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ABSTRACT

A complex square matrix A is said to be EP (EP stands for Equal Projections)
if ranges of A and its adjoint are equal. The class of EP matrices was introduced
by Schwerdtfeger (Schwerdtfeger, 1950) which contains the class of normal ma-
trices. Later the notion of EP matrix was extended to bounded linear operators
on Hilbert spaces with the additional assumption that the operators have closed
ranges and then this class of operators was generalized to hypo-E P operators.

In this thesis, we characterize the hypo-E P operators with the aid of factoriza-
tion of bounded linear operators. Precisely, two kinds of factorizations are involved
in these characterizations. One is factorization involving direct sum of operators
whereas another is similar to full rank factorization in matrix theory. Also, we
prove that for a given subspace M of C", there exists an £ P matrix whose range
space is M.

The product of two hypo-E P operators is not necessarily hypo-E P and hence
we derive necessary and sufficient conditions for product of two hypo-EP to be
hypo-E P. Also we come up with some conditions which are necessary or sufficient
for sum and restriction of hypo-E P operators to be again hypo-EP.

One of the classical results concerning normal operators is Fuglede theorem
which states that if a bounded linear operator commutes with a normal operator
then the bounded operator commutes with adjoint of the normal operator. We
show that this celebrated result is not true for EP operators and we find some
conditions so that the Fuglede-Putnam theorem is true for EP operators. Also,
we evince that if we replace adjoint operation by Moore-Penrose inverse, we arrive
at Fuglede-Putnam type theorems for E'P operators.

We generalize quite a number of characterizations of E P operators on Hilbert
spaces into Krein space settings. We extend some of the results of EP and hypo-
E P bounded operators into unbounded densely defined closed operators on Hilbert
spaces.

Keywords : Moore-Penrose inverse, /P operator, Hypo-E P operator.
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NOTATIONS

the field of real or complex scalars

the set of all square summable sequences

the set of all continuous functions on [0, 1]

the set of all continuously differentiable functions on [0, 1]
the set of all square integrable functions

the set of all m x n matrices with complex entries

the closure of M

the orthogonal complement of M

external direct sum or internal direct sum

internal orthogonal direct sum

cosine of the angle between two closed subspaces M and N
domain of A

null space of A

carrier of A

range space of A

adjoint of A

norm of the operator A

the Moore-Penrose inverse of A

the group inverse of A

the reduced minimum modulus of A

orthogonal projection onto M

the space of all linear operators from H into

the space of all bounded linear operators from H into K
the class of all operators in B(#, K) with closed range

the class of all closed linear operators from H into K

vil






CHAPTER 1

PRELIMINARIES

1.1 GENERAL INTRODUCTION

Among all operators on a Hilbert space, the class of normal operators are consid-
ered to be most well understood. The theory of normal operators is so successful
that much of the theory of non-normal operators is modeled after it. A natural
way to extend a successful theory is to weaken some of its hypotheses obscurely
and hope that the results are weakened only slightly. One weakening of normality
is EP. The class of EP matrices was first introduced by Schwerdtfeger (Schw-
erdtfeger], |1950) as complex square matrices of rank r satisfying certain conditions
concerning columns and rows. Pearl (Pearl, |1959) reformulated this condition in
a simpler form: a matrix A is an F'P matrix if N(A) = N(A*). A few years later,
in 1966, Pearl (Pearl, 1966) gave an interesting characterization of E'P matrix
through Moore-Penrose inverse : A is an E'P matrix if and only if A commutes
with its Moore-Penrose inverse A". Campbell and Meyer (Campbell and Meyer,
1975)) extended the notion of E P matrix into a bounded linear operator with closed
range defined on a Hilbert space, using the Pearl’s characterization. Itoh (Itoh,
2005)) introduced hypo-E P operator by weakening the Pearl’s characterization as
ATA — AAT is a positive operator.

In the thesis, results on EP and hypo-EP operators on Hilbert spaces for
bounded and unbounded cases are discussed in detail. Basic definitions and results

are presented in the Chapter which are useful in the sequel.
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1.2 BASIC DEFINITIONS AND RESULTS

Definition 1.2.1. (Limaye, |2015) Let X be a linear space over a field of real or
complex scalars K. An inner product on X is a function (-,-) from X x X to

K such that for all x,y,z in X and o € K, we have
(a) (x,x) >0 and (z,z) = 0 if and only if x = 0,

(b) (v +y,z) = (v,2) +(y,2) and (az,y) = a(z,y),

(¢c) (y,z) = (z,y).
A linear space with an inner product is called an inner product space.

Definition 1.2.2. (Limaye, 2015) An inner product space which is complete with
respect to the norm induced by the inner product is said to be a Hilbert space.

We use the letter H for a Hilbert space.

Definition 1.2.3. (Limaye, 2013) Let X be an inner product space. For x andy
in X, we say that x and y are orthogonal if (x,y) = 0. In that case, we write

x Ly. For a subset E of an inner product space X,
Et={ycX:y L for everyx € E}.

Theorem 1.2.4. (Limaye, 2015) Let H be a Hilbert space and M be a nonempty
closed subspace of H. Then H = M + M=*. Moreover, M+ = M.

Definition 1.2.5. (Groetsch, |2007) Let H and K be Hilbert spaces. A map

A:H — K is called a linear operator if for any o, € K, x,y € H,
Alazx + PBy) = aAx + SAy.

Sometimes the operator may not be defined on the whole space H and it may
be defined on a proper subspace of H. In that case, we denote the domain of
operator A (simply domain) by D(A). We denote the set of all linear operators
from H into KC by L(H,K) and L(H,H) = L(H).
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Fvery A € L(H,K) gives rise to two important subspaces namely, the null
space N'(A), defined by

N(A) ={x € D(A) : Az =0}
and the range space R(A) defined as
R(A) ={Az : 2z € D(A)}.

If the quantity

Az
|| Al := sup {M cx € D(A),x # 0} < 00,

then A is called bounded. If || A|| = oo, then it is called an unbounded operator.

The quantity || A|| is called the operator norm (or, simply norm) of the operator.

The basic difference between bounded and unbounded linear operators is the
domain on which they are defined. Domains of unbounded linear operators are
proper subspaces of Hilbert spaces.

Throughout the thesis, we consider only linear operators. Hence bounded
operator means bounded linear operator. The set of all bounded operators from
H to K is denoted by B(H,K). A linear operator from H to itself is called an

operator on H. We denote the collection of all bounded operators on H by B(H).

Theorem 1.2.6. (Limaye, |2015) Let A € B(H,K). Then there is a unique oper-
ator B € B(IC,H) such that

(Az,y) = (z,By)  forallz € H,y € K. (1.2.1)
The operator B is called the adjoint of A and it is denoted by A*.

In general, a bounded operator on an inner product space need not have an

adjoint. The fact that the completeness is essential in the above theorem.
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Theorem 1.2.7. (Limaye, |2013) Let H be a Hilbert space. Consider A, B € B(H)
and o € K. Then

1. (A+ B)* = A" + B*, (aA)* = @A*, (AB)* = B*A*, (A*)* = A. Further, A
is invertible if and only if A* is invertible, and in that case (A*)~! = (A71)*.

2. || A%l = [|A]l and || A*A|l = [ A]I* = [[AA™].

Definition 1.2.8. (Limaye, [2013) An operator A € B(H) is said to be an
orthogonal projection if A> = A = A*.

Definition 1.2.9. (Limaye, |2015) Let A € B(H). Then A is called
1. a self-adjoint operator if A = A*.
2. a normal operator if AA* = A*A.
3. an unitary operator if AA* = A*A=1.
4. an isometry if || Az|| = ||x|| for all x € H.

Theorem 1.2.10. (Limaye, |2015) Let A € B(H). Then A is normal if and only
if |Az|| = ||A*x|| for all x € H. In that case

1A%]] = [|A"A]l = || AJ*.
Theorem 1.2.11. (Limaye, |2015) Let A, B € B(H).

1. Let A and B be self-adjoint. Then A + B is self-adjoint. Also AB is self-
adjoint if and only if A and B commute.

2. Let A and B be normal operators such that A commutes with B. Then A+ B

and AB are normal.



Theorem 1.2.12. (Limaye, 20153) Let H be a Hilbert space and let A € B(H).
Then

1. N(A) = R(A*)* and N(A*) = R(A)L. Further, A is injective if and
only if R(A*) is dense in H, and A* is injective if and only if R(A) is dense
n H.

2. The closure of R(A) equals N (A*)*, and the closure of R(A*) equals N'(A)*.

Definition 1.2.13. (Limaye, 2015) Let A € B(H). A subspace M of a Hilbert
space H is said to be an invariant subspace for A if A(M) C M. It is called
a reducing subspace for A if both AIM) C M and AM*) C M. If M
is closed, then A(M) C M if and only if A*(M*) C ML, and in that case
(A|pm)* = PA*|pm, where P is the orthogonal projection from H onto M.

Theorem 1.2.14. (Limaye, 2015) Let A € B(H). Then the following statements

are equivalent:
1. R(A) is closed in H ;
2. R(A*) is closed in H ;
3. R(A) = N(A")* ;
4. R(A") = N(A)*
5. There exists k > 0 such that ||Az|| > k||z|| for all x € N'(A)*.

Definition 1.2.15. (Limaye, |2015) A self-adjoint operator A € B(H) is said to
be positive if (Ax,x) > 0 for all x € H and we write A > 0. If A and B are
self-adjoint operators and A — B > 0, then we write A > B or B < A.

Definition 1.2.16. (Stampfli, |1962) An operator A € B(H) is said to be a

hyponormal operator if A*A — AA* is a positive operator on H.

Theorem 1.2.17. (Stampfli, 1962) Let A € B(H). Then A is hyponormal if and
only if ||Az|| > ||A*z|| for all z € H.



Theorem 1.2.18 (Riesz representation theorem). (Limaye, 2015) Let f € B(H,C).
Then there is a unique y € H such that f(x) = (x,y), for allx € H.

Definition 1.2.19. (Kubrusly, 2001) Let Xy, Xa,..., X, be linear spaces over
the same field K (but not necessarily subspaces of the same linear space). The
external direct sum of X1, Xy, ..., X, denoted by X1 ® Xo & --- & X, is the
set of all ordered n-tuples (x1,x, . .., x,) with each x; in X; where vector addition

and scalar multiplication are defined as follows.
(T1,T25 -, T0) ® (Y1, Y25 - -+, Yn) = (T1 + Y1, T2+ Y2, - Ty + Yn),

a(xy, T, ..., x,) = (Qx1, Qs ..., QL)

for every (x1,xa,...,2,) and (y1,Y2, ..., Yn) i X1 DX @ --- D X, and every «
m K. The direct sum X1 & Xo & --- B &, 15 a linear space over K under vector
addition and scalar multiplication defined above. The underlying set of the linear
space X1 B Xo @ --- D A, s the Cartesian product Xy X Xy X --- X X, of the

underlying sets of each linear space X;.

Definition 1.2.20. (Kubrusly, 2001) Let Xy, Xs, ..., X, be linear spaces over the
same field K and consider their direct sum X1 ® Xo @ --- B AX,. Let A1, Ag, ... A,
be a family of bounded operators such that A; € B(X;) for every i. The direct
sum of Ay, Ay, ..., Ay, denoted by Ay & Ay & --- & A,, is the mapping from
X1 DX ® - DX, into itself defined by

(AiD A @ - @ Ay) (w1, 22, .., 1) = (A1, Ao, ..., Apy,)

for every (x1,z2,...,2,) € X1 DX @ --- DX, and (A1 © Ay D --- D A,) €
BX,@Xo®d- - DA,).

Remark 1.2.21. Let My, M, ..., M, be closed subspaces of a linear space X
such that Y ,_ My = X and M; N> =1 My, = {0} when j =1,2,...,n. Then
[

the linear space X is called the internal direct sum of My, My, ..., M,.
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If M; L M; fori # j, then the internal direct sum is called the internal
orthogonal direct sum of M, M, ..., M, and it is denoted by M; - My @+
<@t M,,. The use of the word external or internal is optional when referring to
linear space direct sums. Normally, the context does make it clear which type of

direct sum being considered.

1.3 MOORE-PENROSE INVERSES

Suppose that H and K are Hilbert spaces over C. Consider the problem of solving
a linear equation of the type

Az =b (1.3.2)

where b € K and A € B(H,K). If the operator A has an inverse then equation
has the unique solution x = A~'b. But in general such a linear equation
may have no solution or may have more than one solution. Even if the equation
has no solution in the traditional meaning, it is still possible to assign what is in
a sense a “best possible” solution to the problem. Such a solution is assured by

the generalized inverse of A.

Definition 1.3.1. (Groetsch, |1977) Let A € B(H,K) have closed range. The
mapping AT : K — H defined by ATb = u, where u is the least squares solution of

minimal norm of the equation Ax = b, is called the generalized inverse of A.

Generalized inverses of matrices and linear operators may be defined in many
different ways. The above definition is called variational definition of generalized
inverse. Moore was the first to give an explicit definition of the generalized inverse

of an arbitrary matrix.

Definition 1.3.2. (Groetsch, |1977) Let A € B(H,K) have closed range. Then Al
is the unique linear operator in B(IC,H) satisfying

AA" = Pray and ATA = Prar)

where Py is the orthogonal projection from H onto M.

7



This definition was given by Moore in the paper published in Bulletin of the
American Mathematical Society in 1920 and its significance was not realized much.
Penrose was unaware of the work of Moore when he published his paper. Pen-
rose defined generalized inverse with four conditions which is equivalent to Moore’s
definition with two conditions. The following is the Penrose’s definition of gener-

alized inverse.

Definition 1.3.3. (Groetsch, |1977) Let A € B(H,K) have closed range. Then Al
is the unique operator in B(IC,H) satisfying

1. AATA = A,
2. AtAA = At
3. AAT = (AAHY,

4. ATA = (ATA)".

Moore-Penrose inverse of a closed range operator between Hilbert spaces exists
and it is unique. Moreover, all these three definitions of generalized inverse of an

operator A are equivalent and we call AT as the Moore-Penrose inverse of A.

Theorem 1.3.4. (Groetsch, |1977) Let A € B(H,K) have closed range. Then the

following statements are true.
1. AT € B(K,H).
2. R(AT) = R(A*) = R(ATA).

3. At = (A*A)TA* = A*(AA"),

1.4 UNBOUNDED OPERATORS

Definition 1.4.1. (Rudin|, |1991) An operator A € L(H, K) with domain D(A) is

said to be densely defined if D(A) = H.

8



Definition 1.4.2. (Rudin, |1991) Let A, B € L(H,K). If D(A) C D(B) and
Az = Bx  for all x € D(A),

then A is called a restriction of B (or, B is called an extension of A) and is

denoted by A C B (or, by B D A). Note that if AC B and B C A, then A= B.
Let A:D(A) C'H — K be a bounded operator. Then
Az — Ay[| < Al ]z — y[| for allz,y € D(A).

The operator A defined on the subspace D(A) of H can be extended continuously
to the closure of D(A) and then it can be extended further to the whole space
H by defining 0 on D(A)*+. Thus, without loss of generality, we assume that
a bounded operator is an everywhere defined operator. This type of operators
arise in boundary value problems and domains of unbounded operators are proper
subspaces of Hilbert spaces. Thus specification of a domain is an essential part of

the definition of an unbounded operator.

Example 1.4.3. Consider the differential map A defined on C*[0,1], a subspace
consisting of all differentiable functions whose derivatives are continuous on [0, 1].
Then the operator A : C[0,1] C C[0,1] — C0,1] (with the sup norm ||.||) is a

densely defined unbounded operator.
Example 1.4.4. Let H := (? and
D(A) = {(:Ul,xg, o) EH:(21,2m9,33,...) € 7—[}
Define
A(xy, x9,x3,...) = (1,229,3x3...) for all (x1,29,...) € D(A).

If {e, : n € N}, where e,(m) = 6, the Kronecker delta function, then Ae, =

ne,. Hence the operator A is unbounded.

We have seen that if A is a bounded operator and if the relation (1.2.1)) holds
for all x € H,y € K, then B would be the uniquely defined bounded operator,

9



called the “adjoint of A.” However, in the unbounded case, the relation by
itself does not define B uniquely. It is possible although not obvious that of all
the operators satisfying there will be one with a domain which is maximal
(in the sense of set inclusion). If D(A) is a dense subspace of H, the maximal

operator, A* say, provides the required generalization of the adjoint of A.

Definition 1.4.5. (Rudin, |1991) Let A € L(H,K) be a densely defined operator.

Then there exists a unique operator A* such that
(Az,y) = (x, A™y) for allx € D(A) and y € D(AY).

This operator is known as the Hilbert adjoint or simply the adjoint of A. In

this case
D(A*) = {y eEK:xw— (Ax,y) forallz € D(A), s continuous}.
Equivalently,
D(A") : = {y € K : for somey* € H, (Az,y) = (z,y") for allx € D(A)}
and in this case,
Ay =vy*  forally € D(A").

Definition 1.4.6. (Dunford and Schwartz, |1988) Let A € L(H,K). If A is one-
to-one, then the inverse of A is the linear operator A™': R(A) — H defined by
A7 (Az) =z for all x € D(A). It can be seen that AA™'y =y for all y € R(A).

An unbounded operator A : D(A) — H on H is said to be invertible if there
exists an everywhere defined bounded operator B such that BA C AB = 1.

Definition 1.4.7. (Riesz and Sz.-Nagy, 1955) Let A, B € L(H,K), C € L(K,T)
and oo € C\{0}. Then

(a) A+ B € L(H,K) with domain D(A+ B) = D(A) N D(B) and

(A+ B)x = Az + Bx forall x € D(A+ B)

10



(b) CA € L(H,T) with domain D(CA) :={x € D(A) : Az € D(C)} and

(CA)x = C(Az) for all x € D(CA).

(c) aA € L(H,K) with domain D(aA) = D(A) and

(aA)x = aAz  for all x € D(A).

Proposition 1.4.8. (Riesz and Sz.-Nagy, |1955)
1. If A€ L(H,K) is densely defined, then (a«A)* = & A*, for any scalar c.

2. If A,B € L(H,K) are densely defined such that A + B is densely defined,
then (A+ B)* D A*+ B* (equality holds if A is everywhere defined).

3. If A, B are densely defined such that D(AB) is dense, then (AB)* O B*A*
(equality holds if A is everywhere defined).

4. If A is one-to-one and R(A) is dense in K, then (A*)~! = (A71)*.

5. If A is densely defined such that A C B, then B* C A*.

11
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CHAPTER 2

CHARACTERIZATIONS OF
HYPO-EP OPERATORS

2.1 INTRODUCTION

A square matrix A over the complex field is said to be an FP matrix if ranges
of A and A* are equal. The E P matrix was defined by Schwerdtfeger (Schwerdt-
feger, [1950). But it did not get any greater attention until Pearl (Pearl, |1966))

characterized it through Moore-Penrose inverse which is shown below.
Theorem 2.1.1. (Pearl, |1966) Let A € C"*™. Then the following are equivalent:
(i) Ais an EP matriz ;

(ii) AAT = AtA

(iii) AT can be expressed as a polynomial in A with scalar coefficients.

Because of Pearl’s characterizations, there are several characterizations of P
matrices available in literature. The following characterizations describe the struc-

ture of £ P matrices.

Theorem 2.1.2. (Katz and Pearl, |19606) Let A be a complex square matriz of

order n with rank r. Then the following are equivalent:

(i) A is an EP matriz ;

13



(ii) A can be represented as

D  DX*
A=P P,
XD XDX*

where P is a permutation matriz, D is a non-singular matriz of order r and

X isann—r Xr matriz ;

(i1i) There ezist a non-singular matriz Q) of order n and a non-singular matric
0

0 0
(iv) There is a non-singular matriz QQ of order n such that A* = QA ;

D of order r such that QAQ* =

Y

(v) There is a matriz Q) of order n such that A* = QA ;

(vi) There exist a unitary matriz U and a non-singular matriz D of order r such
0

0 0

that UAU* =

Y

(vii) A is the matriz of linear transformation T' acting on C", and there are mu-

tually orthogonal subspaces Vi and V, of C* such that Vi has dimension r,
T(Vy) =Vy and T(V,) =0.

Theorem 2.1.3. (Baksalary and Trenkler, |2008;|Cheng and Tian|, |2005) Let A €
Cr*™. Then the following are equivalent:

(i) Ais an EP matrix ;

(ii) A commutes with AAT ;
(iii) A' commutes with AAT ;

(iv) r(A) = r(A?) and ATA commutes with AAT ;

(v) r(A) = r(A?) and A*A commutes with AAT ;

(vi) (AAT? = A2(AT)? ;
(vii) AAAT + (AAAT)* = A+ A*.

The notion of E'P operator was introduced by Campbell and Meyer (Campbell

and Meyer, |1975) in 1975. Brock (Brock, [1990)) gave few more characterizations
of E'P operators.
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Definition 2.1.4. (Campbell and Meyer|, |1975) An operator A € B(H) is called
an EP operator if A has closed range and R(A) = R(A*).

Theorem 2.1.5. (Brock, |1990) Let A € B.(H). Then the following are equivalent:

(i) A is an EP operator ;

(ii) AAT = ATA ;
(i1i) N(A)*" =R(A) ;
(iv) N(A) = N(A) ;

(v) A* = PA, where P is a bijective bounded operator on H.

Note that the set of all EP operators contains the set of all normal operators

with closed range. We denote the set of all operators on ‘H with closed range by

B.(H).
Example 2.1.6. Let A : {5 — {5 be defined by
A(zq, T2, T3, Ty, X5, .. .) = (21 + X2, 201 + Ty + X3, —T1 — T3, T4, T, . . .).

Then

*
A*(xq, T2, T3, Ty, X5, .. .) = (21 + 209 — T3, T1 + To, To — T3, Ty, - . .)

and

N(A) = N(A*) = {(x1, —11, —11,0,0,...) : 21 € C}.
But AA* #+ A*A. Hence A is an EP operator but not normal.

Some results for P matrices are not true for £ P operators. For example,

Theorem will not be true in general for EP operators.

Example 2.1.7. (Djordjevid, |2007) Consider the real Hilbert space o and let A

be a bounded operator with closed range defined as

A(.Tl,xg, .. ) = (33'2,.173, .. )

Then
A*(ZL'l,I27 .. ) = (0,1’1,1‘2, .. )
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and AT = A*. In this case AAT = I and
ATA(zy, 29, ...) = (0,29, 23, . ..).
Hence A is not an EP operator. But still it is true that
AAT = A%(AN)? and AAAT + (AAATY = A+ A*.

Definition 2.1.8. (Djordjevi¢ and Kolihd, |2007) The ascent and descent of
A € B(H) are defined by

asc A = inf {p : N(AP) :N(Ap+1)}7

dsc A=inf {p: R(A?) = R(A"*)}.

If they are finite, they are equal and their common value is called the index of A

and it is denoted by ind(A).

In Example 2.1.7, asc(A) = oo, if we include the additional condition that
asc(A) < oo, then the Theorem can be extended to operators.

Theorem 2.1.9. (Djordjevié, 2007) Let A € B.(H). Then the following state-

ments are equivalent:

(i) Ais EP ;
(i1) AAT = A2(A")? and asc(A) < oo ;

(iii) AAAT + (AAAY)* = A+ A* and asc(A) < .

Definition 2.1.10. Let A € B(H). The group inverse of A is the unique
operator A% € B(H) such that

1. AA* = A% A,
2. AA*A = A,
3. AT AA* = A*.
An operator A € B(H) is said to be group invertible if and only if ind(A) < 1.
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Theorem 2.1.11. (Djordjevi¢ and Koliha, |2007) Let A € B.(H). Then the fol-

lowing statements are equivalent:

(i) Ais EP ;
(ii) ind(A) < 1 and A*A commutes with AAT ;
(iii) ind(A) < 1 and A commutes with ATA# ;

(iv) ind(A) <1 and A* commutes with AAT.

2.2 CONSTRUCTION OF EP MATRICES

Let ‘H be a complex Hilbert space. Given an EP operator A on H, we get a
closed subspace R(A) which is the same as R(A*). On the other hand, one may
ask whether every closed subspace M of H is the range of some E P operator (not
necessarily normal) on . The answer is affirmative in a finite dimensional Hilbert
space H. We give a procedure to construct such £ P matrices and this construction

has been used in the sequel to provide suitable examples of E'P matrices.

Theorem 2.2.1. If W is a subspace of C", then there exists an EP matriz A of
order n such that R(A) = W.

Proof. If VW is a trivial subspace of C", then it holds trivially. Without loss of
generality, let WW be a subspace of C" with of dimension n — 1. Then W can be
expressed as

n—1

{(xl,xg,...,xi_l,Zakxk,xi,...,xn_l) cax, € Ck = 1,2,...,n—1}.
k=1

Let

n—1
v; = (Ijlwrj% <y Tj(i—1) E AgTjky Tjiy - - - ’Ij(n—l))aj = 17 27 sy — 1
k=1

be a basis for W which can be regarded as column vectors.

Take

— /
A—[Ul vg v Uil UU; cs Un—l}



where

n—1 n—1 n—1 n—1 n—1
/ J— J— JR—
v = E ATk, AETr2, ..., E E AjAETEgy - - - E ApTk(n—1) | -
k=1

k=1 k=1 j=1 k=1
Since the columns of A contain a basis of W, R(A) = W. Now we need to show
that A is EP. But the selection of v" ensures that each row of A is in W. Hence
R(A*) = W. Therefore the result is true when dimension of W is n — 1.

For the sake of completeness we also prove the result when the dimension of
W is n — 2. Thus one can construct FP matrices for a given subspace W having
any dimension. Suppose that W is of dimension n — 2. Then W can be expressed

as
n—2 n—2
{(961,96’27-“7%—1, E ApTpy Ly - oy Tp—1, E bkxk,iw,"-;xn—z) :xp € C,
k=1 k=1
k:1,2,...,n—2}.
Let
n—2 n—2
{Uj = (%1;---7%(1'—1), E ApZjky Ljiy -+ 5 Tj—1), E bkxjk7mj€7-~-xj(n—2))7
k=1 k=1
j:1,2,...,n—2}

be a basis for W which can be regarded as column vectors. Take

J— / "
A_[Ul Vo o Vi1 UV v Vg1 U Vg v Un—2:|
where
n—2 n—2 n—2 n—2 n—2 n—2
/ J— JE— J— J—
v = ATk, kT2, ) E E ATy, ) E bgakiﬂk], )
k=1 k=1 j=1 k=1 =1 k=1
n—2
A Th(n—2)
k=1
and

n—2 n—2 n—2 n—2 n—2 n—2
" 7 1 7 7
v = bk$k1, kL2 o ooy E E ajbkwkj, ey bjbkxkj, ey

k=1 k=1 J=1 k=1 7=1 k=1

As in the first case, R(A) = R(A*) = W. O
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Remark 2.2.2. If A is a complex EP matriz of rank 1, then it must be normal:
Let A € C™"™. Then A can be expressed as A = uv* for some u,v € C*! and
A* = vu*. Since A is EP, one has R(A) = R(A*) and so sp{u} = sp{v}, where
sp denotes the linear span. Thus v = au for some complex scalar o. It now follows

that AA* = A*A.

Remark 2.2.3. If A is a real EP matrixz of rank 1, then it must be a symmetric
matriz. Indeed, as in Remark[2.2.4, A = auu” for some o € R and u” denotes

the transpose of u. This proves that A is symmetric.

Example 2.2.4. Let W = {(x1, 71 + T2,72) : 21,70 € C} be a subspace of C3
with basis

vy = (1,1+414,4) and v = (1,0,—1).

By the proof of the Theorem |2.2.1], we have
v = (2,1+1i,i—1).

Then
1 2 1

A= | 144 1+7 0
i i—1 —1

Here A is an EP matriz (non-normal) with R(A) = W.

Conjecture 2.2.5. Let W be a closed subspace of a Hilbert space H. Then there
exists an EP (non-normal) operator A on H such that R(A) = W.

2.3 CHARACTERIZATIONS OF HYPO - EP
OPERATORS

All characterizations of F P matrices and E P operators available in literature are
algebraic in nature as the definitions of P matrices and EP operators involve

Moore-Penrose inverses.
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Definition 2.3.1. (ltoh |2005) An operator A € B(H) is called hypo-EP oper-
ator if A has closed range and ATA — AAT > 0.

We first derive an interesting characterization of hypo-E P operator which does
not involve Moore-Penrose inverse. Consequences of this characterization and few
more characterizations of hypo-E P operators through factorizations are given in
the Chapter.

We now start with some known characterizations of hypo-FE P operators.
Theorem 2.3.2. ([toh], |2005) Let A € B.(H). Then the following are equivalent:

1. A is hypo-EP ;

2. R(A) CR(AY) ;

3. N(A) CN(AY) ;

4. A= A*C, for some C € B(H).
Example 2.3.3. Let A : ly — {5 be defined by

A(zy, 9,23, ...) = (0,21, 29, ...).

Then A*(x1, x9, x3,...) = (T2, %3, 24, ...). Here R(A) C R(A*) and R(A) is closed.
Hence A is a hypo-EP operator.

Remark 2.3.4. The class of all hypo-E P operators contains the class of all EP
operators and hyponormal operators with closed ranges. Hence it contains all nor-
mal with closed ranges and invertible operators. In the case of finite dimensional,

EP and hypo-EP are same.

Theorem 2.3.5. (Douglas, |1966)[Douglas’ Theorem] Let Hy, Ha, H be Hilbert
spaces and let A € B(H1,H), B € B(Hz,H). Then the following are equivalent:

1. A= BC, for some C € B(H1,Hs) ;
2. ||A*zx|| < k||B*z||, for some k > 0 and for all z € H ;
3. R(A) C R(B).
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Theorem 2.3.6. Let A € B.(H). Then A is hypo-EP if and only if for each

x € H, there exists k > 0 such that
[(Az,y)| < k| Ay|, for ally € H. (2.3.1)

Proof. Suppose A is hypo-EP. If z € N(A), then the result is trivial. Let z € H
such that Az # 0. Then Az € R(A) C R(A*). Therefore there exists a non-zero
z € H such that A*z = Az. Then for all y € H,

[(Az, y)| = (A2, ) = [(z, Ay)| < [[=[l[ Ayl

Taking k = ||z||, we get
[(Az, y)| < k[ Ay,

for all y € H.

Conversely, assume that for each x € H, there exists k£ > 0 such that
|[(Az, y)| < k| Ayl
for all y € H. Let z € H be fixed. Then for all y € H,
k[ Ayl = [(z, A%y)| = | f2(A"y)]
setting f,(A*y) = (A*y, x). Hence
[(Af2) "yl < K[I(A™)"yll

for some k > 0, for all y € H. By Douglas’ theorem,

Afr = A"D,
for some D € B(C,H). Taking adjoint on both sides gives

[z A" = g A

where g, = D* € B(#H,C). By Riesz representation theorem, there exists 2’ € H
such that
g:(Az) = (Az, 2")
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for all z € H. Hence for z € H,
foA*2 = g, Az

implies that
(A*z,2) = (Az, 7).

Therefore for each x € H there exists '’ € H such that Az = A*2’. Thus
R(A) CR(A*). O

The following example given by Barnes shows that A € B.(H) but A% ¢ B.(H).

Example 2.3.7. (Barnes, 2007) Let H be an infinite dimensional separable Hilbert
space with closed subspaces K1 and Ko such that ICq + ICy is not closed. Let Py and

Ps be orthogonal projections with
R(P) = K1 and R(P,) = K.

Since K1 and Ky are both separble Hilbert spaces which are not finite dimensional,

there is an isometry S from Ky onto K. Take
A= PSP, e B(H).
Clearly R(A) = Ky. Let x € N(A). Then
0= Az = P (SPx)

and hence SPyx € lClL. But SPox € Ky. Hence SPox = 0. Since S is an isometry,
Pyx = 0. Therefore N(A) C N(P,). Clearly N(P2) C N(A). Hence

N(A) =N (P) = Ks.
Thus A has closed range and
R(A)+ N(A) = Ky + K.

Now we claim that A(R(A) + N(A)) = R(A?). Let Az € R(A?). Then there
exists y € H such that Az = A%y. Hence x — Ay € N'(A). Now

r=Ay+ (x — Ay) € R(A) + N(A).
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Therefore
R(A?) C A(R(A) + N (A)).

The other inclusion relation is obvious. From this we have
A_l{R(AQ)} =R(A) + N(A).
Since R(A) + N (A) is not closed, R(A?) is not closed.

We have seen an example of a closed range operator A such that A2 does not
have closed range. But we now prove that if A is hypo-EP, then A% has closed
range always. Moreover any natural power of A has closed range. Thus it is

redundant that R(A") is closed for any n € N when A is hypo-EP.
Theorem 2.3.8. If A is hypo-EP, then A™ has closed range for any n € N.

Proof. Suppose that A is hypo-EP. Then for any m,n € N with m < n,

AN (A C AMN(A)F] C R(A) € R(AY) = N(A)* . (2.3.2)
As A has closed range, there exists £ > 0 such that
[Az|| = K|zl
for all z € N(A)*. Let © € N(A")*. Then by (2.3.2),
|A™z]| = [|ACA™ )| > KA ]| > - > K]
Thus A™ has closed range, for any n € N. O]

If we start with any A € B(#), the null spaces of A" are growing in nature
along with increasing values of n. But interestingly, all null spaces are same when
A is hypo-E P. However, range spaces of A” may not be the same for any n € N.
For instance, the right shift operator A on {5 is hypo-E P, but R(A) # R(A") for

any n > 1.

Theorem 2.3.9. If A is hypo-EP, then N (A™) = N(A), for each n € N. More-
over, if A is nilpotent, then A = 0.

23



Proof. Tt is enough to prove that N'(A") = N(A"*!) for each n € N. Let z € H
be fixed. If we apply Theorem to an element x = A" 'z, there exists k > 0
such that

(A(A™12), y)| < k||Ay]|, for all y € H.

In particular taking y = A"z, we get
[(A"z, A"2)| < K[| A" z]].

If z € N(A™1), then 2z € N (A"). Hence N'(A™) = N (A™") for each n € N. Thus
N(A™) = N(A), for each n € N. O

Remark 2.3.10. The condition N(A) = N(A"), for each n € N is necessary
for A to be hypo-EP. It is not a sufficient condition for A to be hypo-EP. For
example, let A € B(ls) be defined by

A(l‘l, T2, T3, T4, .. ) = (1‘1 + T2, 0, T3,T4,. . )
Here A is not hypo-EP, but N'(A™) = N(A) for each n € N.
Theorem 2.3.11. If A is hypo-E P, then A™ is hypo-EP, for any n € N.

Proof. Suppose that A is hypo-EP. Then for any n € N,
N(A") = N(A) C N(A") CN(AATD),
so N (AA™=D*)L € N(A")L. Since R(A™) is closed and R(AM™ D A*) C R(A-1A*),
R(AMDA*) C R(A™).
Then by Douglas’ theorem
|AAM=D || < ¢||A"z|), for some £ > 0, for all z € H and n € N.
By Theorem [2.3.6] for each x € H, there exists k > 0 such that
[(A"z,y)| = [(Az, APV )| < k[|AAC=D*y|| < kL||A™y||, for all y € H and n € N.

Thus for any natural number n, A" is hypo-EP. O
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Remark 2.3.12. Theorems|2.3.8, (2.5.9 and|2.5.11] have been observed in the paper

(Patel and Shekhawat, 2016), but our characterization given in T heorem was

used to prove the results.

Pearl (Pearl, [1959) showed that a matrix A is EP if and only if A can be
expressed as U(B @ 0)U* with U unitary and B an invertible matrix. Drival-
liaris (Drivaliaris et al., |2008)) extended the results to EP operators on Hilbert
spaces. Here we also extend the results to hypo-E P operators on Hilbert spaces.
We extend Pearl’s characterizations of matrices to hypo-E P operators through

factorizations.

Lemma 2.3.13. Let H,K be Hilbert spaces and let A € B.(H) and B € B.(K).
Then A ® B is hypo-EP if and only if A and B are hypo-EP.

Proof. Suppose that A @ B is hypo-EP and x € N'(A). Then
(,0) e N(A® B) CN(A* & BY)

and x € N(A*). Hence A is hypo-EP. Similarly B is also hypo-EP. Conversely,
suppose that A, B are hypo-EP and (z,y) € N(A® B), then Az = 0 and By = 0.
This implies A*x = 0 and B*y = 0. Hence

(2,y) € N(A4" @ B).
Therefore A& B is hypo-EP. O]

Lemma 2.3.14. Let A € B.(H),B € B.(K) and U € B(IC,H) be injective such
that A= UBU*. Then A is hypo-EP if and only if B is hypo-EP.

Proof. Suppose that B is hypo-EP and z € N(A). Then UBU*x = 0. Since U
is injective, BU*x = 0 implies that B*U*x = 0 (B is hypo-EP), which in turn
implies that UB*U*z = 0, equivalently = € N'(A*). Hence A is hypo-EP.
Conversely, suppose that A is hypo-EP and x € N(B). Therefore Bx = 0.
Since U is injective, U* is surjective. Hence for x € K there exists y € H such
that U*y = x. Therefore BU*y = 0 implies that UBU*y = Ay = 0. Since A
is hypo-EP, A*y = UB*U*y = 0. Using injectivity of U and U*y = x, we get
x € N(B*). Hence B is hypo-EP. O
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Theorem 2.3.15. Let A € B.(H). Then the following are equivalent:
1. A is hypo-EP ;

2. There exist Hilbert spaces Ky and L1, Uy € B(Ky & L1,H) unitary and
By € B(Ky) injective such that A = U,(By @ 0)U; ;

3. There exist Hilbert spaces Ko and Lo, Uy € B(KCo & Lo, H) isomorphism and
By € B(Ky) injective such that A = Uy(Bs & 0)Us ;

4. There exist Hilbert spaces K3 and L3, Us € B(Ks @& L3, H) injective and
Bs € B(K3) injective such that A = Us(Bs @ 0)U;.

Proof. Tt is enough to prove (1| = [2) and (4| = . All other implications follow
trivially. Let K; = R(A*) and £; = N(A). Define U; : K1 & L1 — H by

Uiy, 2) =y + =
for y € R(A*),z € N(A). Then
Uiz = (Prianz, Pyayx),
for all x € H and U, is unitary. Take
By = Alg(ar) : R(A") = R(A")
which is injective. Since APg4+) = A,
A=U,(B,®0)U;.

Hence the implication (|1| = |2|) is proved. Lemma [2.3.13| and Lemma [2.3.14] give
@ = [1)- O

Theorem 2.3.16. Let A € B.(H). Then the following are equivalent:
1. A is hypo-EP ;

2. There exist Hilbert spaces K1 and Ly, Vi € B(K; & L1, H) injective, W €
B(’Cl D £1,H), Sl S B(H,Kl D £1>, B, € B(ICl) mjective and Cl S B(ICl)
such that A = V(B @ 0)S; and A* = W(Cy & 0)5;.
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Proof. The implication (1| = [2) follows from Theorem [2.3.15, Now assume ,
then from A = Vi(B; @ 0)S; and injectivity of V; and B, we get

N(A) = S0} @ £y).
From A* = W, (Cy & 0)S;, we get
STH{0} @ £1) S N (A7).
Therefore N(A) € N(A*). Hence A is hypo-EP. O
Theorem 2.3.17. Let A € B.(H). Then the following are equivalent:
1. A is hypo-EP ;

2. There exist Hilbert spaces Ky and L1, Uy € B(Ky @ Lq1,H) isomorphism,
By € B(K,) injective and Cy € B(Ky) such that

A=Uy(B,®0)U;" and A* = U, (Cy & 0)U; .

Proof. The implication (1| = [2]) follows from Theorem [2.3.15]
The proof of (2/ = |1)) follows from Theorem [2.3.16]| O]

Next we are going to prove another characterization through the factorization
of the form A = BC which involves the Moore-Penrose inverse of an operator.

Let A € B.(H). Then A = A|g(a+)Pr(a+), where A|g 4+ is the restriction of the
operator A to R(A*) and Pg(a+) is the projection onto R(A*). Here B = A|g(a«)
and C' = Pgr(a+) in the factorization A = BC. Also, B is an injective operator
with closed range and C' is a surjective operator. The factorization of the form
A = BC' is not unique because of the following reason.

Suppose that U € B(KC, R(A*)) is an isomorphism, BU € B(K,H) is injective
with closed range and U~'C € B(H, K) is surjective. Thus

A= (BU)(U'0)
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is also a factorization of the same type. Therefore the factorization A = BC' is
not unique. Thus if A € B.(H), then there exists a Hilbert space K such that
B € B(K,H) injective and C' € B(H,K) surjective with A = BC. Moreover,
R(A) = R(B),R(A*) = R(C*),B'B = I, CCT = I; and AT = CTBT,

Theorem 2.3.18. (Bouldin, 1982) Let A, B € B.(H) such that AB € B.(H).
Then (AB)" = BTA" if and only if R(A*AB) C R(B) and R(BB*A*) C R(A").

Theorem 2.3.19. Let A € B.(H) and A = BC' be a factorization of A, for some
B,C € B.(H). Then the following are equivalent:

1. A is hypo-EP ;

2. C'C > BB' ;

3. R(B) C R(C*) :

4. B=C'CB ;

5. Bt = BIC1C ;

6. AA* = BCC*B*C*(C*)T ;
7. A*A = C*B*CTCBC.

Proof. Since AT = CTBT, CC' = I and B'B = I, A is hypo-EP if and only
if ATA > AA" if and only if CTC' > BB'. Hence and are equivalent.
The equivalence of and are trivial from the relations R(A) = R(B) and
R(A*) = R(C*). Let R(B) C R(C*). Since R(C*) = R(C'C) and CTC acts
like identity on its range, it follows that CTC'B = B. Assume B = CTCB. Since
the conditions for Theorem are satisfied for CTC and B, taking the Moore-
Penrose inverse on both sides gives . Now we prove = . Suppose that
Bt = BICTC, then
N(C) C N(B'CTC) = N(B).

Since N (B') = N'(B*), we have
N(C) C N (BY).
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Hence

R(B) C R(CY).

Suppose that B = CTCB, then @ and follow directly. Suppose that
AA* = BCC*B*C*(C*)T,

then
N(A) = N(C) = N(CHT T N(AA").

Since N(AA*) = N(A*), we have N (A) C N (A*). Hence A is hypo-EP.
Finally if A*A = C*B*CTCBC, then A*A = A*Pr(a+)A. This implies

1Az]* = || Preas) Az|*.

Therefore Az = Pr(a+)Ax and hence R(A) € R(A*). Thus A is hypo-EP.
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CHAPTER 3

SUM, PRODUCT AND
RESTRICTION OF HYPO-EP
OPERATORS

3.1 INTRODUCTION

The sum of two self-adjoint operators on a Hilbert space is again a self-adjoint
operator. But the similar result will not hold for normal operators (hence, for
hypo-E'P operators). Suppose that A, B € B(H) are normal operators. Then
A+ B is normal if A commutes with B* (Mortad}, 2012). In the Chapter, we first
discuss necessary and sufficient conditions for sum of two hypo-E P operators to
be again a hypo-F P operator. The work of Meenakshi (Meenakshi, [1983)) on sum

of E'P matrices motivated us to analyze the sum of hypo-E P operators.

We next consider a problem of finding conditions (necessary or sufficient or
both) such that the product of hypo-EP operators is again a hypo-EP opera-
tor. The problem on the product of E'P matrices was open around twenty five
years. Later a necessary and sufficient condition was given by Hartwig in (Hartwig
and Katz, 1997)) and the product of EFP operators was studied by Djordjevic in
(Djordjevid, 2001). Nevertheless, Patel in (Patel and Shekhawat), 2016) discussed
the product of hypo-E P operators, we give results for the product to be hypo-E P

31



or EP, if either A or B, is hypo-EP or EP. To prove most of the results regarding
product of EP and hypo-E P operators, we use the tool of “angle between a pair
of closed subspaces of a Hilbert space”. The restriction of hypo-E P operators is

discussed in the final section of the Chapter.

3.2 SUM OF HYPO-EP OPERATORS

In general, the sum two hypo-E P operators is not necessarily hypo-E P which is

illustrated in the following example.

Example 3.2.1. Let A, B € B({3) be defined by
A(,ﬁlﬁ'l,ﬂjg,l’g, Ty, .. ) = (xl + L2, L2, T3, Ty, - )

and B = —1. Then A+ B(x1,x2,23,4,...) = (22,0,0,...). Here A and B are
hypo-E P, but A+ B is not hypo-EP.

Meenakshi (Meenakshi, [1983)) discussed results on sum of EP matrices. The
next theorem gives a sufficient condition for the sum of hypo-E P operators to be

a hypo-E P operator.

Theorem 3.2.2. Let A, B be hypo-E P operators such that A+ B has closed range.

If
|Az|| < E||[(A+ B)z||, for some k >0 and for all x € H, (3.2.1)

then A+ B is hypo-EP.
Proof. From (3.2.1)), for all z € H, we have

[Bzxl| < [I(A+ B)z| + [[Az]|
< [[(A+ B)z|| + k[[(A + B)z||
< (k+1)||(A+ B)x|.

Since A and B are hypo-E P, for each x € H there exist kq, ko > 0 such that

[(Az,y)| < ka||Ayll and  [(Bu,y)| < k||By||  for all y € H.
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Now, we have

((A+ B)z,y)| < |[(Az,y)| + [(Bz,y)|
k1| Ayl + k|| Byl

A

< Rk[[(A+ Byl + ka(k + DII(A+ Byl

Thus
[(A+ B)z,y)| < [kik + k2(k + 1)] [|(A+ B)yll.

Hence A + B is hypo-EP. O]

Corollary 3.2.3. Let A, B be hypo-EP operators such that A + B has closed
range. If A*B+ B*A =0, then A+ B is hypo-EP.

Proof. The assumption A*B + B*A = 0 gives
(A+ B)"(A+ B)=A"A+ B*B.
Then
[(A+ B)x||*> = ((A+ B)x, (A+ B)x) = (A*A + B*B)x,z) > || Az|]*.
From Theorem [3.2.2] A + B is hypo-EP. ]
Remark 3.2.4. In the above theorem, the condition 15 equivalent to
N(A+ B) CN(A).

But the condition is not necessary for the sum of A and B to be hypo-EP.
For example, let A, B € B({3) be defined by

A('Tla T2,T3,T4, .. ) = (xh —XT2,T3,T4, . . )
and B = 1. Then A, B and A+ B are hypo-EP. But N(A+ B) ¢ N(A).

Suppose A and B are hypo-EP. Then by Douglas’ theorem A* = D4 A and
B* = DgB for some operators Dy, Dp € B(H). The next theorem shows that

the condition (3.2.1)) is both necessary and sufficient condition for the sum to be
hypo-E P under the assumption that D, — Dp is invertible.
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Theorem 3.2.5. Let A, B € B.(H) be hypo-EP operators such that A+ B has
closed range and Dj — Dpg be invertible where D, Dg as defined above. Then

A+ B is hypo-EP if and only if
[Az|| < k[[(A + B)z|
for some k > 0 and for all x € H.
Proof. Assume A + B is hypo-EP. Then
A*+B*"=(A+B)"=FE(A+ B)
for some E € B(H). Hence
DA+ DB =FE(A+ B)

which implies that

(Da — E)A = (E — Dg)B.

Taking K = Dy—E,L = E— Dg, we have KA = LB and (K+ L)A = L(A+ B).
Then

A= (K+L)'L(A+ B),

since K + L = Dy — Dg is invertible. Hence
[Az| < k[|(A + B)z|

for all x € H, where k = ||(K + L)"'L||. The converse follows from Theorem
B.22 O

Remark 3.2.6. The following example ensures that there are operators A, B €
B.(H) such that Da — Dp is invertible: Let A, B € B.({3) be EP operators de-
ﬁn@d by A(‘/EDZEQJ T3, Ty, - - ) = (Il + L2, X1, T3, X4, .. ) and B(xla L2, T3, T4, .. ) =

(ixq,ixe, ix3,ixy,...). Here Dy =1, Dgp=—1 and Dy — Dp = 21.
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3.3 PRODUCT OF HYPO-EP OPERATORS

Every hypo-E P operator is necessarily an operator with closed range. There
is an example in (Barnes, 2007) for a bounded operator A in B.(H) such that
A% ¢ B.(H). But it has been observed that if A is hypo-EP, then A? has closed
range always. Moreover, any natural power of A has closed range.

We derive few results on product of operators with closed ranges to analyze
closed rangeness of “product of hypo-E P operators”. We use the notion of angle
between a pair of closed subspaces in a Hilbert space and give some of the basic

results.

Definition 3.3.1. (Deutschl, |1995) Let M and N be closed subspaces of a Hilbert
space H. The angle between M and N is the angle (M, N') in [0,7/2] whose

cosine 1s defined by

(M,N) = Sup{|(x,y)| Lz € MN(MAN) ||z < 1,
yENNMNN® |yl <1},

We list some consequences of the definition of angle and a result pertaining to

the product of operators with closed range.

Theorem 3.3.2. (Deutschl, [1995) Let M and N be closed subspaces of a Hilbert
space H. Then

1. 0<e(M,N)<1.
2. (M, N) = ¢(N, M).

3. [z, )| < (M, N)||z||llyll, for allz € M and y € N, and at least one of x
ory is in (MNN)*L.

4. ¢(M,N) =0 if and only if the orthogonal projection onto M commutes with
the orthogonal projection onto N .

5. c(M,N) = c(M+ N,
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Theorem 3.3.3. (Deutsch, 1995) Let A and B be bounded operators on H with

closed ranges. Then the following statements are equivalent:
1. AB has closed range ;
2. ¢(R(B),N(A)) <1;
3. R(B) + N(A) is closed.

The following example illustrates the fact that there are operators A and B in
B.(H) such that AB € B.(H) but BA ¢ B.(H). We shall prove that when A and
B are EP operators, the closed rangeness of AB implies the closed rangeness of

BA and vice-versa.

Example 3.3.4. (Sam Johnson and Ganesa Moorthy, |2006) Let A and B be
operators on ly defined by

A(ZEI,IQ,Ig, .. ) = ($1,0,I2,0, .. )

and

x T T
B(z1, 9,23, ...) = <T1+372,§3+334,€5+1’67--->-

One can verify that both A and B are bounded operators and are having closed

ranges. Also, R(AB) is closed but R(BA) is not closed.

Theorem 3.3.5. Let A and B be EP operators on H. Then R(AB) is closed if
and only if R(BA) is closed.

Proof. Suppose that R(AB) is closed. Then by Theorem [3.3.3]
c¢(R(B),N(4)) < 1.

Now using Theorem [3.3.2, we get



Therefore ¢(R(A),N(B)) < 1. Hence R(BA) is closed.
Conversely, suppose R(BA) is closed. Then

c(R(A),N(B)) < 1.

Now again using Theorem we get

Since R(A) = R(A*) and N (B) = N (B*),
¢(R(B),N(A)) = c(R(B"), N(A7)).
Hence ¢(R(B),N(A)) < 1 which implies that R(AB) is closed. O

We now discuss results for the product to be hypo-EP if either A or B is
hypo-EP. We first give an example to show that product AB is not necessarily a
hypo-E P operator even though A and B are hypo-EP.

Example 3.3.6. Let A and B be operators on {y defined by
A(.’L’l, To2,T3, .. ) = (0,.1'1, Lo, .. )

and

B(x1,x9,23,...) = (0,22,0,24,...).

Both A and B are hypo-E P operators. Since
R(AB) = {(0,0,xl,O,xg,O, ) Z lz;:? < oo}
i=1

and
R((AB)*) = {(0,:171,0,352,0, LY < oo},
=1

AB is not a hypo-EP operator.

Theorem 3.3.7. Let A be a hypo-E P operator and P be the orthogonal projection
onto R(A). Then AP is a hypo-EP operator.
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Proof. Since A has closed range, there is a £ > 0 such that

[Az|| = k|l
for all z € N'(A)*. Now let us take z € N (AP)*, then

v € N(P): =R(P) =R(A) C R(A*) = N(A)*
and Pz = z. Hence for x € N'(AP)*, we have
[APz|| = [[Az|| = K[l].
Thus R(AP) is closed. Now
R(AP) C R(4) = P(R(A)) C P(R(A")) = R(PA")

which implies that AP is hypo-EP. m

Corollary 3.3.8. Let A be an EP operator and P be the orthogonal projection
onto R(A). Then AP is an EP operator.

Proof. From the proof of the Theorem , we can say R(AP) is closed. Since
P is the orthogonal projection onto R(A),

R(AP) =R(A) = P(R(A)) = P(R(A")) = R(PA").
Hence AP is EP. O

Theorem 3.3.9. Let A be a hypo-EP operator and B € B.(H). If R(B) C R(A)
and N'(B) C N(A), then AB is hypo-EP.

Proof. Since R(B) and N (A) are closed subspaces of H, the angle between R(B)
and N (A) is the angle « € [0, /2] whose cosine is defined by

c(R(B),N(4)) = sup{|<w,y>| cx € R(B)N(R(B)NN(A) ||zl < 1,
y € N(A) N (R(B) N NAN, [yl < 1}. (3.3.2)

Since A is hypo-EP,
R(B) C R(A) C R(A") = N'(A)*

38



and hence R(B) NN (A) = {0}, so (3.3.2) becomes

CR(B).N(A) = sup{[(e.0)] s v € R(B). o] < Ly € N(A), ol < 1}
< sup {[(w.)|: 7 € N(A ol < Ly € M)l <1}
= 0.
Hence AB has closed range. Since A is hypo-EP, N(B) C N(A) C N(A*) and
hence R(A) C R(B*).
Now R(AB) = A(R(B)) € A(R(A)) C A(R(A%)) = R(AA*) = R(A) C
R(B*) = R(B*B) = B*(R(B)) C B*(R(A4)) C B*(R(A*)) = R(B*A*). Hence
AB is hypo-EP. m

Corollary 3.3.10. Let A be a hypo-EP operator on H. Then A™ is hypo-EP for

any integer n > 1.

Proof. The conditions in Theorem are trivial when A = B. Hence A? is hypo-
EP. Continuing this process, we get A" is hypo-E P for any integer n > 1. O]

Remark 3.3.11. When A and B are EP matrices, the conditions R(B) C R(A)
and N'(B) C N(A) imply that A and B have the same range and null spaces, that
is, R(A) = R(B) and N'(A) = N(B). The following examples illustrate that there
are hypo-E P operators A and B on an infinite dimensional Hilbert space such that

the inclusion relation either in R(B) C R(A) or in N(B) C N(A) is proper.
Example 3.3.12. Let A and B be operators on {y defined by
A($1,I2, - ) = (0, T1,Tg, .. )

and

B(l‘l,l’z, .. ) = (0,$1,0,£L‘2, .. )

Here both A and B are hypo-EP operators. Also R(B) € R(A) and N(A) =
N(B) = {0}.

Example 3.3.13. Let A and B be operators on {y defined by
A(ZL‘l,I'Q, .. ) = (I‘l, O, s, 07 .. )
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and

B(xy,x9,...) = (21,0, 29,0, ...).
Fven though both A and B are hypo-E P operators with R(A) = R(B) but N'(B) <
N(A).

Remark 3.3.14. If one of the sufficient conditions in Theorem[3.53.9 is not true,
then the product of hypo-E P operator and an operator with closed range need not be
a hypo-E P operator. The operators A and B given in Example|3.5.6 are hypo-E P
operators and R(B) C R(A) but AB is not hypo-EP. Note that N(B) ¢ N(A).

Theorem 3.3.15. Let A and B be EP operators on H such that AB € B.(H).
Then AB is EP if and only if R(AB*) = R(B*A).

Proof. Suppose that A and B are EP operators. Then the following equality

relations are true.

and

R(B*A) = B*(R(A)) = B*(R(A")) = R(B*A").
Hence AB is EP if and only if R(AB*) = R(B*A). O

Corollary 3.3.16. Let A and B be EP operators on H such that AB € B.(H).
Then AB is hypo-EP if and only if A(R(B*)) C B*(R(A)).

Corollary 3.3.17. Let A and B be hypo-EP operators on H such that AB €
B.(H). If
A(R(B")) € B*(R(A)), (3.3.3)

then AB is hypo-EP.

Proposition 3.3.18. Let A € B(H) be hypo-EP and B € B(H) such that AB €
B.(H). If there exists k > 0 such that

|Az|| < k||ABz|| for all x € H, (3.3.4)

then AB is hypo-EP.
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Proof. Let x € H. Since A is hypo-EP, for ABx € R(A) there exists z € H such
that ABx = A*z. Hence for each y € H,

| (ABz,y) | = [{(A"2,9) [ = [ (2, Ay) | < ||z[l[|Ay[| < K[|=[[[[AByll.  (3.3.5)
Take ¢ = k||z||. Therefore for each z € H, there exists ¢ > 0 such that
| (ABz,y) | < || ABy||

for all y € H. Hence by Theorem [2.3.6), AB is hypo-EP. O]

Remark 3.3.19. The condition is equivalent to N(AB) C N(A). Also
this condition is not necessary for AB to be hypo-EP. For example, let A, B €
B(lsy) be defined by A =1 and

B(ZEl,IQ,[Eg,, Tq,y .. ) = (ZL‘l + T, X7 + Lo, T3, Ly, .. )
Here N(AB) € N(A). But A, B and AB are all hypo-EP.

Proposition 3.3.20. Let A € B.(H) and B be hypo-EP operator. If R(A) C
R(B) and A is injective, then AB is hypo-EP.

Proof. Since B is hypo-E P, by Theorem [2.3.6, for each x € H, there is k; > 0
such that
| (Bx,y) | < k|| Byl

for all y € H. Let € H. Since R(A) C R(B) and ABx € R(A), there exists
2’ € ‘H such that ABx = Bz'. Hence for each y € H,

[ (ABz,y) | = [{Bx',y) | < k|| By (3.3.6)
Since A is injective and R(A) is closed, there exists ks > 0 such that
IABy|| = kol By
for all y € ‘H. Therefore
|(ABa.g)| < b | ABy|
for all y € H. Hence AB is hypo-EP. O
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3.4 RESTRICTION OF HYPO-EP OPERATORS

In this section we discuss restriction of hypo-E P operators. The restriction of
A € B(H) to an invariant subspace M is denoted by A|y. The adjoint of A|
is denoted by (A|sm)* and defined by (A|p)* = PA*| o where P is the orthogonal
projection onto M. The restriction operator Al coincides with the following
properties as in the operator A € B(H). The proof of the following proposition is

obvious from the definition.

Proposition 3.4.1. Let A, B € B(H) and M be an invariant subspace for both
A and B. Then

1. (Alpm)™ = Alm.

2. (ABm)" = (Blm)"(Alm)"

From the definition of hypo-E P operator, for any A € B(H), we say Al is
hypo-EP if R(A|nm) is closed and R(A|pm) € R((A|m)*).

Theorem 3.4.2. Let A € B(H) and M be an invariant subspace for A such that
Alm has closed range. Then Al is hypo-EP if and only if for each x € M there

exists k > 0 such that
[(Almz, y)| < El[Almyll, for ally € M.
Proof. We get the proof by applying Theorem [2.3.6 and Proposition [3.4.1] O

Corollary 3.4.3. Let A be a hypo-E P operator and M be an invariant subspace
for A such that A\ has closed range. Then Al is hypo-EP.

Remark 3.4.4. There are sufficient conditions available in literature that range
of Alm is closed when A € B.(H). In (Barnes, |2007) Barnes gave a sufficient
condition that “R(A|m) = R(A) N M7 to have R(A|m) is closed. The following

example tells that the condition is not necessary.

Example 3.4.5. Let A be the right shift operator on ly and M = R(A). Then
Al m is hypo-E'P operator, but R(A|m) # R(A) N M.
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Theorem 3.4.6. Let A € B.(H) and R(A) be a reducing subspace for A. If Alg a)
1s hypo-E P, then A is hypo-EP.

Proof. Let y € H. Then y can be expressed as y = y; + y2 such that y; € R(A)
and yo € R(A)L. For all y € H,

[(Az, y)| = [(Az, 1) + (Az, )]

where y; € R(A),y2 € R(A):. As Az € R(A) and yo € R(A)*, we get [{Az, y)| =

[(Az, y1)|.
Since A|g(a) is hypo-EP, there exists k > 0 such that

[(Az,y)| = [(Az, y1)| < K[| Ay -
Since R(A) is a reducing subspace for A, we have
[Ay|* = [ Ay I” + [| Ay |*.

Hence

(A, y)| < K[| A < K[ Ay].

Thus A is hypo-EP. O
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CHAPTER 4

FUGLEDE-PUTNAM TYPE
THEOREMS FOR EP
OPERATORS

4.1 INTRODUCTION

The Fuglede-Putnam theorem (first proved by B. Fuglede (Fuglede, |1950) and then
by C. R. Putnam (Putnam, 1951) in a more general version) plays a major role
in the theory of bounded (and unbounded) operators. Many authors have worked
on it since the papers of Fuglede and Putnam got published (Duggal, 2001} (Gong;,
1987; |Gupta and Patel, |1988; [Mecheri, 2004). There are various generalizations
of the Fuglede-Putnam theorem to non-normal operators, for instance, hyponor-
mal, subnormal, etc. This Chapter deals with the study of Fuglede-Putnam type

theorems for F'P operators.

We show that the Fuglede theorem (Fuglede, 1950) is not true in general for
E P operators and we prove that the commutativity relation in Fuglede theorem
is true for EP operators if the adjoint operation is replaced by Moore-Penrose
inverse. Moreover, several versions of Fuglede-Putnam type theorems are given
for EP operators. In the last section of the Chapter, we prove some interesting

results using Fuglede-Putnam type theorems for E'P operators on Hilbert spaces.
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4.2 FUGLEDE-PUTNAM TYPE THEOREMS

The well-known Fuglede theorem for a bounded operator is stated as follows.

Theorem 4.2.1. (Fuglede, 1950). Let N € B(H) be a normal operator and
T € B(H). If TN = NT, then TN* = N*°T.

The following example illustrates that Fuglede theorem does not hold good for
EP operators. The theorem cannot be extended to the set of EP operators on a

Hilbert space H. Howsoever, every normal operator with closed range is FP.

Example 4.2.2. Consider the EP operator A on {5 defined by

A(xq, 29,3, T4, . ..) = (11 — T, 21 + X3, 207 — Ty + X3, Tyg, . . )
and T € B(ly) defined by

T(x1, %9, 73,24, ...) = (T2, —T1 + Ty — X3, =221 + To, Xy, . . .).
Here TA = AT but TA* # A*T.

We have seen in the above example that Fuglede theorem is not true in gen-
eral for P operators. The following theorem is a Fuglede type theorem which
says that if an F'P operator commutes with a bounded operator, then the EP
operator commutes with the Moore-Penrose inverse of the bounded operator. Our
result just replaces the “adjoint” operation by the “Moore-Penrose inverse” in the

Fuglede theorem stated in Theorem [4.2.1], however proofs are totally different.

Theorem 4.2.3. Let A be an EP operator on H and T € B(H). If TA = AT,
then TAT = ATT.

Proof. As A is an EP operator, we have AAT = ATA. From the assumption
TA = AT, we have

TAT = TATAAT = TA(A")? = AT(AT)? = AATAT(AT)? = ATATA(AT)? =
ATATAT = ATTAAY = ATAATTATA = (AT2ATATA = (AT)?TAATA = (AN TA =
(AY)2AT = ATT. O
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Example 4.2.4. The assumption that A is an EP operator cannot be dropped in
Theorem [{.2.3. For instance, T = A is a bounded operator on ly defined by

A(l'l, To2,T3, .. ) = (.1’1 + Za, 2%1 + 2372,.1'3, - )

Then

1 1
AT(l'l,ZL'Q,Ig, .. ) = <1—0<l'1 + 21’2), 1—0(1'1 + 21’2),1’3, .. >

Note that A is not an EP operator and TA = AT but TAT # AT,

Under some conditions, we prove that Fuglede theorem is true for F'P operators

and we give examples which embellish that those conditions are necessary.

Theorem 4.2.5. Let A be an EP operator on H and T € B(H). If TA = AT
and TA*A = A*AT, then TA* = A*T.

Proof. Suppose A € B(H) is an EP operator with TA = AT and TA*A = A*AT.
Then by Theorem 4.2.3, we have TA* = T(AATA)* = TA*(AAT)* = TA*AAT =
A*AT AT = A*AATT = (AATA*T = A*T. O

Example 4.2.6. The condition TA*A = A*AT is essential in Theorem [{.2.5
Consider the EP operator A on {y defined by

Az, x9, x3,...) = (1 + 23,0, 23, ...)
and T € B(l2) defined by
T(xy,x9,23,...) = (x1 + 223, —T9, X3, .. .).
Then TA = AT and TA*A # A*AT. But TA* # A*T.

Theorem 4.2.7. Let A be an EP operator on H and T € B(H). If TA = AT
and TATA* = ATA*T, then TA* = A*T.

Proof. As A € B(H) is an EP operator, we have AAT = ATA. From the given
facts TA = AT and TATA* = ATA*T, we have TA* = T(AATA)* = TATAA* =
TAATA* = ATATA* = AATA*T = (AATA)'T = A*T. O
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Example 4.2.8. The condition TATA* = AYA*T cannot be dropped in Theorem
[4.2.7 Let T and A be as in Example[4.2.3. But TATA* # AVA*T and TA* # A*T.

Remark 4.2.9. In general, the operator equations TA*A = A*AT and TATA* =
ATA*T are not equivalent. For example, let us consider the EP operator A on (s

defined by

A(.Tl, X, T3,T4, . . ) - (xl + xs, 07x37 Ty, .- )
and the bounded operator T on {y defined by
T(xy,x9, 23,2y, ...) = (221 + x3, T2, T3, X4, . . .).

Then Af(z1,29,23,14,...) = (1 — 23,0, 23,74,...). Here TATA* = ATA*T, but
TA*A # A*AT.

Fuglede theorem was generalized for two normal operators by Putnam, which

is well-known as Fuglede-Putnam theorem and is stated as follows.

Theorem 4.2.10. (Putnam, 1951) Let N, M be bounded normal operators on H
and T € B(H). If TN = MT, then TN* = M*T.

Fuglede-Putnam theorem is not true in general if we replace bounded normal

operators by EP operators, as shown in the following example.

Example 4.2.11. Consider the EP operators A and B on {y defined by
Az, 29, x3,...) = (1 + 23,0, 23, ...),
B(x1, 29, w3, 24, ...) = (1 + T, X2,,0, 24, ...)
and T € B(l3) defined by
T(zy,x9, 23,24, ...) = (v1 — T3, T3, 279, Ty, .. .).
Then TA = BT. But TA* # B*T.

Theorem 4.2.12. Let A, B be EP operators on H and T € B(H). If TA = BT
and TA*A = B*BT, then TA* = B*T.
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Proof. Suppose that A, B € B(H) are EP operators with T'TA = BT and TA*A =
B*BT. Then we have TA* = T(AATA)* = TA*AA" = B*BTA' = B*BB'T =
(BB'B)*T = B*T. O

Example 4.2.13. The condition TA*A = B*BT in Theorem[].2.13 is essential.
Let A, B be EP operators and T be the bounded operator as in Example |/.2.11].
Here TA*A # B*BT and TA = BT but TA* # B*T.

Theorem 4.2.14. Let A, B be EP operators on H and T € B(H). If TA = BT
and TATA* = BTB*T, then TA* = B*T.

Proof. As A and B are EP operators with TA = BT and TATA* = BIB*T,
we have TA* = T(AATA)* = TATAA* = TAATA* = BTATA* = BB'B*T =
(BB'B)*T = B*T. O
Example 4.2.15. The condition T A*A* = Bt B*T in Theoreml4.2.14] is essential.

Let A, B be EP operators and T be the operator as in Example [/.2.11. Here
TATA* #+ BTB*T and TA = BT but TA* # B*T.

The following Fuglede-Putnam type theorem for E'P operators is a generaliza-

tion of Theorem [4.2.3| involving two E P operators.

Theorem 4.2.16. Let A, B be EP operators on H and T € B(H). If TA= BT,
then TAT = BIT.

Proof. As A and B are EP operators, we have AA" = ATA and BB" = B'B. From
the given fact TA = BT, we have TAT = TATAA! = TA(A")? = BT(A")? =
BBIBT(AN? = BIBTA(A)? = BIBTA! = BITAA! = BIBBITAIA =
(BYY2BTA'A = (BY2TAATA = (B'?TA = (B)2BT = BIT. O
Example 4.2.17. In the Theorem[{.2.16], if one of the operators, A or B fails to
be EP, then the theorem is not valid. Consider the EP operator A on {5 defined
by

A(xy, x9,x3,...) = (1 + 23,0, 23, ...)

and the non-EP operator B on {5 defined by
B(l’l, L9, T3, Ty, .. ) == (I’l + 9, 0, O, T4,y .. )
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Let T € B(¢3) be defined by
T(C(]l, Lo, T3, Ly, .. ) = (CL’Q + 23173, —XT9, —XT9, Ty, .. )
Then TA = BT. But TA" # B'T.

Theorem 4.2.18. Let A, B be EP operators on H. IfT,S € B(H) withTA = BS
and TA? = B2S, then TAT = B'S.

Proof. Suppose that T, S, A, B € B(H) with TA = BS and TA? = B%S, where A
and B are EP operators. Then TA! = T(ATAAT) = TAATAT = BSATAT =
BBTBSATAT = B'B2SATA" = BITA2ATA' = BITAA' = BIB'BTAAT =
B'BTB?2SA" = BIBITA?A" = BIB'TA = B'B'BS = BTS.

Example 4.2.19. The assumptions that A and B are EP operators in Theorem
cannot be dropped. For instance, let T, S, A, B € B({s) be defined by

T<:C17x2)x37 o ) = (*T27:C17$37 o ')7
S =1,
A(l‘l,xg,fl?g, .. ) = (.1'1 +£B2, —X1 — T2,T3, .. )

and

B(.I'l, X2, T3, . . ) = (—1'1 — T2, + X9, X3, . . )
Here both A, B are not EP operators with TA = B = BS. But TA" # B1S.

Example 4.2.20. The condition TA?> = B%S in Theorem[{.2.18 is essential. For
instance, let A, B € B({3) be EP operators defined by

A(xy, w9, 3,24, ...) = (x1 — To, 1 + x3,2T1 — Tg + X3, T4, .. .),

B(iCl,.I'Q, T3, .. ) = (£E1 + To,T2,T3, .. )
and let T, S € B(ls) be defined by

T(.Tl, T2, T3, T4, .. ) = (.1'1 + 2332 — X3, —T1 — T2 + x3, 2.251 + 21’2 — 21’3, T4y .. .),

S($1,ZL’2,ZL’3,I4, .. ) = (1‘1 +IL‘3,0,I‘1 + X9, Ty, .. )
Then TA = BS and TA? # B2S. But TA' # B'S.
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Theorem 4.2.21. Let A be an EP operator on H and T, S € B(H). If TA = AS
and SA = AT, then TA' = ATS and SAT = A'T.

Proof. From given hypotheses, (T + S)A = A(T + S). By Theorem [4.2.3]

(T +9)AT = AT +5)
TA' + SAT = AT+ A'S
TAT - ATS = AT - SAT (4.2.1)

Again using given hypotheses, (T'— S)A = —A(T — S). By Theorem |4.2.16|

(T —S)AT = —AYT - S)
TAT—SAT = —A'T+ A'S
TAT - ATS = —A'T 4+ SAT (4.2.2)
Adding (4.2.1)) and (4.2.2), we have TA! = A'S. Similarly subtracting (4.2.2)
from (4.2.1), we have SAT = ATT. O]

Theorem 4.2.22. Let A, B be EP operators on H and T, S € B(H). If TA= BS
and SA = BT, then TA" = B'S and SAT = B'T.

Proof. From given hypotheses, (T'+ S)A = B(T'+ S). By Theorem [4.2.16],

(T + S)A' = BY(T +5)
TA"+SA" = BT+ B'S
TA"—B'S = BT - SA" (4.2.3)

Again using given hypotheses, (T'— S)A = —B(T — S5). By Theorem {4.2.16|

(T —S)A' = —BYT - 5)
TA" - SA" = —B'T+ B'S
TA" - B'S = —BIT + SA' (4.2.4)

Adding (4.2.3) and (4.2.4)), we have TAT = BTS. Similarly subtracting (4.2.4)

from (4.2.3), we have SAT = BIT.
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4.3 CONSEQUENCES OF FUGLEDE-PUTNAM
TYPE THEOREMS FOR FP OPERATORS

The product of E'P operators is not an E P operator in general, which is illustrated

in the following example.

Example 4.3.1. Let A, B € B({3) be defined by
Ay, 29,23, ...) = (21 + T2, 01 + T2, 73,...)

and

B(.fCl,.’L’Q,iEg, .. ) = (O,LEQ,.CEg, . )

Here A and B are EP operators, but the product AB is not an EP operator.

Djordjevi¢ has given a necessary and sufficient condition for product of two

E P operators to be an E'P operator again.

Theorem 4.3.2. (Djordjevié, |2001) Let A, B be EP operators on H. Then the

following statements are equivalent :
1. AB is an EP operator ;
2. R(AB) = R(A)NR(B) and N(AB) = N(A) + N(B).

Example [3.3.4] shows that there are operators A and B on H in which R(AB)
is closed but R(BA) is not closed. Also we proved in Theorem that if A and
B are EP operators, then R(AB) is closed if and only if R(BA) is closed.

Example 4.3.3. Consider the EP operators A, B € B({3) defined by
A(ZEl, Lo, T3, .. ) = (Il + To,To, T3, .. )

and
B(l’l,l'g,l‘g, .. ) = (1'1,0,1‘3, .. )

Here AB is an EP operator, but BA is not EP.
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Theorem 4.3.4. Let A, B € B(H) be such that (AB)! = BTAT. Then AB and
BA are EP if and only if ATAB = BAA" and ABB' = BTBA.

Proof. Suppose AB and BA are EP. Then (AB)" and (BA)' are also EP. Hence
we have AT(AB)f = ATB1A" = (BA)TAf. Therefore by Theorem [4.2.16, we have
ATAB = BAAT. In a similar way we have (AB)'BT = BTATBT = BT(BA)!. Now
we use Theorem [4.2.16] we get ABB' = BfBA.

Conversely, suppose we have

ATAB = BAA! (4.3.5)
ABB'" = B'BA. (4.3.6)

From the equation (4.3.5)), we get BTATAB = B'BAA' and from the equation
(4.3.6), we get ABBT A = BTBAAT. Since the right side of these two equations are
same, we have BTATAB = ABBTAT. Hence (AB)'AB = AB(AB)'. Therefore AB
is £P. Similarly from the equation (4.3.5)), we get ATABB' = BAATB' and from
the equation (4.3.6), we get ATABB' = ATBfBA. Therefore BAATBY = ATBIBA.
Hence BA(BA)" = (BA)'BA. Thus BA is EP. O

Corollary 4.3.5. Let A = UP € C™" be a polar decomposition of A where
U e CY™ 4s unitary and P € C™" is positive semi-definite Hermitian and let
B € C™" with (AB)' = BYA". If BU is EP and PBU = BUP, then AB and
BA are EP.

Proof. Suppose BU is EP and PBU = BUP, then BAA" = B(UP)(UP)! =
BUPP'U* = PBUP'U* = PP'BUU* = PP'B = P'PB = PIU*UPB =
(UP)ITUPB = A'AB. Since BU is EP and PBU = BUP, we have P(BU)! =
(BU)P. Therefore ABB' = UPBUU*B' = UPBU(BU)' = UBUP(BU)' =
UBU(BU)P = U(BU)'BUP = UU*B!BUP = Bt BA. Thus by Theorem [1.3.4]
AB and BA are EP. ]
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CHAPTER 5

EP OPERATORS ON KREIN
SPACES

5.1 INTRODUCTION

An indefinite inner product space is a real (complex) vector space together with
a symmetric (Hermitian) bilinear form prescribed on it so that the corresponding
quadratic form assumes both positive and negative values. As complete inner
product space is called Hilbert space, complete indefinite inner product space is
called Krein space with respect to the induced metric. Positive definite inner
product spaces are well known objects. Negative definite inner product spaces
do not possess any new properties and semi-definite inner product spaces can be
reduced to definite ones. Many results in classical inner product spaces will not
follow in indefinite inner product settings. In this Chapter, we extend results
of E P operators on Hilbert spaces to Krein space settings. Any indefinite inner

product space K can have the following subsets:
o st ={x € K:[x,z] >0} is called the “positive cone,”
o - ={x €K :[zr,z] <0} is called the “negative cone,”

e 3 ={r €K :[r,z] =0} is called the “neutral cone.”
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Here 57,3~ and 8° may not be subspaces of K, but all definite subspaces are

subsets of 8% or 7. Through the definite subspaces, we now define Krein space.

Definition 5.1.1. If the inner product space K admits a fundamental decompo-

sition of the form K = KT @ K—; KT C gt U{0},K~ C 8~ U {0}, where the

]‘1/2

subspaces K, K~ are complete with respect to the norm ||z|| = Hw, x||7, then we

say that IC is a Krein space.

We can also make any Hilbert space H into a Krein space by suitablely changing
the inner product with a help of self-adjoint bounded operator on H. Let H be
a Hilbert space over C and let J be a self-adjoint bounded operator on H with
J? = I. Then the inner product (,-) defined in H can be made into sesquilinear
form [, -] as follows:

[I" y] = <Jx7y> Y fOI‘ x’y E H'

Unless J = I or J = —I, this quadratic form [z, z] is indefinite which means
that for some z,y € H, we have [z,z] < 0 and [y,y] > 0. The space H with the

sesquilinear form [-, -] generated by J as defined above is called a Krein space.

Definition 5.1.2. A Krein space is an indefinite inner product space (K, [-,-])

such that there exists an automorphism J of K which squares to the identity and

(z,y) = [Jz,y]

defines a positive definite inner product and (K, (-,-)) is a Hilbert space. The

operator J is called a fundamental symmetry.

The study of E'P matrices on finite dimensional Krein spaces was done by
Jayaraman (Jayaraman), 2012). In this Chapter we are giving characterizations of
E P operators on the Krein space settings.

If a bounded operator on a Hilbert space has closed range, then the unique
Moore-Penrose inverse exists which is bounded and having closed range. But in the
case of Krein space, closed range is not sufficient for existence of Moore-Penrose
inverse. One of the main reasons for this to happen is that closed subspace of a

Krein space is not necessarily a Krein space.
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Example 5.1.3. (Bognar, |1974) Consider K = {(2:)2, : Doy |2:]* < 00,2; € C}

with the inner product

[e.e]

()2, )] = S (-1

i=1
Let L = {(2;){2, : @2 = 525@9-1,1 = 1,2,3,...}. Here L is a closed subspace of

IC, but L is not complete with respect to the given inner product.

For any given Krein spaces K; and K, we denote the set of all bounded
operators from K; to Ky by B(Ky, K2) and B(K, K) = B(K).
Definition 5.1.4. (Mary, 2008) A subspace L of a Krein space K is said to be
regular if L O Lt =K.
Definition 5.1.5. (Mary, |2008) An operator A € B(K4,Ks) is regular if both
R(A) and N(A) are regular.

Theorem 5.1.6. (Mary, |2008) Let A € B(K1,Ks) be regular. Then there ezists
a unique reqular operator B € B(Ky, K1) such that

1. ABA = A,
2. BAB = B,

3. (AB)* = AB,
J. (BA)* = BA

The operator B is called the Moore-Penrose inverse of A and it is denoted
by Af. Xavier Mary (Mary, 2008) has given necessary and sufficient conditions

for existence of Moore-Penrose inverse in Krein spaces.

Theorem 5.1.7. (Mary, 2008) Let A € B(K) be regular. Then the following are

equivalent:

1. AAT = ATA ;

2. N(A)L =R(A) ;
3. N(A) = N(A*) ;
. R(A) = R(A*).
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5.2 FACTORIZATION OF £EP OPERATORS ON
KREIN SPACES

Definition 5.2.1. An operator A € B(K) is called an EP operator if A is reqular
and AAT = ATA.

In this section, we see some characterizations of E'P operators on Krein spaces

through factorization.

Lemma 5.2.2. Let A; € B(Ky) and Ay € B(Ks) be reqular. Then A; @ Ay is EP
if and only if Ay and As are EP.

Proof. Suppose A; @ Ay is EP and x € N(A;). Then (z,0) € N(A; & A,) =
N(A; @ A;) and © € N(A7). On the other hand if z € N(A?), then we have
x € N(Ay). Hence Ay is EP. Similarly A, is also EP.

Conversely, suppose A, Ay are EP and (x,y) € N(A; & Ay), then Ajz = 0
and Asy = 0. This implies © € N (A1) = N(A}) and y € N(Ay) = N(A}). Hence
(z,y) € N(A; @ A}). Therefore A; & A, is EP. O

Lemma 5.2.3. Let Ay € B(Ky) and Ay € B(Ks) be regular and U € B(Kay, Kq) be
injective such that Ay = UAU*. Then Ay is EP if and only if Ay is EP.

Proof. Suppose As is EP and z € N(A;). Then UAU*z = 0. Since U is
injective, AoU*xr = 0 implies that U*z € N (A;) = N(A}), which in turn implies
that UA3U*x = 0, equivalently € N(A}). The other implication follows in a
similar way. Hence A; is EP.

Conversely, suppose A; is EP and © € N(Az). Therefore Ayx = 0. Since
U is injective, U* is surjective. Hence for x € Ky there exists y € K; such that
U*y = x. Therefore AyU*y = 0 implies that UA;U*y = Ay = 0. Since A, is EP,
Aty = UA5U*y = 0. Using injectivity of U and U*y = x, we get = € N'(A}). The

other implication follows in a similar way. Hence Ay is EP. O

Remark 5.2.4. The Lemma 1s not true if U 1s not injective. Consider the
Krein space K in Example[5.1.3 Let Ay, U, Ay be operators on K defined by

Al(ffl,l'g, S a) = (1’1,0,{1’}3,0, .- ')7
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U(.ﬁEl,.TQ, - ) = (33'1 — X2,T3 — T4, .. .),
and
Ag(l'l,l'g, . . ) = (.1'2,0,.1'4, .. )

respectively. Then we have U*(xy,29,...,) = (1,21, T, %2,...). Here Ay =

UAU* and Ay is EP, but U is not injective and As is not EP.
Theorem 5.2.5. Let A € B(K) be regular. Then the following are equivalent:
1. Ais EP ;

2. There ezist Krein spaces Hy, L1,Uy € B(H1® L1, K) unitary and By € B(H,)
isomorphism such that A = Uy (B; ® 0)US ;

3. There exist Krein spaces Ha, Lo, Us € B(Ho @ Lo, K) isomorphism and By €
B(H2) isomorphism such that A = Uy(By @ 0)Us ;

4. There exist Krein spaces Hg, L3, Us € B(Hs & L3, K) injective and By €
B(H3) isomorphism such that A = Us(Bs @ 0)U;.

Proof. Assume that Ais EP. Let H; = R(A), L; = N(A). Since R(A) and N (A)
are regular, they are Krein spaces. Then the map U; : Hy & £, — K is defined by

Ul(z,y) =z +y

for all z € R(A),y € N(A).

To say U, is unitary we have to show Uy is surjective and [U; (y1, 21), U1 (Y2, 22)] =
[(y1,21), (Y2, 22)]. This can be done since R(A) &+ N(A) = K. In fact we can ex-
plicitly say

Ulk = (Preayk, Pvayk), k € K.

Then By = A |gea): R(A) — R(A) is isomorphism, since R(A*) = R(A). Hence
A = Uy(B; © 0)Uy. This proves (1 = 2).
The implications (2 = 3) and (3 = 4) are obvious. (4 = 1) follows from Lemmas

(22 and £.2.3 0
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Remark 5.2.6. Theorem gives a key idea to construct Moore-Penrose in-
verse of an EP operator. If A = U,(By @ 0)U;, then A" = Uy(B;' @ 0)U;. Also

if we do not assume Us is injective, then A is not necessarily EP.

In Theorem if we assume B; is injective with closed range, then A is
not necessarily FP. The next characterization is given through simultaneous
factorization of A and A* of the foorm A = U(B & 0)U* and A* = U(C & 0)U*
with U, B and C' injective.

Theorem 5.2.7. Let A € B(K) be regular. Then the following are equivalent:
1. Ais EP ;

2. (a) There exist Krein spaces Hy and Ly, Vi € B(H1 @ L1,K) injective,
Wy € B(H, & £4,K),S; € B(K,H1® Ly),B1 € B(H1) injective and
Ch1 € B(H1) such that A =V;(B; ©0)S; and A* = W1(Cy ®0)S;.
(b) There exist Krein spaces Ha and Lo, Vo € B(Ha® Lo, K), Wy € B(Ha®
Lo, K) injective, Sy € B(K,Ha @ L2), By € B(Ha) and Cy € B(H2)
injective such that A = Va(By @ 0)Sy and A* = Wy(Cy @ 0)Ss.

Proof. (1 = 2) : The proof follows from Theorem [5.2.5]
(2 =1) : Assume (a) holds. A = Vi(B; ®0)S; and V; and B; are injective, we
get

N(4) =S ({0} & L)

and A* = W, (C @ 0)5; gives
STH({0} © L) C N(A").

Therefore N'(A) C N (A*). By (b) we get N'(A*) CN(A). Hence Ais EP. [

The above statement may look clumsy, but it tells us the effectiveness of B;
is isomorphism. The next theorem we are going to show that effectiveness of the

assumption that Bj is isomorphism.
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Theorem 5.2.8. Let A € B(K) be regular. Then the following are equivalent:
1. Ais EP ;

2. There exist Krein spaces Hi, L1,U € B(H1 ® L1, K) isomorphism and B €
B(H1) isomorphism and C' € B(H,) such that A= U(B & 0)U™" and A* =
UC®0)U

Proof. (1 = 2) : The proof follows from Theorem [5.2.5]
(2 = 1) : From the proof of (2 = 1) in Theorem we get N(A) C N (A%).

Taking adjoint in expressions given by A and A*, we get
A= (U Y(B* 90U A= (U C*a0)U".

In the same argument, we get N'(A*) C N(A). Hence A is EP. O

5.3 SIMULTANEOUS FACTORIZATION OF AA*
AND A*A

In the section, we use simultaneous factorization of AA* and A*A to characterize

EP operators on Krein spaces.
Proposition 5.3.1. Let A € B(K) be regular. Then the following are equivalent:
1. Ais EP ;

2. There ezist Krein spaces Hy, L1,Uy € B(H1® L1, K) unitary and By € B(H,)
isomorphism such that A*A = Uy (BfB,®0)U; and AA* = Uy (B Bf@0)U;;

3. (a) There exist Krein spaces Ho and Lo, Vo € B(Ha & Lo, K) injective,
Wy € B(Hy @ L5,K), Sy € B(K,Ha & Ls), By € B(Ha) injective and
02 € B(%Q) such that A*A = ‘/Q(BQ D O)SQ and AA* = WQ(CQ D O)SQ,’

(b) There exist Krein spaces Hs and L3, V3 € B(H3® L3, K), W5 € B(H3®
Eg,’C) injective, Sg S B(IC,Hg SP) ﬁg),Bg c B(/Hg) and Cg c B(Hg)
injective such that AA* = V3(Bs @ 0)S3 and AA* = W3(C5 @ 0)Ss;
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4. There exist Krein spaces Hay, L4, Uy € B(H4 D L4, K) isomorphism and By €
B(H,) isomorphism and Cy € B(H4) such that A*A = Uy(By ® 0)U; " and
AA* = U, (Cyd 0)U,

Proof. (1 = 2) : By Theorem[5.2.5 (2= 3),(2) = (4) and (3 = 1) are obvious.
(2= 1) : As in proof of (2 = 1) in Theorem we get N(AA*) = N(A*A).
But we know that N'(AA*) = N (A4*) and N(A*A) = N(A). Therefore N(A) =
N (A*). Hence A is EP. O

Remark 5.3.2. If we assume that one of the conditions in (2) holds, then A
is not in general EP. Consider the Krein space K in Example [5.1.5. Let A €
B(K) be defined by A(xy,x9,23,...) = (22,0,0,...). Then A*(x1,29,23,...) =
(0, —1,0,...). Here AA*(x1,x9,23,...) = (—21,0,0,...) and A*A = 0. Since A

is not EP, factorization of AA* exists whereas factorization of A*A does not exist.
Proposition 5.3.3. Let A € B(K) be reqular. Then the following are equivalent:
1. Ais EP ;
2. There exists an isomorphism Ny € B(K) such that A* = N1 A ;
3. There ezists Ny € B(K) injective such that A* = NyA ;
4. There exist Sy, 59 € B(K) such that A* = S1A and A = Sy A*.

Proof. (1 = 2) : By Theorem [5.2.5, we have A = U(B; & 0)U* with U € B(H &
L, K) unitary and B € B(H) an isomorphism. If we take Ny = U(B*B~1 @ I)U* :
K — K, then N is an isomorphism with A* = N1 A. (2 = 3) is direct and (2 = 4)
follows from A = N; ' A*.

(3=1): As A* = N1 A, we get N(A) C N(A*). But N, is injective implies
N(A*) CN(A). Hence Ais EP. (4 = 1): By A* = 51 A, we have N'(A) C N(A*)
and by A = S, A* we get that N'(A*) C N(A). O

Proposition 5.3.4. Let A € B(K) be reqular. Then the following are equivalent:

1. Ais EP ;
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2. There exists an isomorphism Ny € B(K) such that Al = NA = AN, ;
3. There exists Ny € B(K) injective such that AT = NyA ;
4. There exist Si, Sy € B(K) such that AT = S1A and A = S, AT.

Proof. (1= 2) : By Theorem [5.2.5, we have A = U(B; @ 0)U* with U € B(H &
L,K) unitary and B € B(H) an isomorphism. If we take Ny = U(B™2® I)U* :
K — K, then N is an isomorphism with AT = NyA = AN;. As N(AT) = N (A¥),
the rest follows from the proof of Theorem [5.3.3| ]

Proposition 5.3.5. Let A € B(K) be regular. Then the following are equivalent:
1. Ais EP ;
2. There ezists an isomorphism Ny € B(K) such that A*A = N1 AA* ;
3. There ezists Ny € B(K) injective such that A*A = Ny AA* ;
4. There exist S1, Sy € B(K) such that A*A = S;AA* and AA* = Sy A*A.

Proof. (1 = 2) : By Theorem [5.2.5, we have A = U(B; & 0)U* with U € B(H &
L, K) unitary and B € B(#H) an isomorphism. If we take Ny = U(B*B(B*)"'B~'®
NHU* : K — K, then Nj is an isomorphism with A*A = N;AA*. As N(AA*) =
N(A*) and N(A*A) = N(A). The rest follows from the proof of Theorem
£33 O
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CHAPTER 6

UNBOUNDED EP AND
HYPO-EFP OPERATORS ON
HILBERT SPACES

6.1 INTRODUCTION

The theory of unbounded operators developed in the late 1920s and early 1930s
as part of developing a rigorous mathematical framework for quantum mechanics.
They are called unbounded observables in quantum mechanics. This type of op-
erators arise in boundary value problems and they are not everywhere defined on

Hilbert spaces. Moreover, they are not continuous on their domains of definition.

The basic difference between bounded and unbounded operators is the domain
on which they are defined. Domains of unbounded operators on a Hilbert space
‘H are always proper subspaces of H. Because of this fact, many aspects of the
theory of unbounded operators are somewhat counter-intuitive. For example, the
algebraic rules for sums and products break down. Hence, one has to be careful
while dealing with unbounded operators. Nevertheless the techniques of bounded
operators may fail to hold in the case of unbounded operators; in some cases, they

work for a certain class of unbounded operators.
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Definition 6.1.1. (Akhiezer and Glazman, |1995) Let A be a linear operator from
a Hilbert space H with domain D(A) to a Hilbert space K. If the graph of A defined

by
G(A) ={(z,Ax) : 2z € D(A)}

is closed in H X IC, then A is called a closed operator. Equivalently, A is a closed
operator if x, € D(A) such that x,, — x and Ax, — y for some v € H,y € H,
then z € D(A) and Ax = y.

The set of all closed operators from H to K is denoted by C(H,K) and we
write C(H,H) = C(H).

Theorem 6.1.2. (Riesz and Sz.-Nagy, 1955) Let A be a linear operator on H
with domain D(A). Then the following are true.

1. If A is closed and everywhere defined, then A is bounded.

2. If A is bounded, then A is closed if and only if D(A) is a closed subspace of
H.

Theorem 6.1.3. (Goldberg, 1966) Let A € C(H,K). Then the following state-

ments are true.

1. N(A) is a closed subspace of H.
2. If A~! exists, then A~! is closed. In this case,

G(A™Y) = {(Az,2) : 2 € D(A)}.

The denseness of domain is necessary and sufficient for existence of the adjoint.
That is, A* exists if and only if D(A) is dense in H. Given any densely defined
operator A (not necessarily closed), the adjoint of A is always closed. We call

D(A)NN(A)L, the carrier of A and it is denoted by C(A).
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Theorem 6.1.4. (Ben-Israel and Greuville, 2003) Let A € C(H) be densely defined.

Then the following are true.
1. N(A) = R(A%E, N(A*A) = N (A).
2. N(A*) = R(A)L, N(AA*) = N(4%).

3. R(A) = N(A*)*, R(A) = R(AAY).

J. R(AY) = N(A)*, R{A") = R(AA).

Definition 6.1.5. (Rudin, 1991) Let A be a densely defined linear operator with
domain D(A). The operator A is said to be

1. normal if AA* = A*A,
2. symmetric if A C A*,
3. self-adjoint if A = A*,
4. positive if (Ax,z) >0 for all z € D(A).

Definition 6.1.6. (Nashed, 1970) Let A € C(H) be densely defined. The Moore-
penrose inverse of A is the linear operator A" defined on the dense subspace
D(AT) := R(A)+R(A)* on H and taking values in N'(A)r ND(A) with N(AT) =
R(A)* and

AT Az = Px for x € D(A),

where P is the orthogonal projection of H onto N'(A)*.

From the definition it follows that for y € D(AT), Aty is the unique element of
N(A)L ND(A) satisfying

AAly = Qy,

where () is the orthogonal projection of H onto R(A).
The Moore-Penrose inverse AT of A is closed and densely defined. Moreover,

AT is bounded if and only if R(A) is closed.
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Theorem 6.1.7. (Ben-Israel and Greuville, 2003) Let A € C(H) be densely defined.

Then the following are true.
1. D(AY) = R(A) @ R(A)*.
2. N(A") = R(A)*+ = N(4%).
3. R(AT) = C(A).

Theorem 6.1.8. (Nashed, |1976) Let A € C(H) be densely defined. Then each of

the following set of conditions characterizes the Moore-Penrose inverse of A.
1. (a) ATAAYy = ATy for all y € D(AT),

(b) ATAx = Pgmw for all v € D(A),

(c) AAty = Prgy for ally € D(AT).

2. (a) AATAx = Ax for all x € D(A),
(b) ATAATy = Aty for all y € D(AT),

(c) ATA and AAY are symmetric operators.

Definition 6.1.9. (Ben-Israel and Greville, |2005) Let A € C(H) be densely de-
fined. Then the number

7(A) = inf{[|Az|| - 2 € C(A), [[z]| = 1}
is called the reduced minimum modulus of A. Moreover, y7(A) = v(A*).

Theorem 6.1.10. (Ben-Israel and Greville, |2005) Let A be a densely defined

closed operator on H. Then the following statements are equivalent:
1. R(A) is closed ;
2. R(A*) is closed ;
3. R(A*A) is closed ;
4. R(AA*) is closed ;
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5. Alcay has a bounded inverse ;
6. v(A) >0 ;
7. AT is bounded.

Theorem 6.1.11. (Ben-Israel and Greville, |2005) Let A € C(H) be densely de-
fined. Then the following are true.

1. AT = A.

2. AT = AT,

3. N(AT)y = N(A).

4. A*A and ATA*T are non-negative and (A*A)T = ATA*T,
5. AA* and A*TAY are non-negative and (AA*)T = A*TAT,
6. A is bounded if and only if R(A") is closed.

Theorem 6.1.12. (Douglas, |1966) Let A and B be densely defined operators in
C(H). Then the following are true:

1. If AA* < BB*, there exists a contraction C so that A C BC.
2. If C is an operator so that A C BC, then R(A) C R(B).

3. If R(A) C R(B), then there exists a densely defined operator C' so that
A = BC and a number k > 0 so that ||Cz|* < k{||z|*+ [|[A*z|*} for
x € D(C).

6.2 UNBOUNDED FP OPERATORS ON HILBERT
SPACES

Definition 6.2.1. Let A € C(H) be densely defined. The operator A is said to be
an EP operator if R(A) is closed and R(A) = R(A*).
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Example 6.2.2. (Huang et all (2012) Let t : [0,1] — C by
1 of =0
-4 . "
L if 0<a<l
Define
Af=tf

for all f in the domain
D(A) = {f e L?*[0,1] : tf € L*[0,1]}.

Then A is a densely defined closed operator. As |t(x)| > 1 for all z € [0,1], we
have R(A) = L?[0,1] and A has bounded inverse A~' : L*0,1] — L?[0,1] defined
by A™tg = t1g for all g € L*0,1] where

1 if =0
t1<l‘){
Ve oif 0<z <1

Hence A is a closed EP operator on L*[0,1].

Example 6.2.3. Let H = L?[0,1]. Let
AC[0,1] = {f €H:f:]0,1] = C is absolutely continuous and f" € H}

Let D(A) = {f e AC[0,1] : £(0) = f(1)}.
Define A : D(A) — H by

Af =if" forall f € D(A).

We claim that A is self-adjoint. Let f € D(A) and g € D(A). Then

1 1

(Af,g) = / i (gDt = il(fg) ()]} — i / o () D)t

—i [ 9@t since £0)g(0) = FV(1)

0

= (g9, Af).
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This shows that A C A*. It only remains to prove D(A*) C D(A). Let g € D(A*).
Put ¢ = A*g and ®(x) = [ ¢. Then, for any f € D(A), we have
0

1

/ ifg = (Af.g) = (f.6) = F()B() — / /. (6.2.1)

0

Since D(A) contains nonzero constants, substituting f = c # 0 in Equationm
we end up with ®(1) = 0 and ig — ® € R(A)*, where

R(A) = {u EH: /u(t)dt = 0} = span{1}*.

Hence ig — ® = «, for some constant a # 0. As ® is absolutely continuous, it
follows that g is absolutely continuous. Using the fact that ®(1) = 0 = ®(0) and
ig — ® = a, we can conclude that g(0) = g(1). Hence g € D(A). This proves that
A = A*. Hence A is a closed EP operator.

Theorem 6.2.4. (Kulkarni and Ramesh, |2011) If A is a densely defined closed

operator on H, then C(A) = N (A)L.

Theorem 6.2.5. Let A € C(H) be a densely defined with closed range. Then the

following are equivalent:

~

. A is an EP operator ;
2. AAT = ATA on D(A) ;
3. N(A) = N(A1) ;

4. N(A) =N(A") ;

5. C(A) = R(A) ;

6. 1 =N(A) B R(A) ;

7. If D(A) = D(A"), then A* = PA , where P is a bijective linear operator on
H.
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Proof. Assume that A is an EP operator. Let x € D(A) = N(A) & C(A). Then
T =x + 13,71 € N(A), 25 € C(A) = R(AT). Hence ATAz = ATA(x) + 2) =
ATAzy = z9. As C(A) = R(AT) C R(A*) = R(A) and N(4) = R(A*)L =
R(A)L = N(AN), AATz = AAT (2 + x9) = AATz, + AATzy = AAtxy = 1y,
Therefore AAT = ATA on D(A).

Now assume ATA = AA" on D(A). Then R(A) = R(A) and hence R(A*) =
R(A). Therefore A is EP.

The following set of equations will prove the implications (1| < [3| < .

R(A) =R

—~

A")

Assume R(A) = R(A*). Then

H=TR(A) D R(A)*
=R(A) ®R(A")*
=R(A) & N(A).

Assume H = N(A) @ R(A). But we have H = R(A)* ®& R(A). Hence we get
N(A) = R(A)+ = N(A*). Therefore by (), R(A) = R(A*). Hence A is EP. (]
& @is trivial from the fact that R(A) = R(A*) = N(A)*+ = C(A).

Assume N (A) = N(A*). Let z € H=R(A) @ N(A). Then x = x1 + 29,21 €
R(A),xs € N(A). Since x; € R(A) and A is bijective from C(A) to R(A), there
exists u € C(A) such that Au = x1. Define Pr = A*u + xo. If z € R(A), then
Pzx = A*u where u € C(A) and Au = z.

First we prove that P is linear. Let x,y € H. Then x = x1+z9,y = y1+y- with
x1,91 € R(A), 22,y2 € N(A). Let u,v € C(A) such that Au = 21, Av = z9. Then
P = A*u+y, Py = A*v+y,. For a, 8 € C, aw+ By = (awy +Byr) + (awa+ By)
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and A(au + pv) = axy + Sy;. Therefore

Plax + By) = A*(au + Bv) + (axz + Bys)
= a(A*u+ z3) + B(A%v + o)
= aPx + SPy.

Hence P is linear.
Now we prove that PA = A*. Let x € D(A) = C(A) ® N (A) and = = 1 + 22
where z1 € C(A), x5 € N(A). Then

PAz = PA(zq + x2)
= PAIl

As Az, € R(A), PAr, = A*u, where u € C(A) and Au = Azy. Since A is
bijective from C(A) to R(A) and u,z; € C(A), Au = Az, implies v = z;.
Hence PAx = PAx, = A*u = A*xy. But A*x = A*xy + A*z9 = A*x,. Hence
PAx = A*x.
We now claim that P is injective. Take x € H such that Pr = 0, where z =
1+ X9, 71 € R(A), 29 € N(A). Then A*u+ x5 = 0 where Au = x; and u € C(A).
Hence A*u = —xo. But A*u € R(A*) = N(A)' and 25 € N(A). Therefore
A*u =29 = 0. As u € C(A) = C(A*) and A* is a bijective map from C(A*) to
R(A*), u=0. Hence 1 = Au = 0 and z = x; + x5 = 0. Therefore P is injective.
Finally we prove that P is surjective. Let y = y; + y2 € H = R(A) @ N (A),
where y; € R(A) = R(A*),y2 € N(A). As y; € R(A*), there exists u € D(A*)
such that A*u = y;. Let u = uy + ug with u; € C(A) and uy € N(A) = N(A*).
Therefore y; = A*u = A*uy + A*uy = A*uy. Take x = Auy + 12 € R(A) & N (A).
Then

Px = A*u1 + Yo
=yt
Therefore P is surjective. Hence A* = PA.
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Assume A* = PA for some bijective operator P € L(H). Then N(A) C
N(PA) = N(A*). Also A = P7'A*. Then we have N'(A*) C N (P71A*) = N(A).
Therefore N'(A) = N (A4*). O

If we drop the assumption that R(A) is closed, then the part (4) of Theorem
can be restated as “AA" C ATA if and only if N'(A4) = N (A*) and D(AT) C
D(A).” Indeed, if AAT C ATA, then D(AT) C D(A) and

AAT = ATA on D(AD)
Prey = Pran

R(A) = R(AT)

'_

R(A) = TR(A)
N(A*) = N(A).

N(A) = N(AT
N(A)F = N(A)*
C4) = R(A)
R(AT) = R(A).

Then by Theorem [6.1.8, we have AA'x = AT Az for all # € D(A!). Hence AA! C
ATA. Similarly, we can prove that ATA C AAT if and only if N (A) = N(A*) and
D(A) C D(AT).

Example 6.2.6. (Kulkarni and Ramesh, 2010) Let H be the real space L*[0, 7| of real valued functions

d
and H' = {gb € AC[0, 7] : ¢’ € ’H} Let A be the operator pr with

D(A) ={x € H" : 2(0) = x(m) = 0}.

It can be shown using the fundamental theorem of integral calculus that A €
C(H). Since {sin nt : n € N} is an orthonormal basis for H and is contained in
D(A), A is densely defined. Also C(A) = D(A). i.e., A is one-to-one. It can
be shown that R(A) = {y € H : }y(t) dt =0} = span{1}*. Hence in this case

0
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D(A") = H. Let z € H. Then z = y + ¢, where y € R(A) and 0 # ¢ € R(A)*.
Hence

™

z:y+c:>y=z—c:>0:/y(t)dt:/(z(t)—c)dt

j z(t)dt.

=c=

3 |

Hence y(t) = z(t) —

|

/ “(t)dt.

0
Since y € R(A), we have Aty = ATz, Thus

S

Alz = Aly = A7y = / y(t)dt = / z(t)dt — 1 / / z(w)dudt.
7r
0 0

0 0

S ™

Hence ATz = / z(t)dt — il / z(u)du, 0<s<m. Also AAT = ATA. Hence A
7
0

0
1 a closed EP operator.

6.3 UNBOUNDED HYPO-E£P OPERATORS ON
HILBERT SPACES

Definition 6.3.1. Let A € C(H) be densely defined. The operator A is said to be
a hypo-EP operator if R(A) is closed and R(A) C R(A*).

Example 6.3.2. Let H = {5 and
D(A) = {(l’l,l‘g, .. ) eH: (ZE1725L‘2,3J]3, .. ) S 7‘[}

Define A(xq,x2,23,...) = (0,21, 229, 3x3,...) for all (z1,x9,23,...) € D(A). The
operator A is a hypo-E P operator, but not EP.

Theorem 6.3.3. Let A € C(H) be closed range. Then A is hypo-EP if and only
if ATAZAT = AAT.

75



Proof. Suppose R(A) C R(A*) and R(A) is closed. Then AATz € R(A) for each
r € H and hence AATx € R(AT) = R(A*). As ATA is a projection onto R(AT),
we have ATA(AATx) = AATz. Hence ATA2AT = AAT. O

Theorem 6.3.4. Let A € C(H) be densely defined. Then each of the following

statements implies the next statement:
1. A is hypo-EP ;
2. A(AT)2A = AAT on D(A) ;
3. AAT < ATA on D(A) ;
4. ||AATx < |ATAx|| for all x € D(A).
Proof. Assume that A is hypo-EP and = € D(A). Then
<AATA*A35, T) = <(AAT)*ATA$,$>
= <ATAm, AATx>
= ((ATA)*z, AATz)
= (z, ATA’ATz)
= (z, AAT[E>
= <AATx, m> .
Hence A(AT)2A = AAT on D(A).
Assume that A(A)2A = AA" on D(A). Let z € D(A). Then
<AATx,x> = <AATAATx,x>
= ((AAN AATz, z)
= ||AA"z|?
— A4 A
< [ AAT|?|| AT Az |®
— At Aa?
= (AT Az, ATAz)
= <ATAx,x> .
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Hence AAT < ATA on D(A).
Assume that AAT < ATA on D(A). Let z € D(A). Then

(AATz,z) < (ATAz, x)
= (AATAA D, ) < (ATAAT Az, 2)
= (AATz, AATZ) < (AT Az, AT Ax)
=[|AATz|? < ||ATAz|?.

Thus ||[AATx < ||ATAz|| for all z € D(A). O

Remark 6.3.5. If R(A) C D(A), all the necessary conditions for hypo-EP in
Theorem become sufficient conditions for hypo-EP operators.

Theorem 6.3.6. Let A € C(H) be densely defined. If A is hypo-EP, then there
exists k > 0 such that |(Az,y)| < k||Ay||, for all y € D(A).

Proof. Suppose A is hypo-EP. If x € N(A), then the result is trivial. Let
x € D(A) such that Az # 0. Then Az € R(A) C R(A*). Therefore there exists a
non-zero z € D(A) such that A*z = Axz. Then for all y € D(A),

[(Az, y)| = [(A%z, )] = [(z, Ay)| < []2[[[[Ay].
Taking k = ||z||, we get
[(Az, y)| < k[ Ay,

for all y € D(A). O

The converse of Theorem has been proved for bounded hypo-EP op-
erators on Hilbert spaces in Chapter 2 in which Douglas’ theorem for bounded
operators was used. Unlike the bounded operators, Douglas’ theorem for densely
defined closed operators does not guarantee the equivalance of the notions of ma-

jorization, range inclusion and factorization.
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CHAPTER 7

CONCLUSION AND FUTURE
WORK

7.1 CONCLUSION

Bounded EP operators behave better than closed range operators on Hilbert
spaces because of the additional “range-Hermitian” condition. For instance, there
are operators A and B on a Hilbert space H such that A, B and AB have closed
ranges but BA does not have closed range. However when A and B are EP
operators, the closed rangeness of AB implies the closed rangeness of BA and
vice-versa. Also, there are operators A on H such that A has closed range but A2
does not have closed range. However it has been observed that if A is EP, then
A? has closed range always. Moreover, any natural power of A has closed range.

Because of the Pearl’s characterization, several characterizations came out
in terms of Moore-Penrose inverses. There are at least 60 characterizations for
EP matrices available in literature and most of them are extended to infinite-
dimensional settings. However, much attention has not been paid to study un-
bounded E P operators which would be quite useful to know the properties which
resemble those of normal /hyponormal operators. In the case of finite dimensional
settings, £'P and hypo-E P are the same. There are few more types of £'P matrices
(k-EP, Cen-EP, Con-S-K-EP, Co-EP, Core-EP) being studied by mathemati-

clans.
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In this thesis we have discussed the following for EP and hypo-E P operators :

1. Algebraic and analytic characterizations for bounded and unbounded oper-

ators on Hilbert spaces ;

2. Algebraic sum, product and restriction for bounded operators on Hilbert

spaces ;
3. Factorization of operators on Krein spaces ;

4. As an application, Fuglede-Putnam type theorems for bounded operators on

Hilbert spaces.

7.2 FUTURE WORK

Moore-Penrose inverses of matrices have important roles in theoretical and nu-
merical methods of linear algebra. The most significant fact is that we can use
Moore-Penrose inverse of matrices, in the case when ordinary inverses do not ex-
ist, in order to solve some matrix equations. Similar reasoning can be applied to
linear (bounded or unbounded) operators on Hilbert spaces. Then, it is interesting
to consider Moore-Penrose inverses of elements in Banach and C*-algebras, more
generally, in rings with or without involution.

Rakocevic (Rakocevic, 1988) introduced the notion of Moore-Penrose inverse
to elements of a Banach algebra, which led to study £ P Banach space operators
and FP Banach algebra elements by Boasso (Boasso, 2008). Well-known results
obtained in the frame of Hilbert space operators and C*-algebra elements are
extended for E'P Banach space operators and Banach algebra elements.

In rings with involution, FP elements are elements for which the Drazin and
the Moore-Penrose inverse exist and coincide. Dijana et al. (Mosi¢ and Djordjevid,
2012)) introduced and investigated generalized normal and generalized Hermitian
elements in rings. As a consequence, several new characterizations for elements in
rings with involution to be normal and Hermitian elements are presented. More-

over, Dijana et al. have investigated E'P elements in Banach algebras (Mosi¢ and
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Djordjevic, 2011a)) and weighted-E P elements in C*-algebras (Mosi¢ and Djord-
jevic, 2011b)).

E P modular operators on Hilbert C*-modules have been first studied by Kam-
ran Sharifi (Sharifi, 2014) and necessary and sufficient conditions are provided for
the product of two E P modular operators to be EP. These results are extension of
results by Koliha (Koliha, [2000) for an arbitrary C*-algebra and the C*-algebras
of compact operators. We have seen theoretical developments of EP operators
from finite dimensional spaces to Hilbert C*-modules.

Our future plan is to analyze algebraic and topological structures of those
collection of operators in a much more general settings, such as C*-algebras and

Hilbert C*-modules.

81



82



Bibliography

Akhiezer, N. I. and Glazman, I. M. (1993). Theory of linear operators in Hilbert
space. Dover Publications, Inc., New York. Translated from the Russian and
with a preface by Merlynd Nestell, Reprint of the 1961 and 1963 translations,

Two volumes bound as one.

Baksalary, O. M. and Trenkler, G. (2008). Characterizations of EP, normal, and
Hermitian matrices. Linear Multilinear Algebra, 56(3):299-304.

Barnes, B. A. (2007). Restrictions of bounded linear operators: closed range. Proc.

Amer. Math. Soc., 135(6):1735-1740 (electronic).

Ben-Israel, A. and Greville, T. N. E. (2003). Generalized inverses, volume 15 of
CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC. Springer-
Verlag, New York, second edition. Theory and applications.

Boasso, E. (2008). On the Moore-Penrose inverse, EP Banach space operators,

and EP Banach algebra elements. J. Math. Anal. Appl., 339(2):1003-1014.

Bognar, J. (1974). Indefinite inner product spaces. Springer-Verlag, New York-
Heidelberg. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 78.

Bouldin, R. H. (1982). Generalized inverses and factorizations, volume 66 of Res.

Notes in Math. Pitman, Boston, Mass.-London.

Brock, K. G. (1990). A note on commutativity of a linear operator and its Moore-

Penrose inverse. Numer. Funct. Anal. Optim., 11(7-8):673—678.

83



Campbell, S. L. and Meyer, C. D. (1975). E'P operators and generalized inverses.
Canad. Math. Bull, 18(3):327-333.

Cheng, S. and Tian, Y. (2003). Two sets of new characterizations for normal and

EP matrices. Linear Algebra Appl., 375:181-195.

Deutsch, F. (1995). The angle between subspaces of a Hilbert space. In Approzi-
mation theory, wavelets and applications (Maratea, 1994 ), volume 454 of NATO
Adv. Sci. Inst. Ser. C Math. Phys. Sci., pages 107-130. Kluwer Acad. Publ.,
Dordrecht.

Djordjevié¢, D. S. (2001). Products of EP operators on Hilbert spaces. Proc. Amer.
Math. Soc., 129(6):1727-1731.

Djordjevi¢, D. S. (2007). Characterizations of normal, hyponormal and EP oper-
ators. J. Math. Anal. Appl., 329(2):1181-1190.

Djordjevi¢, D. S. and Koliha, J. J. (2007). Characterizing Hermitian, normal and
EP operators. Filomat, 21(1):39-54.

Douglas, R. G. (1966). On majorization, factorization, and range inclusion of

operators on Hilbert space. Proc. Amer. Math. Soc., 17:413-415.

Drivaliaris, D., Karanasios, S., and Pappas, D. (2008). Factorizations of EP oper-
ators. Linear Algebra Appl., 429(7):1555-1567.

Duggal, B. P. (2001). A remark on generalised Putnam-Fuglede theorems. Proc.
Amer. Math. Soc., 129(1):83-87.

Dunford, N. and Schwartz, J. T. (1988). Linear operators. Part I. Wiley Classics
Library. John Wiley & Sons, Inc., New York. General theory, With the assis-
tance of William G. Bade and Robert G. Bartle, Reprint of the 1958 original,

A Wiley-Interscience Publication.

Fuglede, B. (1950). A commutativity theorem for normal operators. Proc. Nat.
Acad. Sci. U. S. A., 36:35-40.

84



Goldberg, S. (1966). Unbounded linear operators: Theory and applications.
McGraw-Hill Book Co., New York-Toronto, Ont.-London.

Gong, W. B. (1987). A simple proof of an extension of the Fuglede-Putnam
theorem. Proc. Amer. Math. Soc., 100(3):599-600.

Groetsch, C. W. (1977). Generalized inverses of linear operators: representation
and approximation. Res. Notes in Math. Marce Dekker, Inc., New York-Basel.
Monographs and Textbooks in pure and Applied Mathematics No. 37.

Groetsch, C. W. (2007). Stable approzimate evaluation of unbounded operators,
volume 1894 of Lecture Notes in Mathematics. Springer-Verlag, Berlin.

Gupta, B. C. and Patel, S. M. (1988). On extensions of Fuglede-Putnam theorem.
Indian J. Pure Appl. Math., 19(1):55-58.

Hartwig, R. E. and Katz, I. J. (1997). On products of EP matrices. Linear Algebra
Appl., 252:339-345.

Huang, Q., Zhu, L., and Yu, J. (2012). Some new perturbation results for gen-
eralized inverses of closed linear operators in Banach spaces. Banach J. Math.

Anal., 6(2):58-68.
Itoh, M. (2005). On some EP operators. Nihonkai Math. J., 16(1):49-56.

Jayaraman, S. (2012). EP matrices in indefinite inner product spaces. Functional

Analysis, Approximation and Computation, 4:23-31.

Katz, I. J. and Pearl, M. H. (1966). On EPr and normal EPr matrices. J. Res.
Nat. Bur. Standards Sect. B, T0B:47-77.

Koliha, J. J. (2000). Elements of C*-algebras commuting with their Moore-Penrose
inverse. Studia Math., 139(1):81-90.

Kubrusly, C. S. (2001). Elements of operator theory. Birkhduser Boston, Inc.,
Boston, MA.

85



Kulkarni, S. H. and Ramesh, G. (2010). Projection methods for computing
Moore-Penrose inverses of unbounded operators. Indian J. Pure Appl. Math.,

41(5):647-662.

Kulkarni, S. H. and Ramesh, G. (2011). The carrier graph topology. Banach J.
Math. Anal., 5(1):56-69.

Limaye, B. V. (2013). Functional analysis. New Age International Publishers

Limited, New Delhi, second edition.

Mary, X. (2008). Moore-Penrose inverse in Krein spaces. Integral Equations Op-
erator Theory, 60(3):419-433.

Mecheri, S. (2004). An extension of the Fuglede-Putnam theorem to p-hyponormal
operators. J. Pure Math., 21:25-30.

Meenakshi, A. (1983). On sums of EP matrices. Houston J. Math., 9(1):63-69.

Mortad, M. H. (2012). On the normality of the sum of two normal operators.
Complex Anal. Oper. Theory, 6(1):105-112.

Mosié¢, D. and Djordjevi¢, D. S. (2011a). EP elements in Banach algebras. Banach
J. Math. Anal., 5(2):25-32.

Mosié, D. and Djordjevi¢, D. S. (2011b). Weighted-EP elements in C*-algebras.
Electron. J. Linear Algebra, 22:912-930.

Mosi¢, D. and Djordjevié¢, D. S. (2012). New characterizations of EP, generalized
normal and generalized Hermitian elements in rings. Appl. Math. Comput.,

218(12):6702-6710.

Nashed, M. Z., editor (1976). Generalized inverses and applications. Academic
Press [Harcourt Brace Jovanovich, Publishers], New York-London. University

of Wisconsin, Mathematics Research Center, Publication No. 32.

Patel, A. B. and Shekhawat, M. P. (2016). Hypo-EP operators. Indian J. Pure
Appl. Math., 47(1):73-84.

86



Pearl, M. (1959). On normal and EP, matrices. Michigan Math. J., 6:1-5.

Pearl, M. H. (1966). On generalized inverses of matrices. Proc. Cambridge Philos.
Soc., 62:673-677.

Putnam, C. R. (1951). On normal operators in Hilbert space. Amer. J. Math.,
73:357-362.

Rakocevi¢, V. (1988). Moore-Penrose inverse in Banach algebras. Proc. Roy. Irish

Acad. Sect. A, 88(1):57-60.

Riesz, F. and Sz.-Nagy, B. (1955). Functional analysis. Frederick Ungar Publishing
Co., New York. Translated by Leo F. Boron.

Rudin, W. (1991). Functional analysis. International Series in Pure and Applied
Mathematics. McGraw-Hill, Inc., New York, second edition.

Sam Johnson, P. and Ganesa Moorthy, C. (2006). Composition of operators with
closed range. J. Anal., 14:79-80.

Schwerdtfeger, H. (1950). Introduction to Linear Algebra and the Theory of Ma-

trices. P. Noordhoff, Groningen.

Sharifi, K. (2014). EP modular operators and their products. J. Math. Anal.
Appl., 419(2):870-877.

Stampfli, J. G. (1962). Hyponormal operators. Pacific J. Math., 12:1453-1458.

87






Publications

[1] Vinoth A. and P. Sam Johnson, On Sum and Restriction of Hypo-EP
Operators, Functional Analysis, Approzimation and Computation, 9(1): 37-

41, 2017.

[2] P. Sam Johnson and Vinoth A., Product and Factorization of Hypo-EP
Operators, Special Matrices, 6(1): 376-382, 2018.

[3] P. Sam Johnson, Vinoth A. and K. Kamaraj, Fuglede-Putnam Type Com-

mutativity Theorems for FP Operators, (communicated).

[4] Vinoth A. and P. Sam Johnson, Factorization of EP Operators in Krein

Spaces, (communicated).

[5] P. Sam Johnson and Vinoth A., Unbounded EP Operators on Hilbert

Spaces, (communicated).

89



90



BIODATA

Name : Vinoth A

Email : vinoth.antony1729@Qgmail.com
Date of Birth ;25 June 1991

Permanent address : Vinoth A

S/o S. Anthony Raj
Kiliyur(PO), Puliyal
Sivaganga District
Tamil Nadu, 630 312
Mobile: 9488757493

Educational Qualifications

Degree Year Institution / University
B.Sc. 2011 St. Joseph’s College
Mathematics Trichy, Bharathidasan University
M.Sc. 2013 St. Joseph’s College
Mathematics Trichy, Bharathidasan University

Present Position

Designation From To Institute

Assistant Professor 01.02.2017 Till date St.Xavier’s College
Palayamkottai
Tamil Nadu

91



92



	ACKNOWLEDGEMENT
	ABSTRACT
	NOTATIONS
	PRELIMINARIES
	GENERAL INTRODUCTION 
	BASIC DEFINITIONS AND RESULTS
	MOORE-PENROSE INVERSES
	UNBOUNDED OPERATORS 

	 CHARACTERIZATIONS OF HYPO-EP OPERATORS
	INTRODUCTION 
	CONSTRUCTION OF  EP  MATRICES 
	CHARACTERIZATIONS  OF  HYPO - EP OPERATORS 

	SUM, PRODUCT AND RESTRICTION OF HYPO- EP  OPERATORS
	INTRODUCTION
	SUM OF HYPO- EP  OPERATORS
	PRODUCT OF HYPO- EP  OPERATORS
	RESTRICTION OF HYPO- EP  OPERATORS

	FUGLEDE-PUTNAM TYPE THEOREMS FOR  EP  OPERATORS
	INTRODUCTION 
	FUGLEDE-PUTNAM TYPE THEOREMS
	CONSEQUENCES OFFUGLEDE-PUTNAM   TYPE   THEOREMS FOR  EP  OPERATORS 

	 EP  OPERATORS ON KREIN SPACES
	INTRODUCTION 
	FACTORIZATION OF  EP  OPERATORS ON KREIN SPACES
	SIMULTANEOUS FACTORIZATION OF  AA*  AND  A*A 

	UNBOUNDED  EP  AND HYPO- EP  OPERATORS ON HILBERT SPACES
	INTRODUCTION
	UNBOUNDED  EP  OPERATORS ON HILBERT SPACES
	UNBOUNDED HYPO- EP  OPERATORS ON HILBERT SPACES

	 CONCLUSION AND FUTURE WORK
	CONCLUSION
	FUTURE WORK

	References
	Publications

