | 200 x 1073 80

5.1 PLANAR GEOMETRY

In this section, we examine the effects of fluid inertia for the squeeze flow of a

Bingham fluid in a 2D planar geometry.
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5.1.1 Mathematical formulation

The main objective of the present study is to investigate the effects of fluid inertia
for a steady squeeze flow of an incompressible Bingham fluid in a planar geometry, and
hence obtain consistent solutions. The schematic diagram of the configuration consid-
ered is shown in Figure We consider the squeeze flow of a Bingham fluid between
two rectangular plates of length 2L* separated by a distance 2H*, where the plates ap-

proach each other with a constant speed vj.

The constitutive equation for a Bingham fluid is given by:

; T/ (,u* + %5) for Tx> 1} G.10)
e = 1.
0 for 7x < 15

where 7 is the yield stress and p* is viscosity of the fluid. Again, the second invariants

of 7 and ;' are denoted by 7* and 7*, and defined as in |D The components of strain
rate tensor 7;; are given by Eq. |D

The flow is governed by the following dimensionless system of equations:

o  dwv)\  9dp  ,0Tx 0Ty
Re <W+ Jy ) ——54—8 W_F oy’ (5.1.2)
d(uv) N? ap dTyy JT
2 __ 9P 2 y »y
€°Re ( o + Ty ) Iy +& e + oy ) (5.1.3)
du Jdv
a+a—y_o. (5.1.4)

To non-dimensionalize the problem, we followed the same scaling as given in sec-

tion [3.1] except for the inclusion of Reynolds number, Re, which is defined as Re =

*

*
Py

number depends on squeeze velocity as well as the separation between the surfaces.

H* / w*. The effects of fluid inertia is important for conditions where the Reynolds

Here, the inertia terms will be of the same order of magnitude as the viscous forces, in

other words, Re ~ O'(1).

The constitutive relation for a Bingham fluid in dimensionless terms is given by
(Bird et al., [1983):

‘ ’L',‘j/ (1 + &) for 7> B,,
T = 7 (5.1.5)
0 for ©<B,.

where the dimensionless measure of the yield stress is the Bingham number B,,, defined
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by

_ T(HY)?
- u*v;k L*
As the flow is symmetrical about x = 0 and y = 0, the domain x > 0 and y > 0 is consider

n (5.1.6)
in the present study. The governing equations are solved using the following boundary

conditions:

at y=1= u=0, v=-—I, (5.1.7)
at y=—1 = u=0, v=+I, (5.1.8)
and, in the planes of symmetry:
along y=0 = 17,=0, v=0, (5.1.9)
along x=0 = u=0, 71,=0, (5.1.10)
and, on the free surface x = 1:
Cu=-—p+eT,=0, Ty=0. (5.1.11)

In section (5.1.2), the governing equations (Eqgs. (5.1.2)-(5.1.4)) are solved using
the boundary conditions given in Eqgs. (5.1.7)-(5.1.11).

5.1.2 Solution to the problem : Asymptotic expansions

In this section, we analyze the squeeze flow problem for a Bingham fluid with a
similar approach to that of Muravleva (2015)). Using the asymptotic expansions given

in (3.1.20)-(3.1.23), one can solve the Eqs. (5.1.2)-(5.1.4) along with the conditions
(5.1.7)-(5.1.11). We obtain the expressions for velocity in both shear and plastic regions

considering €'(1) and (&) terms separately.

Substituting the expansions in Eqs. (3.1.20)-(3.1.23) in Eqs. (5.1.2)-(5.1.4) and

comparing the leading order terms (i.e., (1) terms), we obtained the following /(1)

equations:
Re (a(g?z n 8(20;0)) - —%—i) + a;y)(‘)y, (5.1.12)
0= —aa—’;o, (5.1.13)
%—bj+%—vy():o. (5.1.14)

Assuming the effect of fluid inertia to be a constant over the film thickness, averaging

the inertia terms (Hashimoto and Wada, 1986} Batra and Kandasamy, [1989; Usha and
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Vimalal, 2000a, 2002, |2000b, 2003; Lin and Hung, 2007; Lin, |2008; Vishwanath and
Kandasamy|, 2010; [Lin et al., 2012; [Lin| 2013)) in Eq. (5.1.12)), one obtains:

a1
0/ _ 2Ty
0 =75 (5.1.15)
where
0 919 J ! 02
1) = 5+ Res /O(u)dy . (5.1.16)

Here the superscripts ‘0’ represent variables at &'(1). Also, the shear stress ’cfc)y has a

negative sign in x > 0 and y > 0 and when the material is squeezed, velocity in this re-

gion becomes positive (i.e u > 0) 1mply1ng < 0. Solving Egs. (5.1.13)) and (5.1.15)),
with the boundary conditions Egs. and (5.1.9), one can obtain both shear stress

and velocities in the shear and plastic regions at &'(1) as follows:

0 =180 =yf0(x), (5.1.17)

and
O (x,y) = 20 “((1=y0)* = (y—y0)%), (5.1.18)
wPO(x,y) = %"Ou )%, (5.1.19)

where B, = —yo(x)f°(x). The pseudo-yield surface, yo(x), can be obtained by using
the integral form of Eq. (5.1.14)), as:

2
y8—3yo(1+B—x)+2=0. (5.1.20)
n

Further, one can write the equations at &(€) by comparing the powers of € in Egs.

(5.1.2)-(5.1.4)) as follows:

a 1
flx) = ai;y, (5.1.21)

1
0= —8817 (5.1.22)

y

1 1
%”; % —0, (5.1.23)
where
1

flx) = aai+2Reaax (/0 uouldy) : (5.1.24)

Solving Egs. (5.1.21) and (5.1.22) with ‘L'xy = a” (from Eq. (5.1.5)), and along with

boundary conditions (5.1.7) and (5.1.9), we get the shear stress and velocity in the shear

region at J(€) as
! (x,y) =yf' (x) +g(x), (5.1.25)
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-1,
w(x,y) == () + g (- 1), (5.126)

where g(x) is an unknown function of integration. From Eq. (5.1.19), one can ob-

serve that u” is independent of y. Based on the earlier discussion for a Casson fluid
(section [3.1.2.2), the paradox can be resolved by considering the higher order terms
of an asymptotic expansion in the pseudo-plastic region (Balmforth and Craster, |1999;
Frigaard and Ryan, 2004} Putz et al., [2009). To find the appropriate solution in this
region, which incorporates changes in the horizontal velocity component, we modify
the velocity u(x,y) as follows:

u(x,y) = u(x)  +eu (x,y)+uP(x,y)+ - (5.1.27)

Modified term
Using (3.1.21)-(3.1.23) along with (5.1.27), one can find modified &'(¢) equations in

the plastic region as follows:

J b o ~9p' | 9n,  adty!
2Rea (/0 uu dy) = + Iy + EIE (5.1.28)
_d —1
0——a—y(p +T5 ), (5.1.29)
oul !
E—Fa—y—O. (5.1.30)

Following the analysis of Balmforth and Craster|(1999); Muravleva (2015)), one obtains:

-1 _ y2
Tex _BM/l—y—z. (5.1.31)
0

Again, the superscripts ‘—1’ and ‘1’ represent the terms of order 1 /€ and &, respectively.

Solving (5.1.28) and (5.1.29)) along with (5.1.31)), we get the shear stress and velocity

in the plastic region at &'(¢€) as:

3 .
’L'xpy’l(X,y) = yfl(x)+ =) (y%(x) sin~! <y0)()x)) —y\/¥3(x) —yz) , (5.1.32)

uPt(x,y) = 2(u(x))'\ /35 —¥? +u’ (x), (5.1.33)

where u*(x) is an unknown integral function. One can determine the unknown integral

functions by using the classical matching approach.

37[)72 * _(yz_l)
W—Ol)’ u(x) = 02 fH)+

3 ﬂ:y(z)
2(y5+yo+1)

g(x) = (5.1.34)

and
-9 W(o+1)
2 (-3 +y+1)

flx) = (5.1.35)
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Thus, the velocity in the shear and plastic regions up to &'(¢€) are as follows:

' (x,y) = w0 (x,y) + eu®! (x,)

B,
=5, (@ —30)* = (y=0)?) (5.1.36)

(¥ —1) (-9 yi(o+1) wr
+8( 2 ( 2 (yS—l)(y%+yo+1))+2(y8—1)(y 1)>’
u (x,y) = u”®(x,y) + eul' (x,y)

_Bu 0 3ot+1) /55
=3 yo>)+8<(y%+yo+1) o (>.1.37)

L0651 (—% Y5(vo + 1) > 31y )
2 2 (- D0Og+yo+1)/)  205+y0+1)
Therefore, the asymptotic expressions (5.1.36) and (5.1.37) are velocities and (5.1.17),
(5.1.25) and (5.1.32) are shear stresses up to &'(g). Although, the expressions for
-9t yyo+1)
2 (-5 +r+1)
op° ap!

same as the pressure gradients r and o in Muravleva (2015), the modified pres-
X x
op’ d

I
sure gradients at ¢(1) and &(¢g) are fO(x) = o —i—Rea (/ (uo)zdy> and f!'(x) =
0

—B
modified pressure gradients f*(x) = —= and f'(x) = are
Yo

ap! d 1
al + 2Rea— ( / uouldy) respectively, incorporate the effects of fluid inertia. Hence,
X x \Jo

we use the expressions f°(x) and f!(x) to determine the squeeze flow characteristics,
such as pressure distribution (section[5.1.2.T)) and squeeze force (section[5.1.2.2).

5.1.2.1 Pressure distribution

The pressure gradient, %, in shear region up to 0'(¢€) is given by
op° 0 5,0 0 s, 1
p_op o
. | dx dx dx
where ag_; and % are the pressure gradients in the shear region at /(1) and 0'(¢),

(5.1.38)

respectively. From the modified pressure gradient Eq. (5.1.16)), along with the leading
order velocities (Eqgs.(5.1.18) and (5.1.19)) and fo(x) = —B,/yo, we have ag—;o as:

op®  —B, Bu(1—y0)?(164+23yo +21y2
dx Y0 20y0(1 +y0 +¥5)
Again, from Eq. (5.1.24) along with velocities at both orders ((5.1.18), (5.1.19), (5.1.26)
and (5.1.33))) and (5.1.35)), one obtains ag—il as:
Ip*' _ —9m  yibo+1) _Re37ry(2)(y0—1)(7—15y0—91y(2)—40y(3)+4y8)
dx 2 (-10i+y+1) 40(1+yo+3)*

(5.1.40)
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Integrating (5.1.38]), by substituting Egs. (5.1.39) and (5.1.40), along with

B.(y3 —3y0+2 Bu(1 -5
_Babo=3w+2) o Bllmx) (5.1.41)
2
6yo 3y0

gives the pressure distribution in the shear region up to &(€), with an integral constant

C, as:

2

P(x) = 602(10+20y0+Re<8 25y0 + 10y — 20y3+7y3>)
5.1.42
10 (20\/_t (\/g +301log(1 +yo+y5) ( )

9(2+7 81(1+
+Re(y%—20y0+18+ ( y°2>2— ( yol)).
(I+y0+y5)"  (L+yo+¥p)
Solving Eq. (5.1.29)) along with (5.1.31)), we get the pressure distribution in the plastic

region up to 0(¢€) as

B? P
Plxy)=C— (10+20y3+Re (8—25y0+ 1oy3—20y3+7y3)) — B, [1-20
Yo y
EB, _ 1+2yg
20 (20\/§tan 1( 3 >+30log(1+yo+y%)
9(2+7 81(1+
+Re(y5—20y0+18+ ( yoz)z— ( yoi >)
(L+yo+y5)*  (L+yo+p)
(5.1.43)

According to (5.1.11)), x = 1 is stress free boundary, so one can choose p*|,—; =0
(Muravleva, [2015). The constant C can be calculated using p* = 0 at x = 1. Therefore,

we have

C_

2
60)’0( )
4 EBum (20\/_t n! <Ly°(1)> +30log(1+yo(1) +y5(1))

40 /3
92+7y0(1)  81(1+y(1
*Re< 61 = 2000() + 18+ = 2R~ (Lol +y0 ))

(10-+2053(1) + Re (8 = 25y0(1) + 1033(1) ~ 20§(1) + 755(1)) )

1.44)

Thus, the pressure distribution in the shear region is given by

2
) = (10-+2053(1) + Re (8 = 25y0(1) + 1033(1) ~ 209§(1) +735(1)) )

B;
60y2(1)

+8ig” (20\/_t -1 (ng(l)> +30log(1 +yo(1) +3(1))

) 92+Ty0(1)  81(1+y0(1))
+R< o) =200 (D) + 18+ iy e e (1+YO(1)+Y(2)(1))>)
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BZ
n (10+ 20y3 + Re (8 — 25y0 + 10y3 — 20y +7y3)>

; 60y(2)
BT 142y
- 48 (20\/§tan 1( 7 )+3010g(1+yo +3) (5.1.45)

9(2+7 81(1+
+Re<y3—20yo+18+ ( yoz)z_ ( yo)2 ))
(I+yo+y5)*  (1+y0+¥p)
Further, the pressure distribution in the shear region at leading order is given by:
BZ
P0(x) = — 60;(2) ( 10+ 203 + Re (8 — 25y0 + 1053 — 204 + 7y3))

B, 3 3 4 5
+ 50,3 (10+20y3(1) +Re (8= 2530(1) + 1053 (1) — 20 (1) +7y0((51)1)26.)

The expression for pressure (5.1.45]) matches with the expression (92) of Muravleva
(2015)) when the Reynolds number approaches zero. Finally, using the expression for

pressure distribution one can compute the squeeze force as described below.

5.1.2.2 Squeeze Force

In this section, we calculate the squeeze force of a Bingham fluid using (3.1.124)).
Substituting Eqs. (5.1.38)-(5.1.41) in (3.1.124), with the boundary condition (5.1.TT]),

one obtains the squeeze force in terms of yy:

B 2 3 (1)
== 52 (—toB(30(1) = 3y + g + o)~
“logho(1) 8 915 17w 8B
+R€( 5 _15y8(1)+20y(2)(1)_4y0(1)+ 4 2%

S35(1) , 30(D)  205(1) (7 23Re
60 ' 2 100 2750

Bime [ 9y3(1 27 447y,(1
= Bame (OO g100(30(1)) + 2 tog(oR(1) + yo(1) + 1) + Re  — 200
9 4 2 40
9g(1) | yo(1)  3yg(1) (729 +1296y0(1) +2025y5(1) + 1539y5(1))

20 2 40 40 (yg(1) +2y3(1) +3y3(1) +2y0(1) + 1)
21log(yo(1))  189V3 _; (1+2y(1)Y 81
— — =)+ 1 1)+1
50 e tan Ve + 50 10g00(1) +y0(1) +1)
—9  271og(3) —1033  63v37  8llog(3)
<T+T+Re( y TR T T : (5.1.47)
where yp(0) = 1 and yo(1) can be calculated using the following equation:
2
Yo =30 (1+B—) +2=0. (5.1.48)
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The squeeze force at (1) is given by:

B, 2 3 (1)
0_ _ Pn{ __ _ Y%
0=~ (—togn(1) = s s+ a1~ 2
—log(yo(1)) 8 49 15 17y(1)
+Re( 5 15y8(1)+20y%(]) 4y0(1)+ 4 (5.1.49)
81o(1) , 531, (1) 215(1) (Z @)
20 60 > 100 ) \27 50 ) )

5.1.3 Results and Discussion

As discussed in section [5.1.2] the ‘pseudo-yield” surface is an interface that sepa-
rates the shear and the plastic regions. The ‘pseudo-yield’ surface can be computed by
solving Eq. (5.1.20). It is to be noted here that Eq. (5.1.20) corresponds to the leading
order, and it is independent of the aspect ratio (€). Also, the expressions for velocity
(Egs. and (5.1.37)) have been calculated based on the analysis of Muravleva
(2015).

To analyze the squeeze force, we need to examine the pressure distribution along
the principal flow direction. Figure [5.1] depicts the pressure distribution (Eq. (5.1.45))
for various values of Bingham number (Bn) at a particular Reynolds number Re = 5.
From this figure, we observe that pressure increase is considerable with an increase
in yield stress. Further, the resolution of the paradox is evident due to a noticeable
amount of change in the maximum pressure. Figure [5.2]shows the effect of inertia on
pressure distribution at € = 0.05 and Bingham number B,, = 10. We notice that, with an
increase in fluid inertia, pressure increases significantly. The pressure distribution along
the principal flow direction for different values of aspect ratio (€) and at a particular
Bingham number B, = 10 and Reynolds number Re are shown in Figure [5.3] Again,
pressure decreases along the length up to the outer edge. It can be observed that pressure
decreases with an increase in aspect ratio.

The squeeze force (Eq. (5.1.47)) for different values of aspect ratio (€), Reynolds
number (Re) and Bingham number (B,,) are calculated, and results are shown in Figure
[5.4] It must be noted that, in Figure [5.4[a) we scaled Bingham number B, by € and

squeeze force F by £2. We notice a considerable increase in the squeeze force with an
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Figure 5.1 Effect of the Bingham number B,, for Re = 5 and € = 0.1 on the pressure

distribution p(x) (5.1.45).
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Figure 5.2 The effect of inertia on pressure distribution p(x), (5.1.45), for different

values of Re (¢ = 0.05 and B,, = 10).

increase in Bingham number. Also, there is marginal decrease in the squeeze force with

increasing aspect ratio. The squeeze force increases significantly with an increase in

Reynolds number and the effect of fluid inertia is negligible with increasing yield stress
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Figure 5.3 Effect of the aspect ratio € for Re = 0, 10 on the pressure distribution p(x)

(5-T43), at B, = 10.

of the fluid. From Figure[5.4(b), we observe that the rate of increase in the squeeze force
decreases with an increase in Reynolds number. Here in Figure b), Fy=2(1+%¢)
is the dimensionless squeeze force of a Newtonian fluid (see appendix [A.T)). Further,
when the Reynolds number (Re) is zero, these asymptotic solutions coincide with the

results of Muravleval (2015)).
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Figure 5.4 The variations of the Squeeze force F(B,) (Eq. (5.1.47)) versus the Bingham
number B,, for different €.
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5.2 AXISYMMETRIC GEOMETRY

In this section, we investigate the effects of fluid inertia for the squeeze flow of a

Bingham fluid in an axisymmetric geometry.

5.2.1 Mathematical Formulation

In the case of axisymmetric geometry (see Figure[3.10), we consider a steady squeeze
flow of an incompressible Bingham fluid between two circular disks of radius R* sepa-
rated by a distance 2H*, where the disks approach each other with a constant velocity
w;. The constitutive equation for a Bingham fluid is given by Eq. (5.1.1). The sec-
ond invariants of T and '?yare denoted by 7* and y*, and defined as in (3.2.4). The
components of strain rate tensor }{; are given by Eq. .

In order to non-dimensionalize the governing equations, we have used the same scal-
ing as given in section [3.2| except Reynolds number, Re, defined as Re = p*wiH*/u*.

Thus, the dimensionless governing equations are given by

2 2 _
Re(au +8(uw)+u_> _ 9 0% 0T, o (g) (5.2.1)

or 2z r or or dz

d(uw) Iw?  uw dp T, T, 0T, JdTge

2 A i R 2 4 trz YT Y00

€ Re( ar T dz r > 0z e\ dz oz )’ (52.2)
du u Jdw
E_|_;_|_a_zz(). (5.2.3)

The constitutive Eq. (5.1.5) is used to model the Bingham fluid, where the dimension-
less measure of the yield stress is the Bingham number B,,, defined by
_ ,.L.8< ( H*)Z

[J*Wj R* '
Due to the symmetric condition, we consider only the region z > 0 and r > 0 in the

By,

(5.2.4)

present study. The following boundary conditions are used to solve the governing equa-
tions:
at z=1 = u=0, w=-1, (5.2.5)

at z=—1 = u=0, w=+I, (5.2.6)
and, in the planes of symmetry:

along z=0= 7,=0, w=0, (5.2.7)

along r=0 = u=0, 7,=0, (5.2.8)
and, on the free surface r = 1:

Oy =—p+ £2r,r =0, 71,=0. (5.2.9)
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In section (5.2.2)), the governing equations (Egs. (5.2.1)-(5.2.3)) are solved using the
boundary conditions given in Egs. (5.2.5)-(5.2.9).

5.2.2 Solution to the problem : Asymptotic expansions

In this section, we analyze the squeeze-film problem for a Bingham fluid with a
similar approach to that of Muravleva (2017). Using the asymptotic expansions given

in (3.2.18)-(3.2.21), one can solve the Eqs. (5.2.1)-(5.2.3) along with the conditions
(5.2.5)-(5.2.9). We obtain the expressions for velocity in both shear and plastic regions

by considering (1) and €(¢€) terms separately.
Substituting the expansions (3.2.18)-(3.2.21) in Eqgs. (5.2.1)-(5.2.3) and comparing

the leading order terms (i.e., &'(1) terms), we obtained the following &'(1) equations:

du)? ') (@°)*\  a9p® It
e (%5 M ) = e G210
_ I
0=-5". (5.2.11)
ou’  u® owd
2o (5.2.12)

Following the lines of planar (section [5.1)) case, averaging the inertia terms in Eq.

(5.2.10), one obtains:

a1l

) = =5, (5.2.13)
0z
where .
07\ ap J ! 052 1! 042

The superscripts ‘0’, as mentioned earlier, represent variables at ¢(1). Based on the
earlier discussion (planar case), one can obtain both shear stress and velocities in the

shear and plastic regions at &/(1) as follows:

0 =20 = 7219, (5.2.15)
and
B
u(rz) = == ((1 —z0)? — (z—zo)z), (5.2.16)
220
B
uPO(r,z) = =2 (1—2z0)2, (5.2.17)
220

where B, = —zo(r) f(r). The pseudo-yield surface, z(r), can be obtained by using the

integral form of Eq. (5.2.12), as:

2(3)—3zo(1+BL>+2:0. (5.2.18)
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Further, one can write the equations at &(€) by comparing the powers of € in Egs.

(5.2.1)-(5.2.3)) as follows:
0 1
1) = %, (5.2.19)
z
0 1
0=-5", (5.2.20)
z
oul  u ow!
8_L;+u7+8_w; —0, (5.2.21)
where
dp! J ! 1!
i) = a_Pr +2Re (5 /O uouldz—l—; /0 uouldz) : (5.2.22)
Solving Egs. (5.2.19) and (5.2.20) along with (5.2.22) and rfgl = aa—“;, we get the shear
stress and velocity in the shear region at &'(¢) as:
' (r2) =y (r) +g(r), (5.2.23)
2
—1
W (r,2) = S f(r) + 8(r) (2= 1), (5.2.24)

where g(r) is an unknown function of integration. Following the earlier analysis as in
the case of planar geometry (section[5.1)), to find the appropriate solution in the plastic
region, we modify the velocity u(r,z) as follows:

u(rn) = u’(r) +eu'(nz)+ el (ra)+---. (5.2.25)
—~—

Modified term
Using the expansions (3.2.19)-(3.2.21)) along with (5.2.25), one can find modified & (¢€)

equations in the plastic region as follows:
—1_ .1

1 1 /! L -1 7 T
2Re i/ uouldz+_/ uOule _ _8]9 n Trz + 8’L'rr 4o 06 (5.2.26)
ar Jo rJo ar dz ar r

d
0=—=(p'+1,' +155)(52.27)

dz
ou' u'  ow!
— +—4+—=—=0(5.2.28
or + r + 0z ( )
As per the analysis given in |Balmforth and Craster| (1999); Muravleva (2017)), one ob-
tains:
_ 2B (uo(r))/ 1 2B uO(r)
s 1_ n . 5 _ n
Tﬁ, = T Z% —Zz, Tge = W Z% _Zz, (5229)
where

=4 <<<u0>’>2+ () (<°>—°)) (5:230)

Again, the superscripts ‘—1° and ‘1’ represent the terms of order 1 /€ and &€, respectively.

Solving (5.2.26) and (5.2.27)) along with (5.2.29), we get the shear stress and velocity
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in the plastic region at 0'(¢€) as
! 0

0 u
szyl(r,z) :fl(r)Z—ZBn (M) ZE)ZoSin_l <£)

nzo 20
o (v 5=+ ggsin”! (Z» 0 (200 + 57 | ()
n\FVE T T 20 ar Nzo nzor '
(5.2.31)
P (r,z) = /2 — 2+ (r), (5.2.32)

where u*(r) is an unknown integral function. One obtains (Muravleva, 2017):

2 _
u'(r) = Mfl (r)+g(r)(zo —1)(5.2.33)

2
_ 7By (9 (2 0,y u0(r) 20 (0, u(r)
g(r) = > (5 <H (2(1/! (r)) —l-T)) + E <(u (r)) — T)) (5.2.34)
and ,
10 _ 3%p(mn +2¢(r)) —6g(r)
fir)= -2 : (5.2.35)
Therefore, the velocity in the shear and plastic regions up to &(¢€) as follows:
w(r.2) = w0(r2) + e (12)
B, 2_1 (5.2.36)
— o (=P - G-aP) e (E1 0+ a0 ),

u? (r,z2) = ul(r,2) + eu! (r,2)

e 2
_ Qio ((l—ZO> )+8<n Z(z)_zz—i_yfl(r)‘f’g(r)(a)—l))7

(5.2.37)

The expressions (5.2.36) and (5.2.37) along with (5.2.30)), (5.2.34) and (5.2.35)) are

velocities and (5.2.13)), (5.2. 23]) and (5.2.31] m are shear stresses up to O(¢g). Here, the
3z5(mn+2g(r )) 6(r)
4(1-z3)

0 1
are same as the pressure gradients ‘% and ‘% in Muravleva (2017). Unlike Mu-

_
~ or

i _ap! 9 (1o 1
Re(ar/ dz—i— / dz)andf()—W+2Re(E/ouudz+ Jo uudz)

respectively, incorporate the effects of fluid inertia. Hence, we use the modified pres-

expressions for modified pressure gradients f9(r) = T" and f1(r) =

ravleval (2017), the modified pressure gradients at ¢(1) and &(g) are f°(r) +

sure gradients f(r) and f!(r) to determine the pressure distribution and squeeze force

in sections (5.2.2.1)) and (5.2.2.2), respectively.
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5.2.2.1 Pressure distribution

The pressure gradient, %, in shear region up to &'(¢) is given by
aps aps,O aps,l
= 5.2.38
ar ar TE ar ’ ( )
ap*?

where 45— and 22 are the pressure gradients in the shear region at ¢/(1 (1) and O(¢),

respectively. From (5.2.14), we have ag—;o as follows:

op’®  —B Bu(1 —20)?(48 + 9279 + 9523 + 352
P B g Bull ~20) (484923 1955 135 (5.2.39)
ar 20 40z0(2 4 z0) (1 + 20 +2)

Again, from Eq. (5.2.22) along with velocities at both orders ((5.2.16)), (5.2.17), (5.2.24),
5.2.32)), (5.2.34)) and (5.2.35))), one obtains ag—:l as:
Ip*' _ 3ggmn —6g(r)(1—z)

or 4(1— zg)
( J 1) Bu(z0 — 1)° (=3n7z5(4+ 20) +28(r)(1 — 20)*(2 + 720))

—2Re + 5

or 480z (1 4 zo + z5)
(5.2.40)

Integrating (5.2.38)), by substituting Eqgs. (5.2.39) and (5.2.40)), along with

By (2 — 320 +2 2B,(1 -3}

r= n(2—30+2) = dr= ——n( 5 ZO)CI/'ZO, (5.2.41)
320 3z

gives the pressure distribution in the shear region up to &'(€), with an integral constant

C,, as follows:
w(1) 9p0  9ps1\ 2B, (1 — 23
( Py %P ) (1=2) ;. (5.2.42)

‘(r)=Cr+ €
P =6 20(r) ar ar 323
Solving Eq. (5.2.27) along with (5.2.29), we get the pressure distribution in the plastic
region up to O(¢€) as

s,O aps,l (
H(n2) =6 +/o < or " ar > 325
r

dzo
—e (@ ((uo(r))’ + ”Of

2 2
n — < .
Nzo ) 0 >

Based on the planar case, in the shear region one may choose C, =0 at r = 1. Therefore,

%)

) (5.2.43)

we have
) / () 2B,(1 — 0)( B _p By (1 —20)%(48 + 9229 + 9523 +35z))
r) = —Re
p 20(r) 3z0 20 40z0(2 4 z0) (1 +z0 +z%)
. (3z3ﬂ:n —6g(r)(1—23) _oRe ( ) 1)
4(1-23) ar
By(z0—1)° (—=3nmz5(4 +20) +28(r)(1 —20)*(2+720)) dz
480z0(1 +20 +23) o
(5.2.44)
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At leading order, the pressure distribution in the shear region is given by
s,O(r) _ ZB%(I%—ZZS)
u B 623

ReB2 /12 138 352 1o 243 (1)
gon (_2 — _+7220—4OZ(2)+ 3 0 gEZO) ) log(2+zo))> .
ZO ZO Zo(r)
(5.2.45)

Here, Eq. (5.2.44) matches with the expression (72) of Muravleval (2017) when the
Reynolds number approaches zero. Finally, using the expressions for pressure distribu-
tion one can compute the squeeze force as described below.

5.2.2.2 Squeeze Force

In the case of axisymmetric geometry, one can calculate the squeeze force of a

Bingham fluid using (3.2.117). Substituting (5.2.38)-(5.2.41)) in (3.2.117)), with the

boundary condition (5.2.9)), one can write the squeeze force in terms of a z-integral as

follows:
- n/zo(l) <Bn(zg—3zo+2))2 (—Bn R Bn(l—20)2(484-9220—1—952%4—3528)
= — e
| 320 20 4020(2 +20) (1 + 20 +23)
3z3mn — 6g(r)(1—25 1
o (3BAN 60 -) (9 1
4(1 —Zo) (91” r
Bu(zo—1)% (=3n7z3(4+20) +28(r) (1 —20)*(2+ 720)) 2B,(1-2) .
480z0(1 + zo +Z%) 3Z(2) v
(5.2.46)
where z0(0) = 1. We use the following equation to calculate zo(1) in (5.2.46):
1
2 — 320 (1 + B—) +2=0. (5.2.47)
n
The squeezing force at &'(1) is given by:
2Bh (1 4 9 375 3
FOop|Z2n (2 o2 4 2 1970420 934120 ¢
n( > (Zé z(3)+22(2, +920+ " =25+ 0g(z0)
BJRe (24 440 337 297
(S - — = 54620 — 31525 — 5273
o (Zg 22 0 0— 522 (5.2.48)

1
24974 1387 4078 ol

7
— 421
> 5 3 + 52 og(zo)> )

5.2.3 Results and Discussion

1

In section [5.2.2] we have obtained consistent solutions for a Bingham fluid in the
axisymmetric geometry. As mentioned earlier, the ‘pseudo-yield’ surface can be com-

puted by solving Eq. (5.2.18)). Again, the yield surface (Eq. (5.2.18))) corresponds to the
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leading order, and it is independent of the aspect ratio (€) as observed in the case of pla-
nar geometry. The expressions for velocity (Eqs. (5.2.36) and (5.2.37)) are calculated
based on the analysis of Muravleva (2017).

Figure[5.5|depicts the pressure distribution (Eq. (5.2.44))) for various values of Bing-
ham number (B,,) at a particular Reynolds number Re = 5. Based on the planar case,
from this figure we notice similar trends with increasing B,,. Figure[5.6/shows the effect
of inertia on pressure distribution at € = 0.05 and Bingham number B,, = 10. From this
figure we notice that, with increase in fluid inertia, pressure increases significantly and
these results are analogous to the results of Batra and Kandasamy|(1989). The pressure
distribution along the principal flow direction for different values of aspect ratio (€)
and at a particular Bingham number B,, = 10 and Reynolds number Re are as shown in
Figure Based on the planar case, from Figure we observe the analogous results

with increasing € for a fixed Re.

20 Pressure upto O(1) | -

....................... Pressure upto O(¢)

15

1y
ay
......
o
e
T

Figure 5.5 Effect of the Bingham number B,, for Re = 5 and € = 0.1 on the pressure
distribution p(r) (5.2.44).

The squeeze force (Eq. (5.2.46)) for different values of aspect ratio (€), Reynolds
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Figure 5.6 The effect of inertia on pressure distribution p(r), (5.2.44), for different

values of Re (¢ = 0.05 and B,, = 10).
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Figure 5.7 Effect of aspect ratio for Re = 0,10 on pressure distribution p(r), (5.2.44),

at B, = 10.

number (Re) and Bingham number (B,,) are calculated and results are shown in Figure

Again, we scaled Bingham number B, by ¢ and squeeze force F by €2 in Figure

[5.8(a). As discussed in the earlier case (planar geometry), we observe similar changes

158



with increasing € and Re. From Figure [5.§[b), we notice analogous changes with the
increase in Reynolds number as we presented in the planar case. Here the dimension-
less squeeze force of a Newtonian fluid is Fy = %’t (1 + 35&) (see appendix . These
results have been observed by Batra and Kandasamy| (1989) at leading order analy-
sis in the axisymmetric geometry. Further, when the Reynolds number (Re) is zero,
these solutions coincide with the results of Muravleval (2017) (see Figure[5.8(a)). Also,
these results are comparable with |Batra and Kandasamy| (1989) when the aspect ratio
approaches zero.

Table 5.2 The values of B, and the corresponding squeeze force calculated for Bingham
fluids with H* =5 x 10~>m, and velocity = 0.01ms ™.

F in planar geometry
Name B, e=0 e=0.1
Re=0 Re =10 Re=0 Re =10
Meat extract 0.958 3.390187 18.956101 3.254776 18.847751
Coal slurry 17.85 | 23.628036 | 37.825851 | 22.470970 | 36.748454
Drilled muds 40.094 | 48.219108 | 62.151935 | 46.424292 | 60.417156
China clay 50 58.953612 | 72.827809 | 56.936950 | 70.866091
Carbopol solution 80 91.059177 | 104.825640 | 88.482384 | 102.293867
Coal-in-oil slurry | 200 | 216.920975 | 230.532851 | 212.797220 | 226.438814
F in Axisymmetric geometry
Meat extract 0.958 2.603809 9.331728 2.555973 9.330474
Coal slurry 17.85 | 23.055524 | 29.216968 | 22.685530 | 28.892908
Drilled muds 40.094 | 48.225122 | 54.300844 | 47.648321 | 53.757912
China clay 50 59.258880 | 65.316038 | 58.609756 | 64.697847
Carbopol solution 80 92.350631 | 98.373990 | 91.518472 | 97.567138
Coal-in-oil slurry | 200 | 222.673109 | 228.648574 | 221.333977 | 227.326187

In Table |5.2] we list some of the Bingham fluids along with squeeze force values for

different aspect ratios. In last chapter [6] we conclude the current work and discuss the

scope for future research in this area.
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Figure 5.8 The variations of the Squeeze force F(B,) (Eq. (5.2.46)) versus the Bingham
number B,, for different €.
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CHAPTER 6

CONCLUSIONS AND FUTURE SCOPE

6.1 CONCLUSIONS

The analysis of the steady squeeze flow of viscoplastic Bingham (with inertia), Cas-
son and Herschel-Bulkley fluids between two parallel plates/disks that are approaching
each other with a constant squeeze velocity has been presented in detail. Using the
technique of matched asymptotic expansions the flow characteristics such as velocity,
pressure fields and the macroscopic squeeze force are calculated analytically. By using
separate asymptotic expansions in the shear and plastic regions, we resolve the squeeze-
flow paradox, obtaining consistent asymptotic solutions in this process. Further, with
the aid of an inner layer sandwiched between the shear and plastic zones, we obtain the
smooth composite velocity profiles for both Casson and Herschel-Bulkley fluids. For
the Bingham, Casson and Herschel Bulkley fluids, the following common trends were

found:
e The maximum velocity increases with an increase in gap aspect ratio.
e The pseudo-yield surface is independent of the gap aspect ratio.
e The pressure decreases marginally with an increase in gap aspect ratio.
e The squeeze force decreases with an increase in gap aspect ratio.

e This study also shows that the thickness of the plastic region thereby pressure and
squeeze force are subsequently increasing with an increase in non-dimensional

yield stress.
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In the case of Herschel-Bulkley fluid:

e The maximum velocity increases with an increase in power-law index.
e The plastic region decreases with an increase in power-law index.
e The pressure increases significantly with an increase in power-law index.

e The squeeze force increases with an increase in power-law index.
In the case of Bingham fluid with inertia effects:

e The maximum velocity is independent of the Reynolds number.
e The pseudo-yield surface is independent of the Reynolds number.
e The pressure increases with an increase in Reynolds number.

e The squeeze force increases with an increase in Reynolds number.

In Tables [6.1] and [6.2] the contribution of our current work has been presented in the

form of complete expressions for pseudo-yield surface, pressure and squeeze force up

to O(¢).

6.2 FUTURE SCOPE

e In future, our method may be extended to more complex realistic geometries that
involve curvilinear boundaries - for instance, one may analyze the approach of
two particles or bubbles in an ambient viscoplastic fluid that obeys the Bingham,

Casson or the Herschel-Bulkley constitutive equations.

e In most of the squeeze flow geometries, the effect of fluid inertia plays an im-
portant role with an increase in both squeeze velocity and the gap between the
approaching surfaces. One can apply this method to investigate the combined
effects of fluid inertia and yield stress on the squeeze flow of the Casson and

Herschel-Bulkley fluids in both 2D planar and axisymmetric geometries.

e In most of the practical problems, the boundary conditions at the wall is not ide-
ally no slip, which has been assumed in the present study. Specially, dealing
with viscoplastic fluids, one observes the slip along boundaries which rely on the

solid-fluid interaction. Due to the low viscosity material near the wall, which
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creates a thin layer at the interface and lubricates the bulk flow and reduces the
overall shear stress at the wall. Using a matched asymptotic expansions approach,
one can investigate the effects of slip boundary conditions on the squeeze flow of

viscoplastic fluids in various geometries.
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Table 6.1 Expressions for the pseudo-yield surface, pressure and the squeeze force for both Casson and Herschel-Bulkley fluids.

Fluid Geometry Pseudo-yield surface Pressure distribution with corrections Squeeze force with corrections
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Table 6.2 Based on the current work, expressions for the pseudo-yield surface, pressure and the squeeze force for a Bingham fluid by incorporating the fluid inertia.
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Appendix A

Al

The squeeze force of a power-law fluid: Planar geometry
In this appendix, we analyze the two-dimensional squeeze flow problem for a power-
law fluid, while the axisymmetric squeeze flow problem has already been analyzed in
Bird et al.| (1987). To obtain the squeeze force of a power-law fluid, we need to find the
velocity and pressure distribution of a fluid.

The constitutive equation for a power-law fluid in dimensionless terms is given by
(based on the dimensionless measures of the Herschel-Bulkley fluid):

T = 7" . (A.1.D)

Substituting Eq. (A.1.1)) in (5.1.17)), and solving with the boundary condition (5.1.7)),

we get, the velocity as:

1 n 1
W= ()" 5 (1-y7). (A.1.2)
Substituting (A.1.2) in the integral form of Eq. (5.1.14), to obtain f°, as
14+2n\"
fo(x):—( + ”) M (A.1.3)
n
From Eq. (5.1.16)), one can be determined the pressure distribution p®(x), as:
1+2n\" [ 1—x!t" 2(142n)
0 2
= Re———(1 —x°). A.l4
F) ( n )(1—|—n +6(24—311)( *) ( )
From (3.1.124), the squeeze force of the power-law fluid can be expressed as:
2 [(1+2n\" 8(1+2n)
FO= S Re————=. A.1.5
n+2< n ) T3 2 3m) A-1.9)
The squeeze force of Newtonian fluid (i.e., when n = 1) is given by
4R
FN:2(1+?6>. (A.1.6)

Further, when Reynolds number (Re) is zero, the squeeze force of a power-law fluid is

given by

= A.1.7
n—+2 n ( )

For a Newtonian fluid (n = 1 and Re = 0), the squeeze force is given by Fy = 2.

po_ 2 1+2n>"-
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A2

The squeeze force of a power-law fluid: Axisymmetric geometry
In this appendix, we analyze the axisymmetric squeeze flow problem for a power-law
fluid.

The constitutive equation for a power-law fluid in dimensionless terms is given by

(A.1.T). Substituting Eq. (A.1.1) in (5.2.13), and solving with the boundary condition
(5.2.5), we get, the velocity as:

1
WO = (— 1) nil (1_Z1+%)_ (A.2.1)
Substituting (A.2.1) in the integral form of Eq. (5.2.12)), to obtain f°, as
14 2n\"
0 n
== . A22
ro=- (52 (A22)
Substituting (A.2.2) in (5.2.14), to obtain the pressure distribution, p°, as
142n\" (1 -1 3(1+2n
0 2
= Re~ 1—r7). A23
p(r>(2n)(1+n TRy 253,) 177 (A.2.3)
From (3.2.117)), the squeeze force of the power-law fluid can be expressed as:
T [(1+2n\" 3w (1+42n
FO= Re=~>~ : A24
n+3( 2n ) * 3 (2+3n) ( )
Again, for a Newtonian fluid (i.e., when n = 1), the squeeze force is given by
3n 3Re
Fn=—|14+4—]. A25
N=g ( + ) ( )
Further, when Reynolds number (Re) is zero, the squeeze force of a power-law fluid is
given by
T 1+2n\"
FO= : A2.6
n+3 ( 2n ) ( )

3

For a Newtonian fluid (n = 1 and Re = 0), the squeeze force is given by Fy = =".

A3

The procedure to find smooth composite solutions https://en.wikipedia.
org/wiki/Method of matched asymptotic_expansions
In this appendix, we obtain the composite solution for a boundary value problem.
Consider the boundary value problem

&'+ (1+¢€)y +y=0, (A3.1)
where y is a function of independent time variable ¢ € [0, 1], the boundary conditions

are y(0) =0 and y(1) =1, and € is a small parameter, such that 0 < &€ << 1.
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Outer solution valid for r = 0'(1):
Since € is very small, our first approach is to treat the equation as a regular perturbation
problem, i.e. make the approximation € = 0, and hence find the solution to the problem

Yy +y=0. (A3.2)
This has solution

y=Ae ", (A.3.3)
for some constant A. Applying the boundary condition y(0) = 0, we would have A =
0; applying the boundary condition y(1) = 1, we would have A = e. It is therefore
impossible to satisfy both boundary conditions, so € = 0 is not a valid approximation to
make across the whole of the domain (i.e. this is a singular perturbation problem). From
this we infer that there must be a boundary layer at one of the endpoints of the domain
where € needs to be included. This region will be where € is no longer negligible
compared to the independent variable ¢, i.e. t and € are of comparable size, i.e. the
boundary layer is adjacent to r = 0. Therefore, the other boundary condition y(1) = 1

1= is an accurate approximate solution

applies in this outer region, so A = e, i.e., yp =€
to the original boundary value problem in this outer region. It is the leading-order

solution.

Inner solution, valid for r = J'(¢):
In the inner region, ¢ and € are both tiny, but of comparable size, so define the new &'(1)
time variable T = ¢ /€. Rescale the original boundary value problem by replacing ¢ with

t€, and the problem becomes

W)+ (14 e) 1y(2) +3(2) =0, (A3.4)
which, after multiplying by € and taking € =0, is
y'+y =0. (A3.5)
This has solution
y=B—-Ce ", (A.3.6)

for some constants B and C. Since y(0) = 0 applies in this inner region, this gives
B = C, so an accurate approximate solution to the original boundary value problem in
this inner region (it is the leading-order solution) is

w=B(1-e") =B (1-e%). (A37)
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Matching:
We use matching to find the value of the constant B. The idea of matching is that the
inner and outer solutions should agree for values of 7 in an intermediate (or overlap)
region, i.e. where € <t < 1. We need the outer limit of the inner solution to match the
inner limit of the outer solution, i.e.
Tlig}oyl = }EIg)yo, which gives B =e. (A.3.8)

Composite solution:
To obtain our final, matched, composite solution, valid on the whole domain, one pop-
ular method is the uniform method. In this method, we add the inner and outer ap-
proximations and subtract their overlapping value, y,yeriqp, Which would otherwise be
counted twice. The overlapping value is the outer limit of the inner boundary layer so-
lution, and the inner limit of the outer solution; these limits were above found to equal
e. Therefore, the final approximate solution to this boundary value problem is,

Y(t) = Y14+Y0 = Yovertap = € (1 - e*t/g) +el—e=e (e*’ - e*’/8> . (A3.9)
Note that this expression correctly reduces to the expressions for y; and yp when ¢ is

O'(€) and O(1), respectively.

O ' 1 1 1 1
0 0.2 0.4 0.6 0.8 1

t

Figure A.1 Approximations and exact solutions, which are indistinguishable at this
scale, are shown for various €. The outer solution is also shown.
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