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ABSTRACT 

 

KEYWORDS: Analytical solutions; FG-graphene reinforced nanocomposites; 2D 

continuum orthotropic plate model; Non-uniform uniaxial edge 

loads; Reddy’s TSDT; elastic buckling; Sound radiation; Sound 

transmission loss;   

 

Analytical investigation carried on vibro-acoustic characteristics of plates 

under different non-uniform uniaxial edge loads, subjected to steady-state mechanical 

and acoustic waves excitation is presented. Owing to their high stiffness to weight 

ratio, these functionally graded-graphene reinforced nanocomposites (FG-GRC) are 

used as structural members in unified wing aircrafts, space launchers etc., these 

Graphene reinforced nanocomposites plate is assumed to be a layered structure, in 

which weight fraction (WGNP) of the graphene nanoplatelets (GNPs) continuously vary 

in each layer through the plate thickness. It is also assumed that GNPs are evenly 

distributed in longitudinal direction, but randomly slanted towards the transverse 

direction of plate. By using 2D continuum orthotropic plate model, the effective 

material properties of graphene reinforced nanocomposites with different grading 

pattern/weight fraction of GNPs are obtained by combining the modified Halpin-Tsai 

model and rule of mixture. In order to model the porous graphene reinforced 

nanocomposites, closed-cell cellular solids under Gaussian Random Field (GRF) are 

used. An analytical method based on the strain energy approach is adopted to estimate 

the buckling load (Pcr). Free and forced vibration responses of the plate are obtained, 

by using an analytical method based on Reddy’s third-order shear deformation 

theorem (TSDT). Further, vibration response of the plate is given as an input to the 

Rayleigh integral code built-in-house using MATLAB
®
 to obtain the acoustic 

response characteristics. Validation studies carried out to ensure the accuracy of 

results based on 2D continuum orthotropic plate model. The predicted buckling, 

vibration and acoustic characteristic results of graphene reinforced nanocomposites 

plates by using the 2D continuum orthotropic plate model is compared with the 

published results and shows the good agreement with the present approach.     
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Initially, influence of non-uniform uniaxial edge (NUE) loads on vibration and 

acoustic response isotropic plates is investigated. The results reveals that the buckling 

load (Pcr) is significantly influenced by the nature of NUE loads. Similarly, natural 

frequencies reduce with an increase in axial compressive load due to a reduction in 

structural stiffness. Vibration and acoustic resonant amplitudes are affected by the 

intensity of the compressive load. Sound transmission loss reduces with an increase in 

compressive load magnitude and the effect is significant in the stiffness dominant 

region. 

Followed by this, free vibration and buckling characteristics of graphene 

reinforced nanocomposites under the different NUE loads, four distinctive gradings 

(i.e., UD, X, O, and C patterns of GNPs) and different WGNP are studied. Results 

revealed that buckling and free vibration behaviour of the plate is significantly 

influenced by the GNPs dispersion pattern and weight fraction under non-uniform 

edge loads. It is also observed that buckling mode and the fundamental vibration 

mode of the plate under combined tensile-compression load (i.e., load factor (α) = 2) 

is entirely different from the other NUE load cases. Furthermore, to understand the 

vibro-acoustic characteristics of graphene reinforced nanocomposites under the 

different NUE loads, same grading patterns and different WGNP have been selected 

from the previous studies on free vibration and buckling characteristics. It is found 

that, the nature of edge load variation on buckling and vibro-acoustic response is 

significant. Free vibration mode shape changes with an increase in edge load and 

consequently affects the resonant amplitude of responses also especially for the plates 

with a higher aspect ratio. WGNP and dispersion grading pattern of GNPs also 

influences the resonance amplitudes. Plate with FG-GRCC dispersion pattern and 

higher WGNP has improved buckling and vibro-acoustic response behaviour. Similarly, 

change in sound transmission loss level is significant in the stiffness region compared 

to the damping and mass dominated region. 

Finally, a detailed investigation of porosity grading and coefficients on vibro-

acoustic characteristics of graphene reinforced nanocomposites under the different 

NUE loads is presented.  Three types of porous distribution patterns, in which the 

porosity changes latterly the thickness bearing of the graphene reinforced 
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nanocomposites, are considered. Plates with porosity is less at the surface and more at 

the centre is termed as VPC (increasing porosity towards the centre). Plates with less 

porosity at the centre and more at the surfaces is termed as VPS (increasing porosity 

towards the surface) and the plate with uniform porosity is termed as UP. It is 

observed that, the WGNP and grading pattern of GNPs reinforcement causes the 

stiffness hardening effect, whereas porosity distribution and coefficients cause the 

stiffness softening effect on the graphene reinforced nanocomposite plate. It is found 

that the plate with symmetric distribution of GNPs with more concentration at the 

surface and symmetric porosity variation with more porosity at the centre radiates less 

sound power (i.e.,        
    with higher WGNP%). 
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CHAPTER 1 

1. INTRODUCTION 

1.1. Introduction 

Thin walled or slender panel members are used as structural components in aerospace 

vehicles, civil and oceanic applications. Recently graphene nanoplates (GNP) and 

carbon nanotubes (CNTs) based nano-reinforcements are commonly used in 

functionally graded carbon-reinforced nanocomposites (FG-GRC and porous FG-

GRC), which obtains a huge interest in structural scientific community due to their 

remarkable performance. These nanocomposites are characterized as inhomogeneous 

in nature where the elastic properties vary along the thickness direction to achieve the 

desired property. Restrictive factors like achievement of uniform dispersion and high 

manufacturing cost associated with CNT based composites makes it very difficult to 

fabricate such composites through the general manufacturing processes. However, 

graphene gains superior properties in terms of uniform dispersion in a polymer 

matrix, mechanical (Rafiee et al. (2009)), electrical (Novoselov et al. (2004)), energy 

storage (Bonaccorso et al. (2015)) and low manufacturing cost. Due to this graphene 

emerges as an ultimate reinforcement for obtaining high stiffness and stress in 

structural nanocomposite applications (Tiwari et al. (2015)). Since the panel gives 

good weight reduction and high increase in stiffness properties, which will be in 

favourable of offering superior mechanical properties when compared to traditional 

metallic structures during their life service. Due to these advantages, nanocomposite 

constructions are used in many aerospace structures for the weight reduction and good 

acoustical properties which are important factors to be considered during the design 

process along with high stiffness and strength. 

Hence the graphene reinforced nanocomposite panels can be implemented in 

the aerospace structures (Rafiee et al. (2009)) as shown in Figure 1.1 for their high 

stiffness to the low weight ratio property with the superior mechanical strength. 

During the in-flight conditions these structures are subjected to the arbitrary in-plane 

compression edge loads and transverse static/dynamic mechanical loadings (Figure  
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(a)  

 

(b) 

Figure 1.1: Structural graphene reinforced nanocomposites used in aerospace/aircraft industries: (a) 

outer body panels; (b) fuselage (www.materialstoday.com). 

 

(a)                                                                 (b) 

Figure 1.2: Schematic representation: (a) Types of external loading acts on structure; (b) Elastic 

buckling of a flat panel. 

1.2 (a)), which causes the change in structural stiffness of the FG-GRC plate. As a 

result, buckling and dynamic instability occurs, which trends to the sudden failure of 

the structural members and significant change in vibro-acoustic response 

characteristics. So, monitoring the vibro-acoustic response like sound radiation and 

sound transmission loss (i.e., acoustic comfort) of the graphene reinforced 

nanocomposite structure under the non-uniform in-plane compressive loading 

condition is still a motivating topic. 

Non-uniform compressive stress loads can be observed in the typical structural 

components such as walls, floor, stiffener... etc., area of space launcher vehicle or 

aircrafts, which are extensively made-up of nanocomposites. During the in-flight 

conditions these structures experience symmetric or asymmetric stress resultant acts 

http://www.materialstoday.com/
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as compressive and tensile in-plane stresses (Figure 1.2 (b)). These axial stresses are 

equivalent to the non-uniform uniaxial edge (NUE) loads and this pre-stress will 

influence the dynamic characteristics of the nanocomposite structure subjected to 

transverse harmonic mechanical excitation. So, it is crucial to analyse dynamic and 

acoustic response of structure subjected to NUE loads subjected to steady-state 

mechanical excitation for the better design consideration.  

1.2. Literature Review 

A brief literature study on the homogenization method to obtain the effective material 

properties, buckling, free/forced vibration and sound radiation/transmission loss 

characteristics of the graphene reinforced nanocomposites panels are given out in 

detail in following sections. 

1.2.1. Effective material properties of the FG-graphene reinforced 

nanocomposites 

In general, an analytical homogenization theory is used to predict the elastic 

properties of graphene reinforced nanocomposites to a continuum thin orthotropic 

plate. Then the geometrically complex graphene reinforced nanocomposites are 

covered into a simple 2D orthotropic plate with the equivalent material properties for 

the analytical investigation. Several research works are published on obtaining 

effective stiffness properties of different types of graphene reinforced nanocomposites 

structures are grouped in this section. 

Affdl and Kardos (1976) have benchmarked a micro-mechanic’s mathematical model 

to calculate the elasticity constants for the various type of reinforced composites by 

introducing Halpin-Tsai equations, which forms the basis to model the different types 

of nanocomposites analytically.  

Choi and Lakes (1995) performed both analytical modelling and experiments to 

obtain elastic moduli of conventional cell foam and open-cell foam materials of 

negative Poisson's ratio. Their analytical results are closely matching with the 

experimental data.   
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Gibson and Ashby (1999) have done a detailed general material characterization, 

structural design, acoustic properties, and mechanics of three-dimensional cellular 

material. 

Ashby et al. (2000) have benchmarked the processing, characterization, mechanical 

properties, design formulation, and other structural characterization of metal foams. 

Roberts and Garboczi (2001) derived the theoretical formulation to predict the 

effective material properties of closed-cell cellular structure by using Voronoi 

tessellation and level-cut Gaussian random fields. They presented material properties 

of closed-cell cellular materials, and the properties are found to be in good agreement 

with experimental data. 

Novoselov et al. (2004) investigated the electric properties of monocrystalline 

graphitic films, which are stable under the ambient conditions. They concluded that 

graphitic films exhibit a strong ambipolar electric field which is in favour of 

conducting electricity.   

Yasmin and Daniel (2004) have done a detailed experimental investigation to estimate 

the mechanical properties of graphite/epoxy nanocomposite material. The composites 

showed higher thermal stability in comparison with pure epoxy and they observed 

increased char concentration for higher amount of graphene reinforcements.  

Wicklein and Thoma (2005) proposed a numerical method to study the elastic 

behaviour of open-cell aluminium foam and shown the effect of porosity grading 

pattern and distribution pattern. 

De Villoria and Miravete (2007) carried out experimental study on the dispersion 

properties of nano reinforcement and also implemented the micromechanical model to 

predict the mechanical properties of nanocomposites. Their study highlighted that 

CNT reinforcement has poor dispersion properties compared to GNP reinforcement. 

Rafiee et al. (2009) have done a detailed comparison study on nanocomposites with 

graphene and carbon nanotube as the reinforcements. The result highlights the 

superiority of graphene reinforcement over the CNT, Young's modulus of graphene 
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reinforced structure possesses 31% high when compare to neat epoxy, 3%, and 14% 

increase when compared to single and multi-walled CNT respectively. 

Bakshi (2010) done a detailed review work on CNT metal matrix composites, which 

highlights the processing techniques, strengthening mechanism, mechanical 

properties, and nanotube dispersion. Similarly, Jagannadham (2012) investigated 

changes in the thermal conductivity of graphene-copper composite, for the different 

dimensional parameters experimentally. 

Hangai et al. (2012) investigated functionally graded aluminium foam using X-ray 

tomography, to show the porosity variation at different regions of metal foam 

structures. 

Zaman et al. (2012) extensively studied the effects of graphene reinforcements on the 

polymer-based nanocomposites and noted that graphene reinforcements exhibit high 

mechanical performance, electrical and thermal conductivities. They concluded that 

graphene would replace CNT for many applications of nanocomposites.   

Bonaccorso et al. (2015) studied the impact of the integration of GNPs reinforcement 

on practical applications and explained the advantage of the 2-D crystal structure of 

graphene, for the possibility of designing layer by layer assembly of a new artificial 

structure by exploiting the current exciting traditional structure. 

Tiwari et al. (2015) done a detailed literature study on fundamental aspects of 

graphene materials and its emerging applications with detailed processing, properties 

and technology developments of graphene materials including multifunction graphene 

sheet, surface functionalization and reinforced nanoplatelets composite etc., for wide 

range of applications.  

King et al. (2015) experimentally examined the influence of weight fraction (1 - 6%) 

of graphene platelets content on the aerospace graded epoxy and shown that tensile 

strength increases from 2.72 GPa of plain epoxy to 3.35 GPa of an xGnP-M-5/epoxy 

composite. 

Li et al. (2016) experimentally investigated the effect of spatial orientation of 

nanoplatelets reinforcement on properties of nanocomposites with the help of 
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Krenchel orientation factor from the Raman data. They estimated the effective 

Young’s modulus of the reinforcement in graphene-based nanocomposites.    

Koohbor and Kidane (2016) optimized the porosity gradient and distribution of 

Functionally graded foam using an analytical study for energy absorption 

characteristics and observed that the analytical results are closely matching with the 

experimental results. 

Lin et al. (2017) used molecular dynamics simulation to study graphene/polymer 

composites and shown that tensile strength increases with increases number of 

graphene layers (GNPs). 

Sun et al. (2018) studied on design, fabrication and characterization of multi-layer 

graphene reinforced nanostructure, highlighted that predesigned cobalt gradient can 

maximally enhance the stability, surface compressive stress and the mechanical 

properties of nano-composites. 

Zhao et al. (2020) done a detailed literature study on fabrication, micromechanics 

models to predict effective mechanical properties and mechanical analyses of 

graphene reinforced nanocomposite structures is presented 

Above comprehensive literature study clears that, effective material properties 

of graphene reinforced nanocomposites (i.e., FG-GRC and porous FG-GRC) can be 

calculated analytically for predicting the buckling and dynamic responses.  

1.2.2. Buckling response of the graphene reinforced nanocomposites 

Several research works are published on the buckling analysis of different types of 

graphene reinforced nanocomposite structures under non-uniform edge loads are 

grouped in this section. 

Lessia (1986) presented an accurate solution method for the laminated plates under 

the varying edgewise compressive loads by implementing analytical methods and 

highlighted those types of load configuration has a significant influence in buckling 

strength.   
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Baker et al. (1993) have benchmarked the Mathieu's approach for the arbitrary 

edgewise compressive force into modest fundamental stress problems, by obtaining 

the exact analytical solution for the elasticity problem as a stress input factor. 

Bert and Devarakonda (2003) examined the buckling characteristics of Kirchhoff 

plate under the simply supported condition subjected to non-uniform edge stress using 

Galerkin’s method. 

Kang and Lessia (2005) expressed the accurate solution method for the buckling study 

of simply supported isotropic plate subjected to the linearly varying load using the 

method of Frobenius. 

Jones (2006) and Timoshenko et al. (2009) analysed the buckling of the rectangular 

plate under non-uniform edge loadings using analytical method to obtain the precise 

buckling strength. 

Zhong and Gu (2006) studied the impact of load intensity/configurations on the 

buckling strength of simply supported plate subjected to non-uniform edge load by 

using formulation based on FSDT (First-order shear deformation theory) method. 

Rafiee et al. (2009) experimentally investigated buckling of graphene reinforced 

epoxy nanocomposites and observed a remarkable increase in the critical buckling 

load for the addition of 0.01 wt.% of graphene platelets. They also highlighted the 

futuristic use of this material in space and aeronautical application areas due to high 

buckling resistant and lightweight. 

Mijuskovie et al. (2014) have derived analytical results for the buckling load, under 

the arbitrary in-plane load with the variable boundary condition by using Ritz energy 

method and highlighted that types load configuration has a significant influence in 

buckling strength.   

Shen et al. (2017) did an analytical investigation on buckling performance of the FG-

Graphene reinforced structure subjected to the thermal environment along with the 

compression loads and shown that buckling characteristics can be improved by 

varying distribution pattern of GNPs. 
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Song et al. (2017) carried out an analytical study on buckling characteristics of FG-

GRC structures with the help of a formulation based on FSDT and noted that minute 

increment in weight fraction of graphene reinforcement increases the buckling 

strength significantly. 

Mirzaei and Kiani (2017) analysed theoretically the buckling characteristics of FG-

Graphene reinforced plate subjected to thermal environment based on the NURBS 

formulation, with the temperature-dependent material properties.    

Wu et al. (2017(a) - 2017(b)) presented the analytical solution for buckling 

characteristics of FG-Graphene reinforced composites and also demonstrated that 

dispersion of a greater number of GNPs towards the outer surface of the FG-GRC 

plate results in significant improvement in buckling strength. 

Wu et al. (2017) established the theoretical formulae for the FG-Graphene reinforced 

beam under the thermal load, Bolotin’s method is employed to determine the buckling 

behaviour. It is shown that more amount of GNPs distribution towards the outer 

surface area, effectively increases natural frequencies.  

Wu et al. (2018) studied the instability of the FG-GRC plate under the periodic 

uniaxial force and thermal load using an analytical approach. Similar to their earlier 

study, they demonstrated that the distribution of more GNPs near the top and bottom 

surface can significantly increase the natural frequency and buckling strength. 

Akbas (2017) analytically studied the stability of non-homogeneous porous plate 

under the in-plane loads by using the differential quadrature method, to highlight the 

influence of nature of porosity distribution on the buckling strength. 

Song et al. (2018) employed the Halpin- Tsai approach to determine mechanical 

properties of FG-GRC plate then examined the bending and buckling behaviour of the 

FG-Graphene reinforced composite plate by using the Navier solution technique. 

Wang and Zhang (2019) analytically studied the instability characteristics of porous 

graphene foam structure and highlighted the effects of porous distribution on the 

buckling strength, with the help of two variable refined plate theory. 
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Moita et al. (2020) did a detailed analytical study on buckling behaviour of FGM 

plate subjected to uniform mechanical and thermal load using finite element method 

(FEM). 

Phan (2020) used iso-geometric method for the analysis of porous graphene 

reinforced nanocomposites with the help of refined plate theory and implemented 

Newmark’s time integration scheme for calculating forced vibration response. 

Above comprehensive literature study clears that, graphene reinforced 

nanocomposites (i.e., FG-GRC and porous FG-GRC) can be analysed analytically for 

its buckling behaviour under non-uniform uniaxial edge loads by finding the effective 

stiffness properties analytically.   

1.2.3. Vibration response of the FG-graphene reinforced nanocomposites 

Several research studies related to the vibration response of different types of 

graphene reinforced nanocomposites structures are grouped in this section. 

Lessia and Kang (2001), Kang and Lessia (2001) using Frobenius analytical method 

studied the effects of compressive load on the free vibrational features of the plate 

with simply supported edges, subjected to a linearly varying load and noted that 

increase in load results in the shift of natural frequencies towards zero. 

Liew et al. (2004) examined the vibration and buckling characteristics of isotropic 

plate using a mesh-free method formulated based on FSDT (First-order shear 

deformation theory) and compared the results with the numerical solutions. 

Reddy (2006) analysed the dynamic behaviour of isotropic/orthotropic plate under 

various boundary conditions using Hamilton's principle method considering various 

shear deformation theories. 

Ferreira et al. (2011) numerically examined buckling and free vibration of 

isotropic/laminated plate using collocation approach with radial basis function and 

obtained highly accurate buckling load and natural frequencies. 

Chandra et al. (2012) done a detailed numerical investigation on the dynamic analysis 

of graphene/polymer composites by implementing continuum FEM. They explained 
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that natural frequencies and mode shapes have a significant dependence on the 

physical dimension of the graphene and structural boundary conditions. 

Jeyaraj (2013) has done a detailed numerical study on buckling strength and dynamic 

response of metal plate by using the FEM approach, to show the instability of the 

nodal and anti-nodal lines when the plate subjected to high temperature. 

Neves et al. (2013) used numerical method developed using quasi-3D HSDT (Higher-

order shear deformation theory) to analyse deflection, stresses, free vibration and 

buckling characteristics of a simply supported isotropic and functionally graded 

sandwich plates. 

Song et al. (2017) formulated analytical solutions for the dynamic behaviour of the 

FG-GRC plate, based on Reddy's HSDT. Different studies have been carried out to 

analyse the effects of graphene distribution, weight fraction, physical dimension and 

the total number of the layer on the dynamic behaviour of the plate. 

Garcia-Macias et al. (2018) investigated the bending and vibrational behaviour of FG-

GRC and FG-CNT plates and highlighted the superior property of graphene as 

reinforcement, dispersion and low-cost manufacturing over carbon nanotubes.  

Guo et al. (2018) analysed the vibration characteristics of FG-Graphene reinforced 

quadrilateral plates with the help of element-free IMLS-Ritz method and shown that 

GNPs distribution and weight fraction affects the natural frequencies.   

Arefi et al. (2018) carried out analytical study on vibration behaviour of FG-Graphene 

reinforced plate resting on the elastic foundation. Effect of GNPs dispersion pattern 

on natural frequencies of plate has been investigated based on nonlocal elasticity 

theory. 

Reddy et al. (2018) numerically studied the vibration behaviour of moderately thick 

FG-GRC plates by using finite element method based on FSDT and analysed the 

effect of weight percentage of graphene nanolayer, geometry and size of GNPs on the 

vibration characteristics.  

Yang et al. (2018) theoretically studied effects of GNPs grading pattern and porosity 

distribution on the dynamic and instability characteristics of porous graphene 
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reinforced plate based on the FSDT and Chebyshev-Ritz method shown that minute 

increase in WGNP has a significant increase in natural frequencies. 

Ramteke et al. (2019) carried out a detailed analytical study of dynamic behaviour of 

porous FGM structure by varying grading pattern and porosity with the help of higher 

order shear deformation model. Natural frequencies are affected significantly by the 

grading pattern and types of porosity distribution.  

Thai et al. (2019) studied the dynamic and buckling characteristics of FG-Graphene 

reinforced structure with different dispersion pattern and weight percentage of GNPs 

based on NURB formulation. Their results shown that GNPs grading, weight 

percentage and no of layers has a huge shift in changing the dynamic behaviour of the 

plate.   

Phung Van et al. (2019) analytically studied the porosity effect on free vibration 

response of FG-nanoplates by using Iso-geometric analysis and results show that the 

porosity has huge influence in the vibration response.   

Chen et al. (2020) analytically done a detailed free vibration study of varying cross-

sectional of graphene reinforced composites blades, by establishing FSDT and von 

Karman theory. A comprehensive parametric study is conducted, with a particular 

focus on the effects of distribution pattern, weight fraction, and geometries size of the 

GNPs together with dimensional parameters of varying cross-sections blade.  

Above comprehensive literature study clears that, graphene reinforced 

nanocomposites (i.e., FG-GRC and porous FG-GRC) can be analytically modelled for 

its buckling behaviour under non-uniform uniaxial edge loads and find variations in 

vibration behaviour by finding the effective stiffness properties analytically.   

1.2.4. Acoustic response of the FG-graphene reinforced nanocomposites 

Several research works related to acoustic response studies of plates made of different 

types of materials are grouped in this section. 

Rayleigh (1896) derived the first comprehensive and systematic mathematical 

formulation to predict the acoustics problems for a given phenomenon. His acoustical 
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system in theory of sound aimed at general vibrations and waves, and they could be 

easily applied to other problems.  

Fuller (1990) analytically studied the sound radiation of vibrating plates subjected to 

the direct oscillating forces and demonstrated that the radiation efficiency is 

influenced by the nature of coupling between the plate modes of response and 

radiated field. 

Kirkup (1994) was the first to benchmark the Rayleigh integral method for predicting 

the acoustic field of the baffled vibrating panel. He also shown that the Rayleigh 

integral approach is a superior computational model and simple method to calculate 

the acoustic field of flat panels. 

Fhay and Gardonio (2007) described procedure for the structural vibration, acoustic 

fields related to sound radiation and transmission loss analysis using the numerical 

analysis and also discussed different issues associated with the computational aspects. 

Assaf and Guerich (2008) numerically analysed the transmission loss characteristics 

of the sandwich structure subjected to acoustic plane waves by using combined finite 

and boundary element methods. 

Mellert et al. (2008) investigated the consequence of noise and vibration on health of 

flight attendants and pilots at their workplace (cabin and cockpit) and show the 

importance of sound quality (sound level) for work environments during the long-haul 

flights.  

Li and Li (2008) investigated analytically the impact of disseminated mass loading on 

the acoustical radiation behaviour of an isotropic plate in both air and liquid medium 

and concluded that the acoustical characteristics charges at a high rate with respective 

medium. 

Jeyaraj et al. (2009) presented numerical investigation on vibro-acoustic behaviour of 

fibre reinforced composite plate subjected to the thermal load with consideration of 

inherent material damping and shown that increase of thermal load results in decrease 

of vibration response. Also, Jeyaraj (2010) numerically investigated vibro-acoustic 

characteristics of an isotropic plate with different taper configurations by combining 
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FEM and BEM and found that nature of taper and excitation location of the harmonic 

force has significant influence on the vibro-acoustic response. 

Thompson et al. (2009) done a detailed study on sound transmission loss through 

isotropic panels based on the infinite panel assumed and highlighted that transmission 

coefficients greater than unity should not necessarily be seen as error in calculation. 

Khorshidi (2011) derived a dimensionless equation of motion based on FSDT to 

obtain the transverse dynamic and acoustic radiation characterization of a metal plate 

with altered boundary conditions. The influence of boundary conditions, types of 

loads, aspect ratio and thickness on sound radiation has been explained in detail. 

Geng and Li (2012) carried out experimental and numerical studies on vibro-acoustic 

response of clamped rectangular plate under mechanical and acoustic excitations and 

observed that increase in thermal load reduces the natural frequencies of the structure 

and also leads to mode interchanging behaviour. 

D’Alessandro et al. (2013) done a detailed review work on the vibro-acoustics 

behavior of sandwich panel through numerical modelling and experiment. Their work 

mainly focused on predicting and validating the prominent sound transmission model 

and the results shows nearby matching of both numerical and experimental approach.  

Petrone et al. (2014) numerically and experimentally investigated the sound radiation 

characteristics of aluminium foam sandwich panels by using FEM approach and 

validated their numerical model with the experimental results obtained using sound 

intensity probe technique.   

Chandra et al. (2014) examined analytically vibro-acoustical behaviour of the metal 

ceramic functionally graded plates by following FSDT and shown that sound power 

level decrease by increasing power-law index. 

Geng et al. (2014) investigated both experimentally and numerically the vibroacoustic 

performance of a metal plate subjected to the thermal load. The plate is excited by 

both mechanical and acoustical excitations and vibration and acoustic responses are 

investigated. They clearly shown that the increase in thermal loading leads to decrease 

in the natural frequency. 
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Arunkumar et al. (2016) investigated the vibro-acoustics behaviour of the aerospace 

sandwich plate using 2D equivalent models through finite element model for vibration 

response and Rayleigh integral method for predicting acoustic characteristics. 

Yang et al. (2016) analytically investigated the sound radiation response of metal 

ceramic functionally graded plate considering three-dimensional elasticity solution 

and Rayleigh integral approach. They highlighted the influence of various load types 

such as material distribution, temperature increases and temperature fields on the 

sound radiation response of the plate. 

George et al. (2018) numerically examined the vibro-acoustic behaviour of FG-CNT 

plate using combined FEM and Rayleigh integral approach. Their results shown that 

vibro-acoustic response of plate is significantly influenced by the graded dispersion 

patterns of the CNTs. However, the free vibration mode shapes of the plate are not 

sensitive to the nature of dispersion pattern. 

Sharma et al. (2018) numerically studied the vibro-acoustic behaviour of flat 

laminated composite panel under different boundary conditions by using combined 

FEM/BEM method. They highlight the effects of thermal loading, aspect ratio, 

slenderness and lay-up scheme on the sound radiation characteristics.  

Zhang et al. (2018) proposed the vibro-acoustic coupling model to investigate the 

sound radiation behaviour of the structure under different elastic boundary conditions 

and impedance wall boundary conditions. 

Sarigul and Karagozlu (2018) by using FEM investigated the vibro-acoustic coupling 

analysis of the composite plate and shown that the plate behaviour has a significant 

effect on material, ply orientation and number of layers. 

Talebitooti and Zarastvand (2018) presented an analytical model developed based on 

the HSDT to investigate the sound transmission loss characteristics of the composite 

structure. 

Arunkumar et al. (2018) numerically examined the dynamic behaviour of aerospace 

sandwich structure by using combined FEM/BEM approach. Their results revealed 
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that foam filled panel significantly reduces the resonant amplitude in both sound 

radiation and sound transmission loss characteristics. 

Xu and Huang (2019) examined the acoustic response of the FG-GRC plate subjected 

to the thermo-mechanical environment through the analytical solution by following 

Reddy's TSDT and Rayleigh integral. Their results have shown, that the distribution 

pattern and low content of graphene has a major effect on vibro-acoustic behaviour.  

Zhou et al. (2019) analytically studied the impact of thermal load on the behaviour of 

porous functionally graded material and observed that thermal load and graphene 

reinforcements has significant effect on the dynamic and sound radiation 

characteristics.  

Natarajan and Padmanabhan (2019) proposed a better semi-analytical method to 

predict the acoustic characteristics of interior acoustic problems by implementing the 

scaled boundary finite element method. 

Li and Yang (2020) numerically investigated the vibro-acoustic behaviour of annular 

cellular structures made of meta-material with the negative Poisson’s ratios by using 

spectral element method. They found that the graded configurations have more 

potential than the conventional ones for optimal acoustic performance. 

Above comprehensive literature study clears that, graphene reinforced 

nanocomposites (i.e., FG-GRC and porous FG-GRC) can be analytically/numerically 

analysed for its buckling behaviour under axial loads. Similarly, the vibration and 

acoustical response characteristics of the panels made of FG-GRC and porous FG-

GRC materials, subjected to mechanical harmonic force excitations, can be studied 

using the numerical/analytical methods successfully.   

In the present thesis, an analytical method is adopted to analyze the dynamic 

and acoustic response of graphene reinforced nanocomposites under the non-uniform 

uniaxial edge loads. To avoid expensive and time-consuming process of experimental 

and numerical methods, a prominent analytical method is chosen. The effective 

material properties of graphene reinforced nanocomposites with different grading 

pattern/weight fraction of graphene nanoplates (GNP) are obtained by grouping of 

https://www.sciencedirect.com/topics/engineering/acoustic-performance
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modified Halpin-Tsai model (Affdl and Kardos (1976)) and rule of mixture (Villoria 

and Miravete (2007)). In order to model the porous graphene reinforced 

nanocomposites, closed-cell cellular solids under Gaussian Random Field (GRF) are 

used (Roberts and Garboczi (2001)). An analytical method based on the strain energy 

(Jones (2006)) approach is used to calculate the buckling load. Free and forced 

vibration responses of the plate are obtained using an analytical method based on 

Reddy's third-order shear deformation theorem (TSDT) (Reddy (2006)) while 

acoustic behaviour is analysed using Rayleigh Integral (Rayleigh (1945)). 

1.3. Closure   

From the above comprehensive literature review, it is evident that the graphene 

reinforced nanocomposites (i.e., FG-GRC and porous FG-GRC) are implemented in 

the aerospace industries (Rafiee et al. (2009), Zhao et al. (2020)) for their superior 

mechanical properties along with the light weight in nature (Zaman et al. (2012), 

King et al. (2015)). Furthermore, reduction of vibration and noise of these structures 

on the aerospace industries is still considered as an important design consideration for 

avoiding acoustic discomfort of passengers and resonance of the inner structural 

components.  So, it is evident that to understand the influence of non-uniform uniaxial 

edge loads, GNPs grading/weight fraction and porosity grading/coefficients on the 

dynamic and acoustic characteristics of graphene reinforced nanocomposites 

subjected to steady-state mechanical excitation and acoustic waves for the better 

design consideration. Anticipating acoustic characteristics of graphene reinforced 

nanocomposite through 3D modelling and experimental, is still a time consuming and 

expensive procedure. Literature survey subjected that complex 3D structure of 

graphene reinforced nanocomposites can be analytically modelled into a simple 2D 

continuum orthotropic plate and also highlights those GNPs reinforcements and 

porosity have significant effects on the stiffness of the nanocomposites plate. So 

detailed investigation on acoustic characteristics of different kind of graphene 

reinforced nanocomposites under the influence of non-uniform in-plane edge loads 

has to be done.    
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1.4. Research objectives    

Challenge of making a structure, as light as possible without sacrificing the sufficient 

strength and stiffness requirement is the required fundamental approach in the 

aerospace component design. Unavoidably, this obligation leads to the need to 

stabilize thin-walled structures to withstand both tensile and compressive loads in the 

most of the conditions. Since the graphene reinforced nanocomposite structure has a 

capability of having superior mechanical properties (Raffiee et al. (2009), King et al. 

(2015)) like having high strength to weight ratio makes them as an excellent 

replacement instead of traditional materials. Due to this, the nanocomposite structure 

has been widely used in several applications (Zhao et al. (2020)) ranging from 

satellites, aircraft, ships, automobiles etc., These panels are used as body panels of 

floor, ceiling and partition walls due to capability of acting as insulating material for 

sound proof. When these structural nanocomposite panels are subjected to the in-

plane compression load, the structural stiffness changes significantly which in turn to 

changes dynamic characteristics of the structure.  

So, it is important to investigate in detail about the influence of different 

design parameters associated with nanocomposite panels under the non-uniform 

uniaxial edge (NUE) loads on the buckling and vibro-acoustic characteristics of the 

graphene reinforced nanocomposite panels. The main objectives of the proposed 

analytical investigation are 

 To analyze the buckling and vibro-acoustic response behavior of isotropic 

panel subjected to the different types of NUE loads. 

 To investigate the buckling and free vibration characteristics of different FG-

GRC panels under the influence of NUE loads. 

 To investigate the influence of grading pattern and weight fraction of GNPs 

reinforcement on sound radiation and sound transmission characteristics of 

FG-GRC panel under the NUE loads. 
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 To investigate the influence of porosity grading pattern and coefficients on 

sound radiation and transmission loss characteristics of porous FG-GRC 

panels under the NUE loads. 

In the current investigation, graphene reinforced nanocomposite panel used in 

aerospace application are specifically considered. The types of panels considered in 

the present are; for graphene grading pattern (a) uniform graphene grading (i.e., 

benchmark case), (b) linear X graphene grading, (c) linear O graphene grading and (d) 

parabolic C graphene grading. Whereas for porosity distribution grading pattern; (a) 

uniform distribution, (b) varying towards center and (c) varying towards surface as 

shown in Figure 2.1. In this thesis, the buckling, vibration and acoustic response of 

graphene reinforced nanocomposites are calculated from the theoretical 

homogenization model (i.e., 2D orthotropic continuum plate). So, in the introduction 

part of each chapter, corresponding equivalent properties of graphene reinforced 

nanocomposite are explained and followed by results and discussions, finally, 

conclusion are presented about the important outcomes of the research work. 

Different analysis of the current research work is explained in the following sections. 

Chapter 2, deals with solution methodology and validation studies for material 

modelling, buckling, free and forced vibration, sound radiation and transmission loss 

analysis of graphene nanocomposites.    

Chapter 3, focuses on in-depth investigation of the buckling and acoustic behavior of 

isotropic panel subjected to the non-uniform uniaxial edge loads. 

Chapter 4, presents the investigation of buckling and free vibration characteristics of 

different FG-GRC panels under the non-uniform uniaxial edge loads. 

Chapter 5, provides the investigation of sound radiation and sound transmission 

characteristics of FG-GRC panel under the non-uniform uniaxial edge loads. 

Chapter 6, describes the investigation of sound radiation and sound transmission 

characteristics of porous FG-GRC panel under the non-uniform uniaxial edge loads. 

In Chapter 7, important findings and conclusions are summarized.   

 



19 
 

CHAPTER 2 

2. METHODOLOGY AND VALIDATION STUDIES 

2.1. Introduction 

In this section, methodology used to compute the buckling, vibration and acoustic 

responses of FG-graphene reinforced nanocomposites by using analytical approach is 

presented. In order to ensure the accuracy of the analytical results obtained from the 

proposed analytical approach, a brief validation studies are also presented. By using 

homogenization technique (i.e., theoretically modelled 2D continuum orthotropic 

plate of FG-graphene reinforced nanocomposites), buckling and vibration response 

are calculated.  

2.2. Methodology for analytical studies 

A 2D continuum orthotropic plate model is used to obtain the buckling, free and 

forced vibration response of the FG-graphene reinforced nanocomposites panels and 

the calculated forced vibration response is fed as input to Rayleigh integral to 

calculate the sound radiation and transmission loss characteristics. The methodology 

followed in the present work is presented in the form of a flowchart in Figure 2.1. 

A simply supported rectangular graphene reinforced nanocomposite plate with 

a dimension (a x b x h) subjected to various kinds of non-uniform uniaxial edge 

(NUE) loads as shown in Figure 2.2 is considered, in order to investigate the effect of 

GNPs reinforcements and porosity on vibro-acoustics characteristics of a 

nanocomposite plate.  

2.2.1. Material modelling 

A detailed description about the mathematical model of the material adopted to 

calculate the buckling, vibration and acoustic characteristics for each type of FG-

graphene reinforced composites panel is presented in this section. Three types of 

porosity distribution patterns, in which the porosity volume changes through the 

thickness of the FG-GRC plate, are considered. Plates with less porosity volume at the 

surface and more porosity volume at the centre is termed as VPC (increasing porosity  
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Figure 2.1: Flowchart of the detailed work process of the current thesis. 

 

(a) FG-GRC plate subjected to NUE loads. 

 

(b) Types of NUE loads. 

Figure 2.2: Types of NUE loads used in current investigation. 

towards the centre). Similarly, the plate with less porosity volume at the centre and 

more porosity volume at the surfaces is termed as VPS (increasing porosity towards 

the surface) and the plate with uniform porosity is termed as UP. 

In the FG-GRCVPC case, the smallest value of Young's modulus (E), shear 

modulus (G), and density (ρ) occurs at the middle of the plate, while in FG-GRCVPS 

case, the smallest values of the properties occur at the top and bottom surface of the 
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(a) Porous grading pattern.  

 

(b) GNPs grading pattern. 

Figure 2.3: Types of porosity distribution and GNPs grading of FG-GRC plate used in current 

investigation. 

plate and in FG-GRCUP case, the values of the properties remain constant through the 

thickness. Figure 2.3 (a) shows the graphical representation of a porous distribution 

pattern along with the variation of material properties, which are shown in red colour. 

Material properties for the selected porous distribution pattern of FG-GRC plate are 

given in Figure 2.3 (a). 
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By maintaining the same mass for the graphene reinforced nanocomposite 

plates with different porosity patterns the porosity coefficients are obtained using the 

following equation: 

∫ √      (          ⁄  )     
  ⁄

 

∫ √     (          ⁄  )     
  ⁄

 

 (2.4) 
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∫ √      
  ⁄

 

∫ √            ⁄       
  ⁄

 

 (2.5) 

From Eq. 2.4 and Eq. 2.5, porosity coefficients     and   are obtained for the given 

values of   [ 0.2, 0.4, 0.6], and given in Table 2.1. It is observed that increase in the 

value of   increases the porous nature of the graphene reinforced nanocomposite 

plate. 

The FG - Graphene reinforced nanocomposites plate is assumed to be a 

layered structure, in which weight fraction (WGNP) of the graphene nanoplatelets 

(GNPs) continuously vary in each layer alongside the thickness direction. It is also 

assumed that GNPs are evenly distributed in longitudinal direction, but randomly 

slanted towards the transverse direction of plate. Four distinctive gradings (i.e., UD, 

X, O, and C patterns of GNPs) considered for the current investigation are shown in 

Figure 2.3 (b) and variation of GNPs weight percentage for different grading patterns 

through-thickness direction is highlighted in the red colour. Plate in which every layer 

with constant WGNP is designated as FG-GRC
UD

, while plate in which layers having 

least WGNP at the middle and high WGNP at the extreme surfaces is designated with 

FG-GRC
X
. Similarly, a plate in which layers having high WGNP at the extreme surface 

is designated as FG-GRC
C
 is similar to FG-GRC

X
, instead of a linear variation of 

GNPs grading is quadratic. 

By following the rules of mixture, the volume fractions associated with UD, 

X, O and C grading patterns of GNPs used in current investigation are given by 

              
  (
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)         

) (2.6) 

             
   (

    

     (
    

   
)         

)(
|        |

  

) (2.7) 

Table 2.1: Porosity coefficients for different porous grading of porous FG-GRC plate. 

 Porosity coefficients 

 VPC ( ) VPS (  ) UP ( ) 

1 0.2 0.3442 0.8716 

2 0.4 0.6708 0.7404 

3 0.6 0.9612 0.6047 
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Where     
  is the volume fraction, NL represents number of graphene layers 

and WGNP denotes the overall weight percentage of GNPs. 

Based on the analytical models proposed by Voigt Reves (Villoria and 

Miravete (2007)) and Halpin Tsai model (Affdl and Kardos (1976)), Young’s 

modulus of the FG-graphene reinforced nanocomposites plate is obtained as follows  
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(2.10) 

where E is Young's modulus, while suffix ma and GNP represents matrix and single 

graphene layer respectively. Using Eq. (2.10) effective Young's modulus of FG-GRC 

plate with a particular grading pattern can be obtained. Based on rule of mixture as 

given in Eq. (2.11) - Eq. (2.13), where the effective density (  ), Poisson's ratio (  ) 

and shear modulus (  ) of FG-GRC plate can be obtained. 

                     (2.11) 

                     (2.12) 

    
  

       
 (2.13) 

The material properties of FG-graphene reinforced nanocomposites panels are 

given in Table 2.2. 
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Table 2.2: FG-graphene reinforced nanocomposites panel properties. 

 Young’s modulus Poisson’s ratio Density 

Copper matrix (Yang et al. 

(2018)) 
    = 130 GPa     = 0.34     = 8960     ⁄  

Polymer matrix (Yasmin and 

Daniel (2004)) 
    = 3.0 GPa     = 0.34     = 1200     ⁄  

Graphene nanoplates (Rafiee et 

al. (2009)) 
     = 1.01 TPa      = 0.34      = 1060     ⁄  

Physical measurement of 

graphene 
     = 2.5 µm      = 1.5 µm      = 1.5 µm 

Using Eq. (2.1) – (2.3) the effective material properties of different types of FG-

graphene reinforced nanocomposites are calculated for the further analysis.   

2.2.2. Buckling load calculation for FG-graphene reinforced nanocomposites 

A detailed description about the estimation of the buckling characteristics of FG-GRC 

plates using 2D continuum orthotropic plate model is presented in this section. The 

nature of variation of the non-uniform uniaxial edge (NUE) loads is given as follows 

             ⁄    (2.14) 

α is a numerical factor. By changing α, we can obtain various particular cases. 

For example, by taking α = 0 we obtain the case of uniformly distributed compressive 

force as shown in Figure 2.2(b). again, for α = 2 we obtain the case of pure bending. If 

α is less than 2, we have a combination of bending and compression as shown in 

Figure 2.2(b). 

By adopting the strain energy method, the buckling load of FG-GRC plate is 

obtained by unifying the bending strain energy (    ) and work done by external 

force (    ) as follows  

          +      = 0  (2.15) 
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By applying the buckling criterion, a non-trivial solution equation to calculate 

the value of No for a given NUE load case is obtained as follows 
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(2.19) 

where D11, D12, D66 and D22 are the bending stiffness components of 

respective FG-graphene reinforced nanocomposites panels and for i only such 

numbers are taken that n ± i is always odd. Load variation Nx for the triangle and sine 

load cases are given in Eq. (2.20) and Eq. (2.21) respectively and the corresponding 

equation used to obtain buckling strength of the FG-GRC plate under triangle and 

sine load are given in Eq. (2.22) and Eq. (2.23) respectively. 
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To obtain dynamic and acoustic responses of FG-graphene reinforced 

nanocomposites panels under different types of NUE loads, buckling load ratio (BLR) 

corresponding to a specific non-uniform edge load case is calculated by using the 

following equation: 

                     
                                              

                                                 
 (2.24) 

2.2.3. Buckling mode shape calculation 

A double trigonometric series adopted to define the deflection of the buckled 

plates is given as follows 
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By applying the third order approximation on Eq. (2.25). Obtained Eq. (2.26) 

– Eq. (2.28) is substitute on Eq. (2.29) to plot the buckling mode shapes of the 

respective plate with the dimension (a, b) under the different buckling load fraction 

(Pcr).  
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2.2.4. Free vibration response for FG-graphene reinforced nanocomposites 

Reddy’s TSDT plate theory has been used to obtain the governing differential 

equation for the dynamic analysis. The displacement field of higher-order is defined 

by the following equation: 

,
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The linear strain-displacement relation is 
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(2.31) 

where 

    
 

   
                   

 

  
 (2.32) 

The stress-strain relation for FG-graphene reinforced nanocomposites material 

with plane stress assumption is 
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 (2.33) 

where Qij denotes elastic stiffness components which can be expressed as 
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Using Hamilton's principle, the final form of the differential equation of the 

FG-graphene reinforced nanocomposites panels is obtained using the following 

equation: 

∫             
 

 

     (2.35) 

The higher-order governing differential equations are determined by equating 

the coefficient of    ,    ,    ,    ,     into zero. The equilibrium equations are given 

by 
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(2.36) 

It should be noted that No is the buckling load corresponding to the uniform 

uniaxial compression load case and it is varied according to the BLR of a particular 

load case to calculate the natural frequencies of the pre-stressed plate. For the simply 

supported boundary conditions, following Navier's solution procedure, the 

displacements can be expressed as follows: 
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Where  
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(2.38) 

Grouping the terms corresponding to the unknown coefficients leads to the 

typical eigenvalue problem defined as follows 

           { }    (2.39) 

The reader is referred to Reddy (2006) for more details.  

2.2.5. Forced vibration and sound radiation response for FG-graphene reinforced 

nanocomposites 

Vibration response of FG-graphene reinforced nanocomposites panels under harmonic 

point load is given as an input value for Rayleigh integral to analyse acoustic 

behaviour of FG-graphene reinforced nanocomposites panels as shown in Figure 2.4. 

To get the forced vibration response the governing equation is given as follows: 

   { ̈}     { ̇}     { }  { } (2.40) 

The transverse concentrated mechanical load is presumed to be a steady state 

harmonic load qmn and expressed as Double Fourier Series as follows (Chandra et al. 

(2014)). 
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The point load coefficient is denoted as 
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Figure 2.4: Schematics of sound radiation analysis. 

The pressure load coefficient is denoted as 

          
    ⁄               ∅               ∅     

      (2.43) 

The displacement and velocity along the normal direction are obtained by 

solving the governing differential Eq. (2.40) using two variable step techniques. The 

vibration response of the FG-graphene reinforced nanocomposites panels as function 

excitation frequencies is fed into Rayleigh integral to compute the acoustic radiation 

behaviour using the relation. For a flat FG-graphene reinforced nanocomposites plate, 

placed in a baffle, the Helmholtz integral equation (Chandra et al. (2014)) reduce to 

Rayleigh integral given by 

     
    

  
∫  ̇     

    |    |

|    |
   (2.44) 

The time averaged sound intensity is given by 

     
 

 
  (      ̇     ) (2.45) 

The sound power generated within a given volume is equal to the surface 

integral of the normal component of the sound intensity radiated ( ̅) is given by 

 ̅  ∮               (2.46) 
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If the surface used for evaluation of this expression is chosen equal to the 

surface defining the vibrating body, the sound power can be written as 

 ̅  
 

 
  (∮      ̇      * (2.47) 

Sound power level (dB) can be obtained using the relation 

         
 ̅

    

 (2.48) 

The radiation efficiency is a measure for how well a vibrating object radiates 

sound. It is defined as the ratio of the sound power radiated per unit area by the object 

to the sound power radiated per unit area by a reference source. The reference source 

is a baffled piston vibrating at the same frequency with a velocity equal to the space 

and time-averaged squared normal velocity of the object. Sound radiation efficiency 

( ) is obtained using 

   
 ̅

     〈  ̇̅̅ ̅̅ 〉
 (2.49) 

Transmission loss is the ratio of the incoming and transmitted sound powers. 

The sound transmission loss in decibels as shown in Figure 2.5 is obtained using  

           (
 

(
                 

              
)
, (2.50) 

Transmitted sound power level is obtained by using Eq. (2.47) with pressure 

load (Eq. (2.43)) and incident sound power level is calculated from Eq. (2.51) 

      
    

         

   
 (2.51) 

2.2.6. Buckling load calculation for isotropic plate 

To study the influence of non-uniform uniaxial edge loads on buckling characteristics 

of isotropic panels, where D11, D12, D66 and D22 are the bending stiffness components 

of Eq. (2.19), Eq. (2.22) & Eq. (2.23) are substituted by               ⁄ . Then 

the non-trivial solution equation to calculate the value of No for a given NUE load 

case for isotropic plate is obtained as follows 
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Figure 2.5: Schematics of sound transmission loss analysis. 
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Where Eq. (2.52) is for different load factor (α) of NUE loads cases, Eq. (2.53) & Eq. 

(2.54) is for sine and triangle load case respectively.  
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2.3. Validation for analytical studies 

2.3.1. Buckling load validation 

A square non-porous simply supported FG-GRC plate (0.45 x 0.45 x 0.045 m, WGNP = 

1%) with different graphene platelets distribution patterns investigated by Thai et al. 

(2019) using the NURBS formulation is considered for the validation of buckling load 

calculation. The material properties of a graphene/epoxy nanocomposite plate are 

mentioned in Table 2.2. Critical buckling change (%) calculated using Eq. (2.55) for 

non-porous FG-GRC plate subjected to uniform uniaxial in-plane compressive loads 

are set side by side comparison with the results reported by Thai et al. (2019) as 

shown in Table 2.3. The critical buckling change (%) predicted with respect to an 

overall number of graphene layers of the FG-GRC plate from the present approach 

using strain energy method is compared with Thai et al. (2019) shows good 

agreement.   

                              
                                

                                   
 (2.55) 

In order to validate buckling load calculation procedure, a simply supported 

square porous FG-GRC plate with the different porosity patterns and WGNP = 1% 

analysed by the Yang et al. (2018) based on Chebyshev-Ritz method is considered. 

The material properties used by Yang et al. (2018) are given in Table 2.4. 

Dimensionless buckling load (Eq. 2.56) of porous FG-GRC plate with various 

porosity distributions under uniform in-plane load (i.e., using strain energy method) 

matches very closely with the results reported by Yang et al. (2018) as seen in Table 

2.4. The difference in results is due to the difference in the method followed to obtain 

the buckling load. 
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Table 2.3: Comparison of critical buckling change (%) result with Thai et al. (2019). 

Number 

of 

graphene 

layers 

FG-GRCUD FG-GRCX FG-GRCO 

Thai et 

al. 

(2019) 

Present 
Absolute 

% error 

Thai et 

al. 

(2019) 

Present 
Absolute 

% error 

Thai et 

al. 

(2019) 

Present 
Absolute 

% error 

25 433 432.4 0.13 562 567.4 0.96 287 284.2 0.97 

30 433 432.4 0.13 563 567.7 0.83 285 283.8 0.42 

35 433 432.4 0.13 566 568.9 0.51 284 281.8 0.77 

40 433 432.4 0.13 567 568 0.17 282 281.2 0.28 

 

Table 2.4: Validation of dimensionless buckling load results with Yang et al. (2018). 

T
h

ic
k
n

es
s 

ra
ti

o
 (

b
/h

) VPC distribution 

(η = 0.5) 

VPS distribution 

(   = 0.8231) 

UP distribution 

(γ = 0.6733) 

Yang et 

al. 

(2018) 

Present 
Absolute 

% error 

Yang et 

al. 

(2018) 

Present 
Absolute 

% error 

Yang et 

al. 

(2018) 

Present 
Absolute 

% error 

20 0.00992 0.00964 2.8 0.00590 0.00575 2.5 0.00822 0.00821 0.1 

30 0.00445 0.00439 1.3 0.00264 0.00259 1.8 0.00368 0.00366 0.5 

40 0.00251 0.00248 1.1 0.00149 0.00147 1.3 0.00208 0.00207 0.4 

50 0.00161 0.00160 0.6 0.00095 0.00094 1.1 0.00133 0.00133 0 

2.3.2. Vibration frequencies validation 

To validate calculation of free vibration frequencies of FG-GRC plate with different 

graded distribution patterns of GNPs and porosity the FG-GRC plates under simply 

supported condition studied by Xu et al. (2019) and Yang et al. (2018) are considered. 

The dimensionless natural frequencies predicted using Eq. (2.57) are compared with 

the results of Xu et al. (2019) for the validation of the frequencies of the plate with 

different GNPs grading pattern in Table 2.5. There is an exact matching of the results 

due to the same theory (i.e., TSDT method) and methodology used in the present 

work and Xu et al. (2019) study.  
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 (2.58) 

The dimensionless natural frequencies predicted using Eq. (2.58) are 

compared with the results of Yang et al. (2018) for the validation of the frequencies of 

the plate with different graded pattern of porosity in Table 2.6. There is a good 

agreement between the results with a minor error percentage, due to differences in the  
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Table 2.5: Validation of dimensionless natural frequencies (Eq. (2.57)) results with Xu et al. (2019). 

WGNP 
Dispersion 

pattern 

Xu et al. 

(2019) 

Current 

study 

Xu et al. 

(2019) 

Current 

study 

Xu et al. 

(2019) 

Current 

study 

0% Matrix 5.6
(1,1)

 5.6
(1,1)

 13.8
(2,1)

 13.8
(2,1)

 21.1
(2,2)

 21.1
(2,2)

 

0.5% 

UD 9.1
(1,1)

 9.1
(1,1)

 22.6
(2,1)

 22.6
(2,1)

 35.7
(2,2)

 35.7
(2,2)

 

X 10.4
(1,1)

 10.4
(1,1)

 25.7
(2,1)

 25.7
(2,1)

 40.4
(2,2)

 40.4
(2,2)

 

O 7.6
(1,1)

 7.6
(1,1)

 18.9
(2,1)

 18.9
(2,1)

 30.0
(2,2)

 30.0
(2,2)

 

C 11.1
(1,1)

 11.1
(1,1)

 27.6
(2,1)

 27.6
(2,1)

 42.9
(2,2)

 42.9
(2,2)

 

Note: The modal indices of the respective natural frequencies are denoted by the superscript number. 

Table 2.6: Validation of dimensionless natural frequencies (Eq. (2.58)) results with Yang et al. (2018). 

T
h

ic
k

n
es

s 

ra
ti

o
 (

b
/h

) VPC distribution 

(η = 0.5) 

VPS distribution 

(   = 0.8231) 

UP distribution 

(γ = 0.6733) 

Yang 

et al. 

(2018) 

Present 
Absolute 

% error 

Yang 

et al. 

(2018) 

Present 
Absolute 

% error 

Yang 

et al. 

(2018) 

Present 
Absolute 

% error 

20 0.357 0.354 0.8 0.275 0.272 1.1 0.325 0.322 0.9 

30 0.239 0.238 0.4 0.184 0.183 0.5 0.217 0.215 0.9 

40 0.180 0.180 0 0.138 0.138 0 0.163 0.163 0 

50 0.144 0.144 0 0.110 0.110 0 0.131 0.131 0 

theory used in present (i.e., TSDT method) and Yang et al. (2018) study (i.e., 

Chebyshev-Ritz method). 

2.3.3. Validation of acoustic response 

A metallic plate with dimension of 0.5 x 0.4 x 0.003 m
3
 under simply supported 

condition inspected by Chandra et al. (2014) is examined for the validation of sound 

radiation and sound transmission loss response. The structure is supposed to be 

vibrating in air (ρ0 =1.21 kg/m
3
, co = 343 ms

-1
) due to the harmonic excitation and 

consequent acoustic response is analysed in terms of sound power level (SWL). A 

concentrated force with a magnitude of 1 N is applied at the centre of the plate over 

the frequency range of 0-500 Hz. A constant loss factor of 0.01 is considered for the 

response studies. Sound power level response result predicted from present TSDT 

approach compared with the response reported by Chandra et al. (2014) using FSDT 

method in Figure 2.6 (a). Similarly, the sound transmission loss response results of the 

plate due to the normal incidence of 1 N/m
2
 pressure wave also compared in Figure 

2.6 (b). Both the sound power level and sound transmission loss responses obtained 

using the present approach matches well with the responses reported by Chandra et al. 

(2014). 
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(a) Sound power level plot 

 

(b) Sound transmission loss plot 

Figure 2.6: Comparison of sound power level (dB) and sound transmission loss with Chandra et al. 

(2014). 

2.4. Closure 

In this chapter, the methodology adopted to predict buckling, vibration and acoustic 

characteristics is presented. This is followed by validation studies carried out to 

ensure the accuracy of results based on 2D continuum orthotropic plate model. The 

predicted buckling, vibration and acoustic characteristic results of FG-graphene 

reinforced nanocomposites plates by using the 2D continuum orthotropic plate model 

is compared with the published results and shows the good agreement with the present 

approach.     
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CHAPTER 3 

3. VIBRO-ACOUSTIC STUDIES OF ISOTROPIC PANEL UNDER 

NON-UNIFORM UNIAXIAL EDGE LOADS 

3.1. Introduction 

A detailed literature survey places of interest that vibration and airborne noise on 

human comfort and health on pilots/passengers is noteworthy. Henceforth, it is 

necessary to design the aerospace structures which take care of the acoustic comfort. 

However, a design which involves the acoustic comfort is always done without 

considering the pre-stress effect caused by the edge loads. This drawback can be 

overcome by exploring the influence of in-plane stresses on vibration and acoustic 

response of the engineering structure. In this aspect, the present chapter focuses on the 

study of influence of non-uniform uniaxial edge loads on vibration and acoustic 

response characteristics of isotropic panels. A rectangular isotropic plate (all edges are 

simply supported) with dimensions 0.5 x 0.4 x 0.01 m
3
 is considered for the 

contemporary investigation. An aluminium plate with Young's modulus 70 GPa, 

Poisson's ratio 0.3 and density 2700 kg/m
3
 is considered. Following Eq. (3.1) is used 

to obtain the buckling coefficient (k)   

   
    

 

   
 (3.1) 

3.2. Buckling characteristics of isotropic plate 

The buckling coefficient and buckling load ratio of the metal plate subjected to 

different types of axial compressive loading cases are given in Table 3.1. From Table 

3.1, it is noted that the nature of edge loading has a remarkable effect on the buckling 

coefficient (k). The buckling coefficient values are obtained by using a second 

approximation to the respective characteristic equation except for the load factor α = 

2 in which the third approximation is used. It is noted that the buckling coefficient 

values increases with load factor (α). The load factor case α = 2 yields maximum 

critical buckling load compared to the other cases as part of the plate is under the 

tensile force which enhances  
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Table 3.1: Buckling coefficient and buckling load ratio for different types of loading for isotropic plate. 

Types of loading Loading factor (α) 
Buckling coefficient 

(k) 
Buckling load ratio 

 

0 10.50
1
 1

1
 

 

0.5 13.97
1
 0.7515

1
 

 

1 20.63
1
 0.5090

1
 

 

1.5 36.74
1
 0.2858

1
 

 

2 60.00
2
 0.2062

2
 

 

Triangle 21.00
1
 0.5001

1
 

 

Sine 12.37
1
 0.8479

1
 

The superscript number indicates the modal indices of buckling mode. 

the stability of the isotropic plate. It should be noted that the buckling load ratio 

reported in Table 3.1 is used to obtain the free and forced vibration responses based 

on HSDT as described earlier. 

3.3. Vibration response of the isotropic plate 

3.3.1. Free vibration characteristics of the isotropic plate 

Variations of natural frequencies of the first five modes with an increase in axial 

compressive load for different load cases are given in Figure 3.1. The natural 

frequency reduces due to the increase in axial compressive load for all the loading 

cases as reported by several researchers. The natural frequency of a mode approach 

zero when the metal plate is subjected to corresponding buckling load as seen in 

Figure 3.1. The plate buckles with (1,1) mode for all the loading cases except for α = 

2 loading case under which the plate buckles with (2,1) mode. It should be noted that 

the mode for which the natural frequency approaches zero frequency for the lowest 

uniaxial compressive load is called buckling mode.  
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For α = 2 loading case, the buckling mode is (2,1) because tensile force along 

half of the edge stabilizes the plate while compressive force along the remaining half 

of the edge destabilizes it. Changes in free vibration mode shapes (1,1) and (2,1) with 

increase in axial-load for α = 2 is shown in Figure 3.2.  Symmetry of the modes about 

the horizontal axis vanishes with increase in axial-load and the maximum amplitude 

position also shifting downwards. This is attributed to the load configuration in which 

the combined effect of compressive and tensile forces is pushing the maximum 

amplitude position downwards. Furthermore, for the better understandings the natural 

frequency reduction for the first three fundamental modes under different non-

uniform edge loads are given in Table 3.2. 

 

(a) Loading factor α = 0 

 

(b) Loading factor α = 0.5 

 

(c) Loading factor α = 1 

 

(d) Loading factor α = 1.5 
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(e) Triangle load 

 

(f) Sine load 

 

(e) Loading factor α = 2 

Figure 3.1: Variation of natural frequencies with NUE loads for various edge loading cases. 

 

(a) α = 1.5 load case 

 

(b) α = 2 load case 

Figure 3.2: Variation on the natural frequencies and associated mode shapes of the isotropic plate with 

increase in axial load intensity under α = 2 case. 
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Table 3.2:  Variations on the natural frequencies of the isotropic plate with increase in non-uniform 

load intensity.  

Types of loads 
Load 

fractions 

Mode numbers 

(1,1) (2,1) (1,2) 

No load 0 Pcr 247.72 536.57 698.50 

 

0.5 Pcr 175.18(29.28)* 406.59(24.22) 676.22(3.19) 

0.97 Pcr 43.13(82.59) 223.87(58.28) 654.59(6.29) 

 

0.5 Pcr 175.16(29.29) 406.56(24.23) 676.21(3.19) 

0.97 Pcr 42.94(82.67) 223.72(58.31) 654.58(6.29) 

 

0.5 Pcr 196.93(20.50) 379.45(29.28) 682.17(2.34) 

0.97 Pcr 132.46(46.53) 93.03(82.66) 666.44(4.59) 

The superscript * indicates the difference in % with references to the present solution. 

3.3.2. Forced vibration characteristics 

In this section, the forced vibration response of the plate under the non-uniform 

mechanical loading cases is investigated. The plate is excited with a time-varying 

harmonic force of 1 N in 0 to 1500 Hz frequency range (with 0.5 Hz resolution) at 

(0.125, 0.1) with the respective x and y-axis from the origin. The upper limit of 

excitation frequency is chosen as 1500 Hz as the coincidence frequency of the plate 

analysed is around 1200 Hz. The first ten modes have been considered for the forced 

vibration characteristics to investigate the influence of mode shifting behaviour and 

intensity of non-uniform edge load on the dynamic response. 

In order to understand the effect of NUE loads on vibration response of the 

plate, two separate load fraction cases have been considered. In Case 1 the response is 

analysed by keeping Pcr of the respective loading cases in fraction (0 Pcr, 0.5 Pcr and 

0.975 Pcr). However, in Case 2, Pcr of the uniform load (for which the Pcr is lowest) 

case is kept as the load fraction for all the loading types (0    
   , 0.5    

    and 0.975 

   
   ). Variation of average RMS velocity with respect to excitation frequency is 

considered to analyse the influence of nature of variation of edge load on the forced 

vibration response. Forced vibration responses for selected edge loading under Case 1 

and Case 2 are given in Figure 3.3. These NUE loads cause a reduction in structural 

stiffness and it is anticipated that resonant amplitude should increase with a rise in 

applied edge load magnitude. For the better understandings the forced vibration 
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response peak amplitude reduction for the first three fundamental modes under 

different non-uniform edge loads are given in Table 3.3. 

Table 3.3: Variations on the forced vibration response peaks of the isotropic plate with 

increase in non-uniform load intensity. 

Types of loads 
Load 

fractions 

Mode numbers 

(1,1) (2,1) (1,2) 

No load 0 Pcr 1.34 x 10
-5

  9.18 x 10
-6

 1.14 x 10
-5

 

 

0.5 Pcr 
1.01 x 10

-4
  

(0.1326)* 

3.54 x 10
-5 

(0.2593) 

2.66 x 10
-6

 

(0.0428) 

0.97 Pcr 
8.17 x 10

-5
  

(0.1640) 

4.83 x 10
-5

 

(0.1900) 

4.42 x 10
-4

 

(0.0257) 

 

0.5 Pcr 
2.45 x 10

-5
  

(0.5469) 

1.51 x 10
-5

 

(0.6079) 

6.71 x 10
-6

 

(1.6989) 

0.97 Pcr 
8.11 x 10

-5
  

(0.1652) 

4.59 x 10
-5

 

(0.2000) 

8.21 x 10
-6

 

(1.3885) 

 

0.5 Pcr 
1.85 x 10

-5
  

(0.7243) 

1.42 x 10
-5

 

(0.6464) 

1.86 x 10
-5

 

(0.6129) 

0.97 Pcr 
1.17 x 10

-3
  

(0.0114) 

1.21 x 10
-4 

(0.0758) 

1.12 x 10
-5

 

(1.0178) 

The superscript * indicates the increment in multiples with references to the present solution. 

 

 

(a) α = 0 (uniform), case 1 & case 2 

 

(b) Triangle load, case 1 
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(c) Sine load, case 1 

 

(d) α = 2, case 1 

 

(e) Triangle load, case 2  

 

(f) Sine load, case 2 

 

(g) α = 2, case 2 

Figure 3.3: Effect of NUE loads on forced vibration response. 
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From Figure 3.3, it is observed that an increase in the amplitude of the 

fundamental resonant peak with a rise in the edge load magnitude, in most of the 

cases. However, similar variation is not observed in the resonant amplitudes of the 

higher modes. Shifting of the natural frequencies towards the lower frequency, with 

increase in the axial load magnitude affects the resonant amplitude variation. Except 

for sine and α = 2 loading cases, the same kind of variation in vibration response is 

observed as the resonant amplitude of the third mode is highest than the first two 

modes. 

In α = 2 case, one can witness the shifting of first (1,1) and second (2,1) 

modes with increase in the magnitude of the edge load. It is clearly noted that mode 

shifting and amplitude of the respective modes are judged very poorly in Case 2 when 

compared to the Case 1. In Case 1 the load fraction value is set to its respective load 

configuration such that the mode shifting of the respective load is observed clearly. 

However, in Case 2 the load fraction to the different NUE load types will be 

corresponding to the α = 0 (uniform) loading case. For Case 2 loading, the load 

intensity is very low hence the shifting of modes is not clearly observed, as the mode 

shifting phenomenon occurs when the magnitude of the edge load is around the 

critical buckling load. The 3D representation of the effects of NUE load α = 2, Case 1 

on forced vibrational response is shown in Figure 3.4. for the better understanding of 

mode shifting phenomenon.  

 

Figure 3.4: 3D representation of effect of increase in axial load magnitude on the forced vibration 

response for α = 2, Case 1 loading. 
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3.4. Sound radiation characteristics 

In this section, acoustic response characteristics such as sound power level, sound 

radiation efficiency and spatial sound pressure variation of the isotropic plate are 

investigated. Acoustic response analysis is performed for the same excitation 

conditions which are considered for the forced vibration response analysis. The 

vibration response predicted in Section 3.3.2. is fed as an input value to the Rayleigh 

integral to predict the acoustic radiation behaviour. The load fraction in Case 1 (i.e., 

by keeping Pcr of the respective loading cases in fraction like 0 Pcr, 0.5 Pcr and 0.975 

Pcr) is considered for the better analysis of the acoustic characteristics as mentioned in 

Section 3.3.2. 

Sound power level radiated by the isotropic plate as a function of excitation 

frequency for α = 0 (uniform), triangle, sine and α = 2 loading cases are shown in 

Figure 3.5 with the excitation ranging from 0 to 1500 Hz. It has been shown that the 

NUE load has a significant influence on sound radiation of the metal plate. It is 

witnessed that the peak of the response floats towards the low frequency with the 

increase in the buckling load fraction. When compared to the forced vibration 

response plot, the acoustic power level plot has a different trend and noted that 

amplitude of the fundamental peak has been drastically reduced when compared to the 

second and third mode peaks. The reduction in structural stiffness is significant when 

the magnitude of the applied NUE load is around the buckling load.  

Similarly, the sound power radiated is function of excitation frequency and 

normal velocity of the plate. Due to these reasons, reduction in natural frequency and 

resonant amplitude of fundamental mode is significant compared to the other modes. 

So, instead of an increase in peak value (as seen in forced vibration response), the 

peak value of the fundamental mode reduces for 0.975 Pcr case. For the better 

understandings the sound power level peak amplitude reduction for the first three 

fundamental modes under different non-uniform edge loads are given in Table 3.4. 
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(a) α = 0 (uniform), case 1 

 

(b) Triangle load, case 1 

  

 

(c) Sine load, case 1 

 

(d) α = 2, case 1 

Figure 3.5: Effect of NUE load on sound power level (dB).  

It is found that, except for α = 2 and sine load cases, the variation of resonant 

amplitude of the fundamental mode with increase in the compressive load is same for 

the other cases. However, for α = 2 case, increase in fundamental peak is observed for 

0.5 Pcr load and significant reduction in the peak is observed for 0.975 Pcr load. For α 

= 2 case, it is also noted that fundamental SWL peak shifts from mode (1,1) to the 

mode (1,2) and second mode dominates over the fundamental mode near the buckling 

load. Effect of increase in magnitude of the NUE load and shifting of mode on SWL 

of the plate under α = 2 loading case is shown in a 3D plot as seen in Figure 3.6 for 

the better understanding.  
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Figure 3.7 shows the sound pressure level variation of the plate with and 

without axial edge loads. In order to understand the SPL distribution pattern, the plate 

is excited at the fundamental frequency. It is observed that for all the load cases the 

SPL distribution is symmetrical (i.e., fundamental mode is (1,1)) and centre align, 

except for α = 2 load case it is unsymmetrical (i.e., partially shifted towards left side) 

due to that the plate fundamental mode is (2,1).  

Table 3.4: Variations on the sound power level peaks of the isotropic plate with increase in non-

uniform load intensity. 

Types of loads 
Load 

fractions 

Mode numbers 

(1,1) (2,1) (1,2) 

No load 0 Pcr 97.99 105.29 109.45 

 

0.5 Pcr 109.95 (11.96) 113.53 (8.24) 116.70 (7.25) 

0.97 Pcr 82.03 (15.96) 107.35 (2.06) 140.90 (31.45) 

 

0.5 Pcr 110.01 (12.02) 113.47 (8.18) 116.71 (7.26) 

0.97 Pcr 82.15 (15.84) 107.51 (2.22) 141.26 (31.81) 

 

0.5 Pcr 91.32 (6.67) 106.43 (1.14) 113.12 (3.67) 

0.97 Pcr 101.46 (3.47) 93.07 (12.22) 103.00 (6.45) 

The superscript * indicates the difference in dB level with references to the present solution. 

 

 

Figure 3.6: 3D representation of effect of increase in axial load magnitude on the sound power level 

response for α = 2, Case 1 loading. 
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(a) 0 Pcr 

 

(b) 0.975 Pcr, α = 0 case 

 

(c) 0.975 Pcr, α = 2 case 

Figure 3.7: Contour representational effect of NUE load on sound pressure level radiated. 

Figure 3.8, shows the comparison study of sound radiation characteristics of 

the isotropic plate under different NUE loads. It is observed that there is a significant 

influence on the change of resonate frequency peaks, due to the increase in magnitude 

of the applied load, when compared to the no load condition. However, α = 2 case has 

distinctive pattern of sound power level and change resonance peak when compared 

to the other load cases. Whereas for the other load cases (i.e., excluding α = 2 case) 

same kind of change in resonance peaks, varying in the range of 5-15 dB level is 

observed. Increase in magnitude of the axial load and nature of variation of the axial 

load does not have any significant effect on the sound radiation efficiency as observed 

in Figure 3.9. 
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(a) 0.975 Pcr, Case 1 

 

(b) 0.5 Pcr, Case 1 

Figure 3.8: Effect of different NUE load on sound power level (dB). 

 

(a) Sine load, Case 1 

 

(b) α = 2, Case 1 

Figure 3.9: Effect of non-uniform loads on sound radiation efficiency. 
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Figure 3.10, represents the change of sound power level in constant octave 

bands. Figure 3.10, clearly shows that SWL increase with an increase in compressive 

load in the lower frequency bands. This can be attributed to the significant reduction 

in the fundamental frequency with increase in applied axial load magnitude. However, 

there is no specific trend in SWL that corresponds to mid and higher frequency bands. 

Figure 3.11, shows the overall sound power level corresponding load fraction 0Pcr, 

0.5Pcr & 0.975Pcr for the different edge loading cases analysed. Variation in overall 

SWL with an increase in compressive load is significant and also profound to the load 

configuration. From Figure 3.11, it is also observed that the SWL at a particular load 

 

(a) Sine load, Case 1 

 

(b) α = 2, Case 1 

Figure 3.10: Effect of non-uniform load on sound power level (dB) vs octave frequency band. 

 

Figure 3.11: Effect of NUE load on the overall sound power level (dB). 
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fraction is more or less same for the different load cases except for α = 2 and sine 

load cases. The directivity pattern of the plate is obtained at a one-meter radius above 

the centre of the plate for 240 Hz and 1440 Hz excitation frequencies and shown in 

Figure 3.12. for α = 0 and α = 2, loading cases respectively. It is seen from Figure 

3.12 that the directivity pattern is symmetry for all the loading cases for 240 Hz 

excitation as the excitation frequency is around the fundamental mode frequency of 

the plate. However, a non-symmetrical directivity pattern is observed for 1440 Hz 

excitation due to the involvement of higher modes. It is also observed that an increase 

in the load fraction reduces the SPL distribution level for all the cases. This can be 

attributed to the non-uniformity of NUE load interference in the stiffness of the plate.  

 

(a) α = 0 (uniform), case 1 

 

(b) α = 0 (uniform), case 1 

 

(c) α = 2, case 1 

 

(d) α = 2, case 1 

Figure 3.12: Effect of NUE load on the sound directivity pattern is obtained at a one-meter radius 

above the centre of the plate (z-axis). 
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3.5. Sound transmission loss characteristics 

For the sound transmission loss analysis of the isotropic plate under NUE 

loading conditions, a sound pressure wave with the intensity of 1 N/m
2
 is considered. 

The effect of various load fractions on sound transmission loss for normal incidence 

and angle incidence of the sound waves, i.e., θ is 0
0
 and 45

0
 are presented in Figure 

3.13.  The transmission loss curve is divided into three distinctive zones which are 

sensitive concerning the stiffness, mass, and damping of the structure. The region of 

the STL curve corresponds to zero to fundamental frequency is known as stiffness 

section. It is noted that the increase in buckling load fraction on the plate reduces the 

stiffness by the occurrence of buckling criterion which caused the reduction of dB 

level with respective exciting frequencies. Significant amount of reduction in STL is 

observed with increase in the axial load magnitude. Reduction of 11 dB level in 0.5Pcr  

 

(a) Normal incidence, α = 0  

 

(b) Angle incidence, α = 0 

 

(c) Normal incidence, α = 1 

 

(d) Angle incidence, α = 1 
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(e) Normal incidence, Sine load 

 

(f) Angle incidence, Sine load 

 

(g) Normal incidence, α = 2 

 

(h) Angle incidence, α = 2 

Figure 3.13: Effect of NUE load on sound transmission loss for normal and angle incidence. 

and 56 dB level in 0.975Pcr occurred when compared to the zero in-plane load 

condition is noted. 

The reason is that the NUE load softens the stiffness of structure due to the 

formation of in-plane stress. Increase in magnitude of applied non-uniform edge load 

reduces the peak value of the fundamental mode. Due to this STL of the plate 

decreases with increase in the buckling load fraction value. Then the damping region 

represents the narrow bandwidth of the resonance peak, this part of the curve signifies 

the amount of damping which causes the negative region of STL. However, it is noted 

that sound transmission loss value ends up in negative value due to the various 

characteristic reasons for the isotropic plate. Furthermore, it has been noticed that the 
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damping influence of fundamental mode is dominating than the higher modes for α = 

2, but the rest of the cases the behaviour is noticed in reverse vice versa trend. 

It is observed that the transmission loss is negative at the resonance frequency 

and happens due to several reasons for finite plates. The vibration response of a finite 

plate can be theoretically infinite at the resonance for an undamped case and is mainly 

controlled by the damping of the material and structure. A small damping value may 

result in sharp dips in the STL curve as reported by Assaf et al. (2008) and Fuller 

(1990).  Also, based on the findings of Thompson et al. (2009), STL value greater 

than unity (or negative), should not necessarily be viewed as error in the calculation 

and the statement is supplemented by the present results. The part of the curve after 

the fundamental frequency peak represents the mass sensitive region. Since there no 

significant change in mass of the plate for all the loading conditions so an only a small 

amount of change in dB level is noted. Figure 3.14., shows the comparison study of 

sound transmission loss of the isotropic plate under different non-uniform 

compression loads. 

 

(a) Normal incidence  

 

(b) Angle incidence 

Figure 3.14: Effect of different NUE loads on sound transmission loss. 
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3.6. Closure   

The buckling and vibroacoustic responses of an isotropic plate with simply 

supported boundary conditions under non-uniform edge loading are studied based on 

the analytical method. The strain energy approach is adopted to estimate the buckling 

load (Pcr). Free and forced vibration response of the plate is obtained using an 

analytical method based on Reddy’s TSDT while sound radiation behaviour is 

analysed using Rayleigh Integral. It is found that the buckling load parameter is 

significantly influenced by the nature of NUE load variation. The fundamental 

buckling mode for α = 2 is (2,1) while for the remaining cases it is (1,1). Due to the 

structural stability obtained by the combined effect of tensile and compressive forces 

α = 2 case has a higher buckling load. Better variation in average RMS velocity with 

increase in edge load is observed when the plate is analysed by varying Pcr of the 

respective edge load case. In acoustical radiation characteristics, the effect of NUE 

load has a major role which signifies the 17 dB level of SWL level reduces at 

0.975Pcr of fundamental frequency peak when compared to the no-load condition, and 

slight increase in amplitude of fundamental frequency peak for the 0.5Pcr due to the 

stiffness interference of the structure. In sound radiation efficiency, no significant 

variation has been observed concerning the magnitude of the axial load applied and 

type of the NUE load. However, overall sound power level plot indicates when load 

fraction increases the overall SWL also increased in lower frequencies, but 

diminished for the higher frequencies. The effect of applied NUE load is significant 

only in the stiffness region hence remarkable change in STL is observed only in the 

stiffness region compared to the damping and mass regions.   
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CHAPTER 4 

4. BUCKLING AND FREE VIBRATION STUDIES OF FG-GRC 

PANEL UNDER NON-UNIFORM UNIAXIAL EDGE LOADS 

4.1. Introduction 

Form the above in-depth literature study, it is found that no analyses have been 

performed to study the effect of NUE loading on free vibration characteristics of FG-

GRC structures. The non-uniform compressive load develops the mechanical pre-

stress, as a result, it alters the stiffness and dynamic behaviour of the structure. Hence, 

it is necessary to examine the dynamic performance of the FG-GRC structure under 

NUE loads for design enhancement. In this present study, an analytical approach 

based on the strain energy method and Reddy's TDST approach has been carried out 

to investigate the free vibration behaviour of a rectangular FG-GRC plate subjected to 

the different edgewise compressive load. 

A rectangular FG-GRC flat plate where all edges under a simply supported 

condition with dimension 0.5 x 0.4 x 0.01 m
3
 is considered for the current 

investigation. Considering the real-time manufacturing and precision of the results 12 

layers of GNPs are considered in this study. The plate is considered to be a 

functionally graded graphene-reinforced nanocomposite whose material properties are 

shown in Table 2.2. The effect of GNPs grading arrangement, the weight fraction of 

the graphene platelets and geometric parameters of the FG-GRC plate on buckling 

strength and free vibration characteristics of rectangular FG-GRC plates are examined 

in this section. Values of buckling load ratio used to analyse free vibration 

characteristics of a plate under different NUE load cases are shown in Table 4.1. The 

dimensionless buckling load and natural frequency are defined as 

 

 ̅       
 

  

     
 (4.1) 

 ̅    √
   

   

(
  

 
) (4.2) 
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Table 4.1: Buckling load ratio of FG-GRC plate under NUE loads. 

Loading 

factor (α) 
0 0.5 1 1.5 2 Triangle Sine 

Buckling 

load ratio 
1

1
 0.7515

1
 0.5090

1
 0.2857

1
 0.2058

2
 0.5001

1
 0.8484

1
 

The superscript number indicates the modal indices of buckling mode. 

4.2. Investigation on buckling characteristics of the FG-GRC plate 

4.2.1. Effect of GNPs pattern and weight fraction on FG-GRC plate under NUE 

load 

Dimensionless buckling load values of rectangular FG-GRC plate under different 

types NUE loadings with different GNPs distribution patterns are given in Table 4.2 

and graphical illustration of the same is shown in Figure 4.1. As of the data shown in 

Table 4.2 and Figure 4.1 it can be noticed that the load factor (α) of compressive 

loading has notable impact on buckling load of rectangular FG-GRC plate. By using a 

second-order approximation to the corresponding characteristic equation of the strain 

energy method the buckling load is obtained except for the load factor α = 2, for 

which third-order approximation is used. It is evident that the rise of load factor α, 

increases the buckling strength of the FG-GRC plate subjected to the NUE load. This 

is due to an increase of tensile force intensity of load as the α increases on the FG-

GRC plate, ultimately area subjected to tensile force enhances the structural stiffness 

of the plate. Due to this reason, the FG-GRC plate under α = 2 load case obtains 

better stability and withstand higher buckling load when compared to uniform 

compressive load because of addition stiffness gained by the tensile force. Compared 

to the rest of the cases α = 2 yields maximum buckling load due to the one-half part 

of the plate is under the tensile force which enhances the stability of rectangular FG-

GRC plate. It should be noted that the buckling load ratio reported in Table 4.1 is used 

to obtain the free vibration frequencies based on TSDT as described earlier. 
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Table 4.2: Dimensionless buckling load of FG-GRC plate under NUE load. 

WGNP 
Grading 

pattern  

Alpha (α) 
Triangle Sine 

0 0.5 1 1.5 2 

0 Matrix  3.91
1
 5.20

1
 7.68

1
 13.68

1
 22.38

2
 7.82

1
 4.60

1
 

0.3% 

UD 7.81
1
 10.39

1
 15.34

1
 27.34

1
 44.71

2
 15.62

1
 9.20

1
 

X 9.71
1
 12.92

1
 19.07

1
 33.98

1
 55.56

2
 19.41

1
 11.44

1
 

O 5.91
1
 7.87

1
 11.62

1
 20.70

1
 33.85

2
 11.83

1
 6.97

1
 

C 10.80
1
 14.37

1
 21.21

1
 37.79

1
 61.80

2
 21.59

1
 12.73

1
 

0.6% 

UD 11.71
1
 15.58

1
 23.01

1
 40.98

1
 67.02

2
 23.42

1
 13.80

1
 

X 15.50
1
 20.63

1
 30.46

1
 54.26

1
 88.73

2
 31.00

1
 18.27

1
 

O 7.92
1
 10.53

1
 15.55

1
 27.71

1
 45.32

2
 15.83

1
 9.33

1
 

C 17.68
1
 23.53

1
 34.74

1
 61.89

1
 101.20

2
 35.36

1
 20.84

1
 

0.9% 

UD 15.61
1
 20.77

1
 30.66

1
 54.62

1
 89.32

2
 31.21

1
 18.30

1
 

X 21.29
1
 28.33

1
 41.83

1
 74.52

1
 121.87

2
 42.58

1
 25.10

1
 

O 9.92
1
 13.20

1
 19.49

1
 34.72

1
 56.78

2
 19.84

1
 11.69

1
 

C 24.56
1
 32.68

1
 48.25

1
 85.96

1
 140.57

2
 49.11

1
 28.95

1
 

The superscript number indicates the mode number (m) of buckling. 

From Figure 4.1 shows the effect of WGNP and distribution pattern of graphene 

platelets on buckling strength of the FG-GRC plate. Figure 4.1, it is clearly illustrated 

that the buckling strength of the graphene reinforced plate has a significant effect by 

weight fraction, types of NUE loading and functional grading of graphene. For the 

same WGNP content, the order of buckling load of the four patterns from low to high is 

FG-GRC O, UD, X and C. This is due to the more dispersion of graphene platelets 

towards the top and bottom surface of FG-GRC plate, which enhances the bending 

stiffness of the plate. Also, Figure 4.1 notifies that the percentage increase of buckling 

load with respect to load factor (α) remains the same. Where the buckling load 

increases 51.27% for FG-GRCO when compared to the neat epoxy plate, 99.77% for 

FG-GRCUD, 148.28% for FG-GRCX and 176.15% for FG-GRCC when the WGNP is 0.3 

%. Similarly, 100% and 200% increases in the buckling strength of rectangular FG-

GRC plate is observed for WGNP = 0.6% and 0.9% respectively when compared to 

WGNP is 0.3%. 
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(a) FG-GRCUD 

 

(b) FG-GRCX 

 

(c) FG-GRCO 

 

(d) FG-GRCC 

Figure 4.1: Effect of distribution pattern and weight fraction (WGNP) on dimensionless buckling load of 

the FG-GRC plate under NUE load. 

4.2.2. Effect of aspect ratio (a/b), GNPs pattern and weight fraction on 

dimensionless buckling load 

The effect of aspect ratio (a/b) and functional grading of graphene platelets on the 

buckling strength of plate is shown in Figure 4.2. Four different dispersion patterns of 

GNPs are considered and noticed that similar order of buckling load increases (i.e., 

FG-GRC O, UD, X, and C when compared to the neat matrix) and the curve has a 

slight leftward excursion in the case of α = 2 as seen in Figure 4.2 clearly. However, 

for the other cases very minor excursion of the curve is noted. This shows that for α = 

2 case the predicted buckling load possesses a small numeral value of half-waves 

towards the respective loading direction.  
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It is also noticed that FG-GRC plates with small a/b value have the least 

numeral value of half-waves in the buckling mode along the respective loading 

direction. For a larger aspect ratio, more numeral value of half-waves is witnessed in 

the buckling mode and critical load approaches a constant value. Figure 4.3 shows the 

weight fraction and aspect ratio (a/b) ratio influence on buckling load which 

highlights well known smoothen curve of buckling load for rectangular FG-GRC 

plate subjected to the uniform load when compared to the rest of the loading cases. 

Figure 4.4 shows the load factor (α) and aspect ratio influence on buckling strength 

and clearly denotes that load 

 

(a) α = 0, WGNP = 0.6% 

 

(b) α = 0.5, WGNP = 0.6% 

 

(c) Triangle load, WGNP = 0.6% 

 

(d) α = 2, WGNP = 0.6% 

Figure 4.2: Effect of aspect ratio (a/b) and distribution pattern on dimensionless buckling load of FG-

GRC plate under NUE load. 



62 
 

case with α=1 and triangle load have close matching buckling curve trend. This is due 

to the fact that both load factors α=1 and triangle loading has more or less same 

amount of load intensity. Furthermore, for α=1 the load variation is antisymmetric 

while for the triangle case the load variation is symmetry. 

 

(a) α = 0, FG-GRCC 

 

(b) α = 0.5, FG-GRCC 

 

(c) Triangle load, FG-GRCC 

 

(d) α = 2, FG-GRCC 

Figure 4.3: Effect of aspect ratio (a/b) and weight fraction WGNP on dimensionless buckling load of FG-

GRC plate under NUE load. 
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(a) FG-GRCUD, WGNP = 0.3% 

 

(b) FG-GRCO, WGNP = 0.3% 

 

(c) FG-GRCUD, WGNP = 0.9% 

 

(d) FG-GRCO, WGNP = 0.9% 

Figure 4.4: Effect of NUE load on aspect ratio (a/b) vs buckling load. 

4.2.3. Effect of width to thickness ratio (b/h) on dimensionless buckling load 

The variation of buckling strength of graphene reinforced plate under different NUE 

loading conditions with respect to a different width-thickness ratio (b/h = 20, 50 and 

100) and different functional grading of GNPs is shown in Figure 4.5. Similarly, the 

influence of b/h proportion and weight fraction of graphene platelets on a buckling 

load of FG-GRCUD plate is shown in Figure 4.6. It clearly illustrates that the b/h ratio 

of rectangular FG-GRC plates has a substantial influence on buckling load. With a 

steady  
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(a) α = 1, WGNP = 0.6% 

 

(b) α = 2, WGNP = 0.6% 

Figure 4.5: Effect of width to thickness ratio (b/h) and functional grading on the buckling load of the 

FG-GRC plate. 

increase of b/h ratio, the stiffness effect of the rectangular FG-GRC plate is reduced 

which in turn causes a reduction in buckling strength. 

4.3. Investigation on free vibration behaviour of the FG-GRC plate 

4.3.1. Free vibration behaviour of the FG-GRC plate under NUE load 

Deviations of dimensionless natural frequencies of first six modes with the increase in 

uniaxial compressive load for α=0 and α=2 are given in Figure 4.7. The natural 

frequency reduces due to increasing in compressive load for all loading cases are 

reported by numerous researchers. Natural frequency of the fundamental mode (1,1) 

approach zero when FG-GRC plate is subjected to corresponding buckling load as 

seen in Figure 4.8 to Figure 4.10. However, the NUE load case α=2 is exceptional as 

the plate buckles with mode (2,1). It is noticed that the respective mode for which the 

natural frequency approaches zero frequency for the lowest uniaxial compressive load 

is called buckling mode. For α=2 loading case, the buckling mode is (2,1). This is due 

to the fact that the presence of tensile force along half of the edge stabilizes the plate 
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while compressive force along the remaining half of the edge destabilizes it for α=2 

case. 

 

Figure 4.6: Effect of width to thickness ration (b/h) and weight fraction on the buckling load of FG-

GRCUD plate under NUE load case α = 2. 

 

(a) FG-GRCUD, WGNP = 0.9% 

 

(b) FG-GRCO, WGNP = 0.9% 

Figure 4.7: Effect of NUE load on free vibration frequencies. 
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4.3.2. Effect of GNPs pattern and weight fraction on dimensionless natural 

frequency  

Effect of functional grading and weight fraction of GNPs on natural frequencies of 

FG-GRC plate shown in Figure 4.8. It is noted that distribution pattern has significant 

effect on the natural frequencies which is clearly shown in Figure 4.8 and similar 

order from buckling strength of FG-GRC plate from least to high (i.e., FG-GRC O, 

UD, X, and C) is also noticed same in rising of natural frequencies of graphene 

reinforced plate with respective functionally grading dispersion arrangement of GNPs. 

This order is formed due to the low dispersion of GNPs on the top and bottom layer 

for FG-GRCO plate when compared to the UD, X and C pattern which results in a 

change in stiffness and mass of the FG-GRC plate as natural frequencies also varies. 

From Figure 4.8 and Figure 4.9 the interpretation of values signifies that the 

corresponding mode of natural frequency of plate can be enhanced up to 23%, 42% 

and 59% of FG-GRCO plate for WGNP = 0.3, 0.6, 0.9% respectively when compared to 

neat epoxy plate. However, it is 41%, 73% and 99% for FG-GRCUD plate 57%, 98% 

and 133% for FG-GRCX plate and 66%, 112% and 150% for FG-GRCC plate. This is 

due to the physical properties of GNPs which tend to give higher stiffness to the FG-

GRC plate. However, this stiffness effect tends to increase the overall stiffness of 

graphene reinforced plates because of increase in weight fraction of GNPs. 

Figure 4.10 presents the effects of NUE load on natural frequencies of 

graphene reinforced plate. the natural frequency of a mode approach zero when the 

plate is subjected to corresponding buckling load as seen in Figure 4.10. the plate 

buckles with (1,1) mode for all the loading cases except for α = 2 loading case under 

which the plate buckles with (2,1) mode, which is similar to the buckling 

characteristics. 
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(a) α = 0, WGNP = 0.9% 

 

(b) α = 0.5, WGNP = 0.9% 

 

(c) Triangle load, WGNP = 0.9% 

 

(d) α = 2, WGNP = 0.9% 

Figure 4.8: Effect of the distribution pattern of GNPs and NUE load on the fundamental natural 

frequency. 
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(a) α = 0, FG-GRCX 

 

(b) α = 0.5, FG-GRCX 

 

(c) Triangle load, FG-GRCX 

 

(d) α = 2, FG-GRCX 

Figure 4.9: Effect of weight fraction and NUE load on the fundamental natural frequency of the FG-

GRC plates. 
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(a) FG-GRCUD, WGNP = 0.3% 

 

(b) FG-GRCUD, WGNP = 0.3% 

 

(c) FG-GRCUD, WGNP = 0.9% 

 

(d) FG-GRCUD, WGNP = 0.9% 

Figure 4.10: Effect of type of NUE load on the fundamental natural frequency of FG-GRC plates. 
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4.3.3. Effect of width to thickness ratio (b/h) on dimensionless natural frequency 

Impact of width-thickness ratio (b/h = 20, 50 and 100) on natural frequencies of 

rectangular FG-GRC plate under NUE load is shown in Figure 4.11, which also 

illustrates that increase in b/h ratio decreases the stiffness of FG-GRC plate. Variation 

in the natural frequencies with respect to different types of GNPs distribution pattern 

are shown in Figure 4.11. Similar behaviour is observed for the variations in weight 

fraction of GNPs, such that the natural frequencies decrease when the b/h ratio 

increases which are shown in Figure 4.12. Due to reduction in stiffness in thickness 

ratio (b/h = 100) has lower natural frequencies, when compared to the thickness ratio 

(b/h = 10) FG-GRC plate of higher natural frequencies. This clearly illustrates the 

similar behaviour of free vibration characteristics as observed in the buckling 

characteristics.   

 

(a) α = 1, WGNP = 0.6% 

 

(b) α = 2, WGNP = 0.6% 

Figure 4.11: Effect of width to thickness ratio (b/h) and functional grading on the free vibration of the 

FG-GRC plate. 
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Figure 4.12: Effect of width to thickness ratio (b/h), weight fraction and NUE load on the natural 

frequency of FG-GRC plate. 

4.4. Closure 

Buckling and free vibration characteristics of different grading of graphene reinforced 

plates whose all edges are simply supported, which is subjected to different NUE 

loads are investigated based on analytical solutions. Influence of various important 

factors like nature of NUE loads, the weight fraction of graphene platelets, side to 

width aspect ratio (a/b), width to thickness aspect ratio (b/h) and nature of grading of 

GNP on buckling and free vibration frequencies are investigated. Based on a detailed 

analytical study, the critical buckling load parameter is significantly influenced by the 

nature of the NUE load. Due to the structural stability obtained by the combined 

effect of tensile and compressive forces α=2 load case results in higher buckling load. 

The fundamental buckling mode for α=2 load case is (2,1) while for the remaining 

load case it is (1,1). It is noted that minute increase in WGNP of GNPs results in a 

significant increase of the stiffness parameter of rectangular FG-GRC plate, as an 

outcome it leads to increase in buckling load and natural frequencies. The distribution 

pattern of GNPs for a given fraction of GNP has a huge impact on the stiffness 
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parameter of the rectangular FG-GRC plate. It is noted that the FG-GRCC pattern 

shows the superior buckling and free vibration characteristics when compared to the 

other cases due to the enhanced bending stiffness associated with FG-GRCC pattern. 
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CHAPTER 5 

5. VIBRO-ACOUSTIC STUDIES OF FG-GRC PANEL UNDER 

NON-UNIFORM UNIAXIAL EDGE LOADS 

5.1. Introduction 

The NUE loads create the in-plane mechanical pre-stress and changes the stiffness 

and dynamic properties of the FG-GRC structure. So, it is crucial to analyse dynamic 

and acoustic response of structure subjected to nonuniform compressive loads 

subjected to steady-state mechanical excitation for the better design consideration. In 

this current analytical investigation, the effective material properties of FG-Graphene 

reinforced plate with different grading patterns and weight percentage of GNPs are 

obtained by grouping of modified Halpin-Tsai model and rule of mixture.  

In the current investigation an FG-Graphene reinforced plate whose all edges 

are simply supported is considered. It is presumed that the FG-Graphene reinforced 

plate consists of 12 GNPs layers by considering real time manufacturing criteria. The 

plate is investigated for three aspect ratios (a/b) = 0.5, 1.25 & 2 with the constant 

slenderness ratio (b/h = 100) by maintaining constant value of b = 0.4 m. The 

material properties for the GNPs reinforcement and polymer matrix given in Table 2.2 

are considered. The combined effects of type of NUE loading, GNPs grading patterns, 

weight fraction percentage of GNPs, aspect ratio (a/b) and slenderness ratio (b/h) of 

FG-Graphene reinforced plate on the vibration and acoustic responses are detailly 

studied. Initially the buckling load ratios for different NUE load cases are calculated 

in order to find dynamic response as a function of the edge load intensity and the 

results are given in Table 5.1. 

Table 5.1: Buckling load ratio of FG-GRC plate under NUE loads. 

Aspect 

ratio (a/b) 

Types of NUE loads 

0 0.5 1 1.5 2 Triangle  Sine 

0.5 1
1
 0.7568

1
 0.5370

1
 0.3590

1
 0.2436

1
 0.5002

1
 0.8485

1
 

1.25 1
1
 0.7515

1
 0.5091

1
 0.2858

1
 0.2059

2
 0.4996

1
 0.8502

1
 

2 1
2
 0.7521

2
 0.5120

2
 0.2956

2
 0.1961

3
 0.5018

2
 0.8550

2
 

The mode number(m) of respective buckling case is donated by the superscript number.  
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For the acoustic response, FG-GRC plate is presumed to be vibrating in air 

medium (ρo=1.21 kg/m
3
 and co=343 m/s). A constant loss factor of 0.01 is assumed 

for all the response analysis. A 20 x 20 mesh division is considered for the acoustic 

response analysis based on the convergence studies which also satisfies the condition 

of “six element per wavelength” requirement for the numerical vibro-acoustic 

analysis. Also, frequency resolution study is done and based on that 0.5 Hz frequency 

resolution is adopted for the response studies. The dimensionless buckling load, 

exciting frequency and average RMS velocity are analysed and they are defined as 

 ̅       
 (

  

    
)      (5.1) 

 ̅       √
  

  

(
  

  
)      (5.2) 

 ̅         (
    

    

)       (5.3) 

5.2. Investigation of GNPs grading and weight fraction under no load 

condition 

Influence of the slenderness ratio, dispersion pattern and weight fraction of GNPs on 

the forced vibration response (spatially averaged RMS velocity) of the FG-GRC plate 

without any pre-stress is studied first and results are given in Figure 5.1. A rectangular 

FG-GRC plate with the dimensions of 0.5 x 0.4 x (b/h = 50, 100 & 200) m
3
 is 

considered for this study. It is noticed that the amplitude of the resonating peak 

reduces and shifting rightwards with increase in the slenderness ratio and weight 

fraction of the GNPs, due to the structural stiffness enhancement. In the case of 

dispersion grading pattern of GNPs, FG-GRCC has higher stiffness when compared to 

other grading patterns and neat epoxy plate. Based on this study, FG-Graphene 

reinforced plate with slenderness ratio of b/h = 100 has been selected for the detailed 

vibro-acoustic response studies on FG-Graphene reinforced plate subjected to the 

NUE loads and subjected to steady state harmonic excitation. 
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(a) Varying slender ratio  

 

(b) Varying weight fraction  

Figure 5.1: Effect of slenderness ratio (b/h) and weight percentage of GNP on different dispersion 

pattern of FG-GRC plate. 

5.3. Buckling response of FG-GRC plate under NUE load 

The buckling load ratios for the FG-GRC plate with different aspect ratios are given 

in Table 5.1. Effects of dispersion pattern, the weight fraction of GNPs and aspect 

ratio (a/b) on the dimensionless buckling load of the FG-Graphene reinforced plates 

under the different NUE loads are given in Table 5.2. Third order approximation is 

used to obtain the buckling load for α=2 case while second order approximation is 

used to obtain the buckling load for the remaining cases. It is observed that nature of 

NUE load along with the aspect ratios (a/b) of the plate has a huge impact on the 

dimensionless buckling loads. From Table 5.2, it is evident that dimensionless 

buckling load increases with the load factor (α) values, the increase in tensile forces 

and nonuniform intensity of the load configuration enhances buckling resilience of 

FG-Graphene reinforced plate. Due to this buckling resistance of FG-Graphene 

reinforced plate increases for the NUE loads compared to the typical uni-axial 

compression. 
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Table 5.2: Dimensionless buckling load of FG-graphene reinforced plate. 

WGNP Pattern 

Aspect 

ratio 

(a/b) 

     Triangle Sine 
0 0.5 1 1.5 2 

0% Matrix 

0.5 3.78
1
 4.99

1
 7.03

1
 10.52

1
 15.50

1
 7.55

1
 4.45

1
 

1.25 2.54
1
 3.38

1
 4.99

1
 8.88

1
 14.53

2
 5.08

1
 2.99

1
 

2 2.42
2
 3.21

2
 4.72

2
 8.17

2
 14.46

3
 4.83

2
 2.85

2
 

0.3% 

UD 

0.5 7.54
1
 9.97

1
 14.05

1
 21.01

1
 30.96

1
 15.08

1
 8.89

1
 

1.25 5.07
1
 6.75

1
 9.96

1
 17.75

1
 29.02

2
 10.14

1
 5.98

1
 

2 4.83
2
 6.42

2
 9.43

2
 16.33

2
 28.90

3
 9.65

2
 5.69

2
 

X 

0.5 9.37
1
 12.39

1
 17.46

1
 26.12

1
 38.48

1
 18.74

1
 11.05

1
 

1.25 6.30
1
 8.39

1
 12.38

1
 22.06

1
 36.07

2
 12.60

1
 7.43

1
 

2 6.00
2
 7.98

2
 11.72

2
 20.30

2
 35.91

3
 12.00

2
 7.07

2
 

O 

0.5 5.71
1
 7.55

1
 10.64

1
 15.91

1
 23.45

1
 11.42

1
 6.73

1
 

1.25 3.84
1
 5.11

1
 7.54

1
 13.44

1
 21.98

2
 7.68

1
 4.53

1
 

2 3.66
2
 4.86

2
 7.14

2
 12.37

2
 21.88

3
 7.31

2
 4.31

2
 

C 

0.5 10.43
1
 13.78

1
 19.42

1
 29.05

1
 42.80

1
 20.85

1
 12.29

1
 

1.25 7.01
1
 9.33

1
 13.77

1
 24.53

1
 40.12

2
 14.02

1
 8.26

1
 

2 6.67
2
 8.87

2
 13.03

2
 22.57

2
 39.94

3
 13.34

2
 7.87

2
 

0.6% 

UD 

0.5 11.31
1
 14.94

1
 21.06

1
 31.50

1
 46.42

1
 22.61

1
 13.33

1
 

1.25 7.60
1
 10.12

1
 14.94

1
 26.61

1
 43.51

2
 15.20

1
 8.96

1
 

2 7.24
2
 9.62

2
 14.14

2
 24.48

2
 43.32

3
 14.47

2
 8.53

2
 

X 

0.5 14.97
1
 19.78

1
 27.87

1
 41.70

1
 61.45

1
 29.93

1
 17.64

1
 

1.25 10.07
1
 13.39

1
 19.77

1
 35.22

1
 57.60

2
 20.13

1
 11.86

1
 

2 9.58
2
 12.74

2
 18.71

2
 32.41

2
 57.34

3
 19.16

2
 11.29

2
 

O 

0.5 7.65
1
 10.10

1
 14.24

1
 21.30

1
 31.39

1
 15.29

1
 9.01

1
 

1.25 5.14
1
 6.84

1
 10.10

1
 17.99

1
 29.42

2
 10.28

1
 6.06

1
 

2 4.89
2
 6.51

2
 9.56

2
 16.55

2
 29.29

3
 9.78

2
 5.77

2
 

C 

0.5 17.07
1
 22.56

1
 31.79

1
 47.57

1
 70.09

1
 34.14

1
 20.12

1
 

1.25 11.48
1
 15.28

1
 22.55

1
 40.17

1
 65.69

2
 22.95

1
 13.53

1
 

2 10.93
2
 14.53

2
 21.34

2
 36.96

2
 65.40

3
 21.85

2
 12.88

2
 

0.9% 

UD 

0.5 15.07
1
 19.91

1
 28.06

1
 41.98

1
 61.86

1
 30.13

1
 17.76

1
 

1.25 10.13
1
 13.48

1
 19.91

1
 35.46

1
 57.98

2
 20.26

1
 11.94

1
 

2 9.64
2
 12.82

2
 18.84

2
 32.63

2
 57.73

3
 19.28

2
 11.37

2
 

X 

0.5 20.56
1
 27.17

1
 38.29

1
 57.28

1
 84.40

1
 41.11

1
 24.23

1
 

1.25 13.82
1
 18.40

1
 27.16

1
 48.38

1
 79.11

2
 27.64

1
 16.29

1
 

2 13.16
2
 17.50

2
 25.70

2
 44.51

2
 78.76

3
 26.31

2
 15.51

2
 

O 

0.5 9.58
1
 12.66

1
 17.84

1
 26.69

1
 39.32

1
 19.15

1
 11.29

1
 

1.25 6.44
1
 8.57

1
 12.65

1
 22.54

1
 36.86

2
 12.88

1
 7.59

1
 

2 6.13
2
 8.15

2
 11.97

2
 20.74

2
 36.70

3
 12.26

2
 7.23

2
 

C 

0.5 23.72
1
 31.34

1
 44.16

1
 66.07

1
 97.35

1
 47.42

1
 27.95

1
 

1.25 15.95
1
 21.22

1
 31.33

1
 55.80

1
 91.25

2
 31.88

1
 18.79

1
 

2 15.18
2
 20.18

2
 29.65

2
 51.34

2
 90.85

3
 30.35

2
 17.89

2
 

The mode number (m) of respective buckling case is denoted by the superscript number. 
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Load factor α=2 case tends to have the maximum critical buckling load when 

compared to other cases as half of the plate edge is subjected to the tensile force 

which increases buckling strength of the FG-Graphene reinforced plate. Vibro-

acoustic response analysis of FG-Graphene reinforced plate is carried out using the 

buckling load ratio values given in Table 5.1 as discussed in the methodology section. 

Table 5.2 shows that the nature of distribution and weight fraction of GNPs 

has a significant effect on the buckling strength of the FG-Graphene reinforced plate. 

For the given WGNP percentage, effect of dispersion pattern on the buckling load in 

ascending order is as follows FG-GRC C, X, UD and O. This is due to variation of 

stiffness of the FG-GRC plate according to the nature of distribution of GNPs through 

the thickness. The buckling load increases 176.15, 148.28, 99.77, and 51.27% for FG-

GRC C, X, UD and O for WGNP=0.3%, when compared to neat epoxy plate. Likewise, 

100% and 200% improvement in the buckling strength is obtained for WGNP=0.6% 

and 0.9% respectively when compared to the WGNP=0.3%. With regard to the aspect 

ratio (a/b) effect, it is observed that for the plates with smaller aspect ratio the critical 

buckling load is high and the buckling mode possess a smaller number of half-sine 

waves along the loading direction. However, vice-versa buckling behaviour is 

observed for the FG-GRC plates with higher aspect ratio. It is also observed that 

buckling strength of the FG-GRC plates under triangle load is very close to the 

buckling load under α=1 case as seen in the case of metallic plate. 

5.4. Vibration response of FG-GRC plate under NUE load 

5.4.1. Free vibration characteristics 

Variation of dimensionless fundamental natural frequency of the FG-GRC plate with 

the increase in magnitude of NUE loads for different aspect ratio, WGNP and the 

dispersion pattern are shown in Figure 5.2. The natural frequency reduces with 

increase in the load as observed earlier for the isotropic plate. From Figure 5.2, it is 

observed that the natural frequency of a particular plate reduces to zero when the 

compressive load is equal to the corresponding buckling load. It is also noticed from 

Figure 5.2 that the fundamental frequency of plates with higher a/b aspect ratio 

approaches zero has mode with higher modal indices (2,1) not (1,1). This also 
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indicates that the modal indices of the free vibration mode at buckling load is same as 

that of the fundamental buckling mode. When the value of aspect ratio (a/b) is 0.5 the 

FG-GRC plate buckles with (1,1) mode for all the load factor cases. However, for 

a/b= 1.25 the plate buckles with (1,1) mode for all non-uniform load cases, except for 

α=2 case for which the plate buckles with (2,1) mode due combined effect of tensile 

and compressive load for α=2 case and larger length dimensions of the FG-GRC plate 

along the loading direction. Similarly, for the plates with higher aspect ratio, the plate 

buckles with higher modal indices. For example, for a/b= 2 the plate buckled with 

(3,1) for α = 2 case and with (2,1) mode for the other load cases. 

Effects of different dispersion pattern and weight fraction (WGNP) of the GNPs 

on natural frequencies are also shown in Figure 5.2. It is noticed that the dispersion 

pattern has significant effect on the natural frequencies of the FG-GRC plate. The 

increase of the fundamental natural frequencies of the FG-GRC plate from least to 

higher are in the order of FG-GRC O, UD, X and C. As a result of the less amount of 

GNPs distribution near the outer surface of the polymer matrix results in lower 

stiffness for the FG-GRCO pattern compared to other dispersion patterns. However, 

due to a greater number of GNPs on outer extreme surfaces compared to the neutral 

axis, FG-GRCC has better buckling resistance compared to the other patterns.  

 

(a) Aspect ratio = 0.5, WGNP = 0% (Matrix) 

 

(b) Aspect ratio = 1.25, WGNP=0% (Matrix) 

 Continued… 
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(c) Aspect ratio = 1.25, WGNP = 0.3% (FG-

GRCX) 

 

(d) Aspect ratio = 2, WGNP = 0.3% (FG-

GRCUD) 

 

 

(e) Aspect ratio = 0.5, WGNP = 0.6% (FG-

GRCX) 

 

 

(f) Aspect ratio = 2, WGNP = 0.6% (FG-

GRCC) 

 Continued… 
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(g) Aspect ratio = 2, WGNP = 0.9% (FG-

GRCO) 

 

(h) Aspect ratio = 1.25, WGNP = 0.9% (FG-

GRCC) 

Figure 5.2: Effect of NUE loads on dimensionless natural frequency. 

Basically, the GNPs distribution pattern affects the bending moment of inertia 

and hence stiffness of the plate. A plate with the aspect ratio of 1.25 subjected to α=2 

load case is investigated to demonstrate the influence of increase in intensity of NUE 

load on the free vibration mode shifting behaviour. Effect of increase in axial load on 

natural frequencies and mode shapes of first two lowest frequencies of plate with 

aspect ratio 1.25 and α=2 load case is shown in Figure 5.3. It is observed that the 

plate has the typical symmetric mode shapes of (1,1) and (2,1) under the no load 

condition, where (1,1) has the least natural frequency value when compared to the 

(2,1) mode. However, with the increase in the magnitude of the applied NUE load, it 

is found that jumping of the mode shapes occurs when the magnitude of the applied 

NUE load is around the buckling load. Because of this, natural frequency associated 

with (2,1) mode approaches zero earlier compared to the (1,1) mode. For α=2 load 

case, the upper side of the plate is subjected to tensile load and the lower side is under 

compressive load. This leads to moving of anti-nodal positions towards the bottom of 

the plate with the increase in magnitude of the applied load.  
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Figure 5.3: Effect of NUE loads on the mode shapes. 

5.4.2. Forced vibration characteristics 

Forced vibration response of FG-Graphene reinforced plate subjected to NUE load 

and subjected to steady state mechanical harmonic excitation has been investigated in 

this section. For this, the FG-GRC plate is excited with a time dependent sinusoidal 

force of 1N in the frequency range of 0 to 1600 Hz along the frequency resolution 

value of 0.5 Hz at (a/4, b/4) from the origin. The upper limit of excitation frequency is 

selected as 1600 Hz such that the acoustic coincidence frequency of the plate lies 

within the selected range. To investigate the impact of mode shifting on the response 

characteristics, the first ten modes have been considered throughout the investigation. 

 

(a) Aspect ratio = 1.25, WGNP = 0% 

 

(b) Aspect ratio = 2, WGNP = 0% 

 Continued… 
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(c) Aspect ratio = 0.5, WGNP = 0.3% 

 

(d) Aspect ratio = 2, WGNP = 0.3% 

 

(e) Aspect ratio = 2, WGNP = 0.6% 

 

(f) Aspect ratio = 1.25, WGNP = 0.6% 

 

(g) Aspect ratio = 1.25, WGNP = 0.9% 

 

(h) Aspect ratio = 2, WGNP = 0.9% 

Figure 5.4: Effect of NUE loads on dimensionless average RMS velocity.  
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Load fractions like 0Pcr, 0.5Pcr and 0.99Pcr are chosen to analyse the variation of the 

dimensionless average RMS velocity according to the nature and intensity of non-

uniform edge loads. From Figure 5.4, it is noticed that dynamic response of the 

fundamental modes decreases with the increase in the intensity of the NUE load as a 

result of reduction in the structural stiffness. For FG-GRC plates whose a/b=0.5 mode 

shifting behaviour is not observed. However, a decrease in resonating peaks with the 

increase in the load intensity of respective NUE load is observed. But for a/b=1.25 

case, one can clearly witness the shifting of first mode (1,1) to second mode (2,1) with 

increase in load intensity. For the a/b=2 and α=2 case, the mode shifting happens 

from (1,1) to (3,1). By analysing the resonant amplitude one can realize that there is 

no specific trend with respect to increase in the load intensity for all the modes. 

However, it is anticipated that reduction in stiffness caused by increase in the intensity 

of the in-plane compressive load should increase the resonant amplitude. This 

behaviour in response is not observed due to the following reasons: 

(i) Due to the shifting of mode shapes, nodal and anti-nodal lines may come closer or 

move away from the excitation location. 

(ii) As the velocity is directly proportional to frequency, the reduction in frequency 

leads to reduction in the resonant amplitude. 

5.5. Sound radiation characteristics 

In this section, the effect of nature of NUE load, aspect ratio, different dispersion 

patterns and weight fraction of the GNPs on acoustic response parameters such as 

sound power level, sound radiation efficiency and directivity pattern of the FG-GRC 

plate have been investigated. Acoustic response of the FG-GRC plate has been 

analysed under the same excitation condition used in the vibration analysis. 

Sound power level radiated by the respective FG-GRC plates with different 

aspect ratios by the corresponding excitation frequency range for α=0, α=1, sine load 

and α=2 cases are shown in Figure 5.5. It is observed that the peak associated with the 

fundamental vibration mode shifts towards the lower frequency side with increase in 

the magnitude of the applied edge load.  
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(a) Aspect ratio = 05, WGNP = 0% 

 

(b) Aspect ratio = 1.25, WGNP = 0% 

 

(c) Aspect ratio = 2, WGNP = 0.3% 

 

(d) Aspect ratio = 0.5, WGNP = 0.3% 

 

(e) Aspect ratio = 1.25, WGNP = 0.6% 

 

(f) Aspect ratio = 2, WGNP = 0.6% 

 Continued… 
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(g) Aspect ratio = 1.25, WGNP = 0.9% 

 

(h) Aspect ratio = 2, WGNP = 0.9% 

Figure 5.5: Effect of NUE loads on sound power level (dB). 

By comparing with the forced vibration response plots, one can observe that 

the variation of sound power response follows the similar trend. However, very 

drastic reduction in sound power amplitude of the fundamental peak is observed when 

compared to the higher resonance frequency peaks. This is due the higher influence of 

NUE load on stiffness of FG-Graphene reinforced plate on the fundamental mode. 

Very low amplitude in fundamental peak for 0.99Pcr loading is also attributed to 

significant reduction in fundamental frequency at 0.99Pcr as the sound power is 

directly proportional to frequency also. Variation in resonant amplitude of sound 

power level with increase in load intensity of the in-plane load is similar for all the 

non-uniform load cases except for α=2 case as seen in Figure 5.5. 

It is also noticed that the fundamental frequency peak under the 0.5Pcr load 

reduces 5.23% and under 0.99Pcr load it reduces approximately 15 – 22.5% for all the 

aspect ratios. Figure 5.6 shows the effect of GNPs dispersion pattern and weight 

percentage fraction on sound power level of the FG-Graphene reinforced plate. Figure 

5.7 shows the sound radiation efficiency for the FG-GRCX plate for a/b=0.5 and 

α=1.5 case, which denotes that the intensity of in-plane loads doesn't have any 

significant effect on sound radiation efficiency. Similar trend in radiation efficiency 

with increase in in-plane load intensity is observed for other load cases also. 
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(a) Aspect ratio = 1.25, WGNP = 0.3% 

 

(b) Aspect ratio = 1.25, FG-GRCC 

Figure 5.6: Effect of GNPs dispersion pattern and WGNP on sound power level (dB). 

 

(a) Aspect ratio = 0.5, WGNP = 0.3% 

 

(b) Aspect ratio = 1.25, WGNP = 0.3% 

Figure 5.7: Effect of NUE load on sound radiation efficiency. 

The effect of intensity of in-plane load on the sound power level in constant 

octave band is given in Figure 5.8, for a/b=0.5 and α=1.5 case. Figure 5.8 clearly 

shows that increase of load fraction has a significant effect at lower frequencies when 

compared to mid and higher frequency bands. However, no distinctive trend in SWL 
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is observed in the higher frequency bandwidth. Effect of increase in load fraction 

values (0Pcr, 0.5Pcr and 0.99Pcr) on overall sound power level (OSWL) associated 

with different non-uniform edge load cases is shown in Figure 5.9. It is noted that 

OSWL increases as the load fraction increases, it is around 6 dB for 0.5Pcr and around 

16 dB for 0.99Pcr compared to no load condition. 

 

Figure 5.8: Effect of NUE loads on sound power level (dB) vs octave frequency band. 

 

Figure 5.9: Effect of NUE loads on overall sound power level (dB). 
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The directivity pattern for FG-GRC plate is obtained at twice the radius 

distance of its maximum length above the centre of the plate for fundamental 

frequencies and is shown in Figure 5.10. A symmetry pattern is observed in the lower 

frequency, and the increase of load fraction and WGNP% has significant effect by 

reducing the SPL distribution pattern level for all the cases. Figure 5.11 shows the 

contour plot representation on angle of sound radiation vs distance of the sound 

pressure level distribution pattern under NUE load. To understand the SPL 

distribution pattern the plate is excited with the fundamental frequency. A symmetry 

pressure level distribution pattern is observed for mode (1,1) and (3,1), whereas 

unsymmetrical SPL distribution pattern is observed for mode (2,1) (i.e., a shifted 

towards left side). In order to understand the influence of NUE loading on the 

directivity pattern, FG-GRC plate with a/b=1.25, WGNP = 0.6%, α=2 case subjected 

to NUE load magnitude equal to 0.99Pcr is considered. The variation pattern of SPL 

distribution on both angle of sound radiation and distance of the FG-GRCC plate has 

been represented in the adjacent 2D plot of the contour plot.  Figure 5.12 shows the 

contour profile plot representational effect of NUE load on sound pressure level 

radiated for the better understanding of SPL distribution.   

 

 

(a) FG-GRCUD, WGNP = 0.6% 

 

(b) FG-GRCC, WGNP = 0.6% 

Figure 5.10: Effect of NUE loads on directivity pattern is obtained at a one-meter radius above the 

centre of the plate (z-axis). 
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(a) SPL distribution pattern at 0 Pcr 

 

(b) SPL distribution pattern at 0.5 Pcr 

 

(c) SPL distribution pattern at 0.99 Pcr 

Figure 5.11: Contour representational effect of NUE load on sound pressure level radiated. 

 

Figure 5.12: Contour profile representational effect of NUE load on sound pressure level radiated at 

0.99Pcr. 



90 
 

5.6. Sound transmission loss characteristics 

The FG-GRC plates subjected to a pressure wave having intensity of 1 N/m
2
 under 

different NUE loads are analysed for the sound transmission loss characteristics. The 

influence of normal incident (i.e., θ=0
0
) and angle incident (i.e., θ=45

0
) on sound 

transmission loss of the FG-GRC plates is shown in Figure 5.13. The sound 

transmission loss plot can be divided into three main sections which is dependent on 

stiffness, damping and mass. The stiffness region signifies a bandwidth between zero 

to the first resonance peak, where it is observed that increase in non-uniform buckling 

load intensity has a significant reduction in the dB level. It is observed that around 15 

dB reduction level in 0.5Pcr and 51 dB reduction in 0.99Pcr when compared to 0Pcr. 

This is due to the stiffness softening effect cause by the NUE load intensity, as a 

result it causes an increase in velocity of the plate and decrease in resonance peak 

amplitude. Hence, it is revealed that increase in buckling load fraction tends to huge 

variation in frequencies peaks and reduction in the sound transmission loss level. The 

damping region signifies a narrow bandwidth of the resonance peak of the STL plot. 

This region represents the amount of damping which causes a negative STL region. 

However, the negative region signifies various inherent characteristics of the FG-

GRC plate. It is observed that the fundamental resonance peak is suppressed when 

compared to the higher resonances peak due to the reinforcing effect of GNPs present 

in FG-GRC plate. The region after the fundamental peak is sensitive of mass, since 

there is no specific change in the mass of FG-Graphene reinforced plate subjected to 

nonuniform compressive edge loads. It noticed that no significant change in the dB 

level. Figure 5.14 shows the effect of different dispersion grading and weight 

percentage of GNPs on the FG-Graphene reinforced plates. 
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(a) Aspect ratio = 0.5, WGNP = 0.3% 

 

(b) Aspect ratio = 2, WGNP = 0.3% 

 

(c) Aspect ratio = 1.25, WGNP = 0.9% 

 

(d) Aspect ratio = 2, WGNP = 0.9% 

Figure 5.13: Effect of NUE loads on sound transmission loss for normal and angle incidence. 
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(a) Aspect ratio = 1.25, WGNP = 0.9% 

 

(b) Aspect ratio = 1.25, WGNP = 0.9% 

Figure 5.14: Effect of GNPs dispersion pattern and WGNP on sound transmission loss. 

5.7. Closure 

Vibro-acoustics physiognomies of simply supported FG-Graphene reinforced plate 

subjected to NUE loads are analytically investigated. Impact of numerous crucial 

elements like nature of NUE load, weight fraction (WGNP) and nature of grading of 

GNPs, aspect ratio (a/b) and slenderness ratio (b/h) on buckling and vibro-acoustic 

behaviour of FG-Graphene plate are investigated. Primarily based on a detailed 

analytical investigation, α=2 load case resulted in the higher critical buckling load 

(Pcr) compared to the other load cases, because of the structural stability improved 

through the equally combined effect of tensile and compressive forces. For a/b is 0.5 

the FG-GRC plate buckles at (1,1) mode for all the load cases. Whereas for a/b=1.25 

the plate buckles at (1,1) mode for all cases, except for α=2 case for which it buckles 

at (2,1) mode. Hence higher the length of FG-GRC plate in the loading direction (i.e., 

aspect ratio is 2), mode with higher modal indices (3,1) is observed for the α=2 case 

and the other NUE load cases has (2,1) buckling mode. It is noted that GNPs grading 

pattern and minute increase in WGNP of GNPs as a significant rate of increase in the 
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stiffness parameter, which leads to increase in buckling strength and natural 

frequencies of FG-Graphene reinforced plate. In sound radiation characteristics, the 

influences of NUE load have significant reduction of sound power level of 

approximately 30 dB at 0.99Pcr of fundamental peak when compared to the no-load 

condition, and slight decrease in the amplitude of fundamental frequency peak for the 

0.5Pcr due to the stiffness interference of the structure. In sound radiation efficiency, 

no significant variation has been observed concerning the type of NUE load. 

However, the overall sound power level increases with load intensity in the lower 

frequency bands. In the STL response, change in dB level is clearly observed only in 

the stiffness region compared to the damping and mass regions. Significant reduction 

in structural stiffness with increase in the intensity of non-uniform edge load is the 

reason for this behaviour. It is observed that the FG-GRCC grading shows the greater 

buckling and vibro-acoustic behaviour, because of improved bending stiffness related 

to GNPs orientations. 
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CHAPTER 6 

6. VIBRO-ACOUSTIC STUDIES OF POROUS FG-GRC PANEL 

UNDER NON-UNIFORM UNIAXIAL EDGE LOADS 

6.1. Introduction 

A rectangular porous FG-GRC plate whose material properties for the metal matrix 

and graphene reinforcement are given in Table 2.2, with the dimensions of 0.5 x 0.4 x 

0.004 m
3
 with simply supported condition is considered. By considering real-time 

manufacturing issues and effective analytical material modelling, it is presumed that 

porous FG-GRC plate is reinforced with 12 layers of GNPs. The synergetic effect of 

NUE loads, GNPs grading patterns, GNPs weight percentage, porosity distribution, 

and porosity coefficients on vibro-acoustics characteristics of porous FG-GRC is 

discussed in this section. However, to determine vibro-acoustic response of porous 

FG-GRC plates under the different NUE loading conditions, buckling load ratio 

(BLR) for the various load cases are calculated first and shown in Table 6.1. Porous 

FG-GRC plate is presumed to be excited under the influence of NUE loads in an air 

medium with the constant damping factor (0.01). By performing the convergence 

study, 0.5 Hz frequency resolution is selected, and considering the “six elements per 

wavelength” condition 20 x 20 mesh division is followed throughout the vibro-

acoustic characterization of the porous FG-GRC plates. Dimensionless buckling load, 

natural frequency, and average RMS velocity used for the current investigation are 

defined as 
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Table 6.1: Buckling load ratio of porous FG-GRC under NUE loads. 

Aspect 

ratio (a/b) 

Types of NUE loads 

0 0.5 1 1.5 2 Triangle  Sine 

1.25 1
1
 0.7515

1
 0.5091

1
 0.2858

1
 0.2059

2
 0.5002

1
 0.8485

1
 

The mode number (m) of respective buckling case is donated by the superscript number.  

6.2. Buckling response 

The combined effects of NUE loads, graphene reinforcement (GNPs) grading, weight 

percentage (WGNP), and porosity distribution under the constant porosity coefficients 

(i.e., VPC-0.4, VPS-0.6708, and UP-0.7404) on dimensionless buckling load of 

different porous FG-GRC plates are presented in Table 6.2. A third-order 

approximation is used to the respective strain energy governing equation to obtain the 

buckling load and buckling load fraction (BLR). The load intensity of different NUE 

load configuration has a huge impact on the dimensionless buckling load. The 

buckling strength of the porous FG-GRC plate increases with the load factor (α) as a 

consequence of non-uniformity and increase in tensile force intensity in the applied 

load. Because of this reason, the buckling strength of porous FG-GRC plates under 

NUE loads is much higher than that of the uniform load case. The highest buckling 

value of porous FG-GRC plate stands for α=2 case when compared to other load 

cases. This is due to as half of the plate edge is subjected to the tensile load which 

improves the buckling strength and stability. Buckling strength for triangle load is 

very close to α=1 case, due to the nearby load intensity of both load cases. 

Table 6.2 also shows that the GNPs grading and weight percentage have a 

significant effect on buckling load of the porous FG-GRC plates. Buckling load value 

of porous FG-GRC plate increases with nature of GNPs grading pattern in the 

following ascending order of the patterns O, UD, X, and C. Owing to its unique 

arrangement and distribution of respective grading pattern variation. It is observed 

that 8.7, 16.5, 24.5, and 29.2% increase in buckling strength of porous FG-GRC O, 

UD, X, and C plates respectively (WGNP=0.3%) when compared to the pure metal. 

Likewise, around 95% increase in buckling load value of porous FG-GRC plate for 

0.6% of WGNP compared to 0.3% of WGNP is noticed. However, in case of nature of 

porous distribution, reduction of stiffness of the porous FG-GRC plate has been 

observed as seen in Table 6.2. Compared to the non-porous FG-GRC case 14.6, 26  
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Table 6.2: Dimensionless buckling load of porous FG-GRC under NUE loads. 

WGNP 
Grading 

pattern  

Alpha (α) 
Triangle Sine 

0 0.5 1 1.5 2 

0% 

Matrix
NP

 2.53
1
 3.37

1
 4.98

1
 8.88

1
 14.52

2
 5.07

1
 2.99

1
 

Matrix
UP

 1.87
1
 2.50

1
 3.69

1
 6.57

1
 10.75

2
 3.75

1
 2.21

1
 

Matrix
VPC

 2.16
1
 2.87

1
 4.24

1
 7.56

1
 12.37

2
 4.32

1
 2.54

1
 

Matrix
VPS

 1.43
1
 1.91

1
 2.82

1
 5.02

1
 8.22

2
 2.87

1
 1.69

1
 

0.3% 

        
   2.95

1
 3.93

1
 5.80

1
 10.34

1
 16.91

2
 5.90

1
 3.48

1
 

        
   2.18

1
 2.91

1
 4.29

1
 7.65

1
 12.52

2
 4.37

1
 2.57

1
 

        
    2.51

1
 3.34

1
 4.94

1
 8.80

1
 14.40

2
 5.03

1
 2.96

1
 

        
    1.67

1
 2.22

1
 3.28

1
 5.85

1
 9.56

2
 3.34

1
 1.97

1
 

       
   3.15

1
 4.20

1
 6.20

1
 11.04

1
 18.06

2
 6.31

1
 3.72

1
 

       
   2.33

1
 3.11

1
 4.59

1
 8.17

1
 13.37

2
 4.67

1
 2.75

1
 

       
    2.70

1
 3.59

1
 5.31

1
 9.46

1
 15.47

2
 5.40

1
 3.18

1
 

       
    1.76

1
 2.34

1
 3.46

1
 6.16

1
 10.08

2
 3.52

1
 2.07

1
 

       
   2.75

1
 3.66

1
 5.40

1
 9.63

1
 15.75

2
 5.50

1
 3.24

1
 

       
   2.03

1
 2.71

1
 4.00

1
 7.13

1
 11.66

2
 4.07

1
 2.40

1
 

       
    2.32

1
 3.09

1
 4.57

1
 8.14

1
 13.32

2
 4.65

1
 2.74

1
 

       
    1.58

1
 2.10

1
 3.10

1
 5.53

1
 9.05

2
 3.16

1
 1.86

1
 

       
   3.27

1
 4.35

1
 6.42

1
 11.44

1
 18.72

2
 6.54

1
 3.85

1
 

       
   2.42

1
 3.22

1
 4.75

1
 8.47

1
 13.86

2
 4.84

1
 2.85

1
 

       
    2.81

1
 3.74

1
 5.53

1
 9.85

1
 16.12

2
 5.63

1
 3.32

1
 

       
    1.80

1
 2.39

1
 3.54

1
 6.30

1
 10.31

2
 3.60

1
 2.12

1
 

0.6% 

        
   3.35

1
 4.46

1
 6.58

1
 11.72

1
 19.18

2
 6.70

1
 3.95

1
 

        
   2.48

1
 3.30

1
 4.87

1
 8.68

1
 14.20

2
 4.96

1
 2.92

1
 

        
    2.85

1
 3.79

1
 5.60

1
 9.98

1
 16.33

2
 5.70

1
 3.36

1
 

        
    1.89

1
 2.52

1
 3.72

1
 6.63

1
 10.85

2
 3.79

1
 2.23

1
 

       
   3.74

1
 4.98

1
 7.35

1
 13.09

1
 21.42

2
 7.48

1
 4.41

1
 

       
   2.77

1
 3.68

1
 5.44

1
 9.69

1
 15.86

2
 5.54

1
 3.26

1
 

       
    3.21

1
 4.28

1
 6.32

1
 11.26

1
 18.41

2
 6.43

1
 3.79

1
 

       
    2.07

1
 2.75

1
 4.06

1
 7.24

1
 11.84

2
 4.13

1
 2.43

1
 

       
   2.95

1
 3.93

1
 5.80

1
 10.34

1
 16.92

2
 5.91

1
 3.48

1
 

       
   2.18

1
 2.91

1
 4.30

1
 7.66

1
 12.52

2
 4.37

1
 2.58

1
 

       
    2.48

1
 3.31

1
 4.88

1
 8.70

1
 14.23

2
 4.97

1
 2.93

1
 

       
    1.72

1
 2.29

1
 3.38

1
 6.02

1
 9.85

2
 3.44

1
 2.02

1
 

       
   3.96

1
 5.27

1
 7.79

1
 13.87

1
 22.69

2
 7.93

1
 4.67

1
 

       
   2.93

1
 3.90

1
 5.76

1
 10.27

1
 16.80

2
 5.87

1
 3.46

1
 

       
    3.43

1
 4.57

1
 6.75

1
 12.02

1
 19.66

2
 6.87

1
 4.05

1
 

       
    2.14

1
 2.85

1
 4.22

1
 7.51

1
 12.29

2
 4.29

1
 2.53

1
 

The mode number(m) of respective buckling case is donated by the superscript number.  

and 43.4% reduction in buckling strength is observed for VPC, UP and VPS porosity 

cases respectively. 

The same amount of reduction is observed for different kinds of grading 

patterns and weight fraction of GNPs and different types of NUE loads also. This is 

due to the material removal effect caused by inclusion of porosity in the FG-GRC 

plate. Figure 6.1 illustrates the effects of porosity coefficients on different porous FG-

GRC plates and signifies that a increase in porosity coefficients reduces the stiffness 
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of plate hence buckling strength of the plate. Reduction in buckling strength with 

respect to porosity grading is observed in the order of VPC > UP > VPS as seen in 

Table 6.2 and Figure 6.1. The values given in Table 6.1 helps to obtain the dynamic 

response of porous FG-GRC plate based on Reddy’s TSDT as mentioned in 

methodology. From the above-detailed buckling investigation, the FG-GRCC grading 

pattern achieves the superior buckling strength when compared to the rest of the 

grading patterns. So, to investigate the effects NUE loads, porosity distribution, and 

porosity coefficients on the dynamic characteristics of porous FG-GRC plate, FG-

GRCC grading pattern is considered.  

 

 

(a) FG-GRCUD, WGNP = 0.3% 

 

(b) FG-GRCX, WGNP = 0.3% 

 

(c) FG-GRCO, WGNP = 0.3% 

 

(d) FG-GRCC, WGNP = 0.3% 

Figure 6.1: Effect of porosity coefficients (γ, η and η*) on dimensional buckling load. 
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6.3. Vibration response 

6.3.1. Free vibration characteristics 

The impacts of GNPs grading/weight percentage, porosity dispersion pattern and 

coefficients on change in natural frequency of porous FG-GRC plates under the NUE 

loads are shown in Figure 6.2 and Figure 6.3. It is observed that the porous FG-GRC 

plate frequency reduces to zero when the applied compressive load matches the 

corresponding buckling load. Similarly, the modal indices of free vibration mode at 

critical buckling value are same as that of fundamental buckling mode for the 

particular NUE load. The effect of GNPs grading pattern and weight percentage on 

the dimensionless natural frequency is illustrated in Figure 6.2. It shows that the 

dispersion pattern has a noteworthy change on natural frequency, and variation of 

fundamental natural frequency from higher to least is in order of porous FG-GRC C, 

X, UD, and O with percentage of 16, 13.9, 10.3, and 6.4% increase for WGNP is 0.3%, 

when compared to pure metal. Likewise, around 30% increase in fundamental 

frequency for 0.6% of WGNP compared to 0.3% of WGNP is observed. Porous FG-

GRCC grading shows the superior stiffness compared to other grading patterns, due to 

more amount of GNPs distribution towards the outer surface compared to the neutral 

axis of the porous FG-GRC plate. Whereas the porous FG-GRCO grading pattern 

achieves the least stiffness, due to lesser amount of GNPs at the outer surfaces and 

higher amount of GNPs at the inner surfaces. 

Variations of dimensionless natural frequency under the different types of 

NUE loads is shown in Figure 6.2(c). For all NUE load cases it is seen that the porous 

FG-GRC plate buckles at (1,1), but for α=2 case the plate buckles at (2,1) mode due 

to the combined effect of tensile and compressive loads. The effect of porosity 

distribution can be seen in Figure 6.2(d).  
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(a) Effect of WGNP grading pattern 

 

(b) Effect of WGNP weight fraction  

 

(c) Effect of NUE loads 

 

(d) Effect of porosity coefficients  

Figure 6.2: Parametric effect on dimensionless natural frequency. 

A similar order of reduction in stiffness of porous FG-GRC plate (i.e., VPC > 

UP > VPS) can be seen, as already discussed in the buckling studies related to the 

nonporous FG-GRC. The dimensionless natural frequency reduces according to the 

nature of porosity pattern 1.5% - VPC, 14.7% - UP, and 44.03% - VPS. VPC porosity 

distribution results in less reduction in natural frequencies compared to UP and VPS. 

This indicates that the nature of the porosity distribution pattern influences the 

bending stiffness of plate significantly. As a result of more amount of porosity at the 

centre, there is not much reduction in overall stiffness for the VPC case. Similarly, 

due to less amount of porosity at the centre, the structural stiffness reduces 

significantly for VPS case. The impact of porosity coefficients on fundamental 
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frequency of porous FG-GRC for different buckling load fractions (0Pcr, 0.5Pcr, and 

0.975Pcr) is shown in Figure 6.3. The increase in porosity coefficients and buckling 

load fraction roots a drop in natural frequency. Figure 6.4 shows the impact of NUE 

loads on free vibration mode shapes of the porous FG-GRC, and a detailed 

explanation about mode shifting behaviour for the corresponding NUE loads is 

presented in the section of sound radiation response of porous FG-GRC plate. 

 

(a) FG-GRCC, WGNP = 0.6% 

 

(b) FG-GRCC, WGNP = 0.6% 

Figure 6.3: Variation of dimensionless fundamental frequency of porous FG-GRC plate under different 

porosity coefficients. 

 

(a) α = 1.5 load case 

 

(b) α = 2 load case 

Figure 6.4: Effect of NUE loads on the free vibration mode shapes. 
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6.3.2. Forced vibration characteristics 

Forced vibration response of porous FG-GRC plate under steady-state mechanical 

excitation, under the influence of grading of porosity, porosity coefficients, and nature 

of NUE load are presented in this section. For this, a time-dependent sinusoidal force 

with a magnitude of 1 N with frequency resolution of 0.5 Hz and an excitation 

frequency range of 0 to 2000 Hz is selected. The concentrated point load is applied 

along the normal direction to the plate surface at (a/4, b/4) from the origin, to excite 

the porous FG-GRC plate. Based on the consideration of acoustic coincidence 

frequency of the porous FG-GRC plate should lie within the range of excitation 

frequency the upper limit 2000 Hz is chosen for all the further investigation. Buckling 

load fractions like 0Pcr, 0.5Pcr and 0.975Pcr are chosen to analyse the change of 

dimensionless average RMS velocity of porous FG-GRC subjected to different types 

of NUE loads. 

The dynamic response of fundamental mode of porous FG-GRC plates 

decreases, with the increase in the intensity of the NUE load as a result of a reduction 

in stiffness as seen in Figure 6.5. By analysing the resonant amplitude one can realize 

there is no specific trend with respect to an increase in the load intensity for all 

modes. It is anticipated that a reduction in stiffness will lead to an increase in resonant 

amplitude. However, this anticipated trend is not observed in the forced vibration 

response of the other modes. There is no specific trend in the vibration response due 

to the movement of nodal and anti-nodal lines towards/away from excitation location. 

However, in the case of porosity distribution and its coefficient effect, it is evident 

that a increase in porous nature reduces the stiffness of the porous FG-GRC plate in 

turn causes a increase in the resonant amplitude of average RMS velocity as seen 

from Figure 6.5. It is also clear that there is a shift in natural frequency peaks towards 

the lower value as the porosity coefficient increase for the different porosity 

distributions (i.e., VPC, VPS, and UP). This shifting of natural frequency is 

significant for VPS type porosity distribution (Figure 6.5(e)), mild for the UP 

distribution (Figure 6.5(a)), and very least for VPC distribution (Figure 6.5(c)).  
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(a) Effect of porosity coefficient 

(UP-γ1, UP-γ2 & UP-γ3) 

 

(a) Effect of porosity coefficient 

(UP-γ1, VPC- η1 & VPC- η*1) 

 

(c) Effect of porosity coefficient 

(VPC- η1, VPC- η2 & VPC- η3) 

 

(d) Effect of porosity coefficient 

(UP-γ2, VPC- η2 & VPC- η*2) 
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(e) Effect of porosity coefficient 

(VPC- η*1, VPC- η*2 & VPC- η*3) 

 

(f) Effect of porosity coefficient 

(UP-γ3, VPC- η3 & VPC- η*3) 

Figure 6.5: Forced vibration response of porous FG-GRC plate under different porosity coefficients. 

Similarly, the resonant amplitude is also pretentious significantly according to 

the porosity distributions and porosity coefficients. Trend with a increase in the 

fundamental peak amplitude, with increase in porosity has been observed due to the 

variation in stiffness of the respective porous FG-GRC plate caused by porosity 

distributions. 

The variation of porosity pattern influences the structural stiffness 

significantly as discussed earlier and the effect can be clearly observed with an 

increase in porosity coefficient. However, UP case has no variation in porosity 

distribution, a increase in porosity coefficients causes a reduction in stiffness and 

results in midrange value of cross-sectional inertia between VPC and VPS porosity 

distributions. Due to this combined effect of grading pattern and coefficient of 

porosity for UP and VPS cases decrease in stiffness of porous FG-GRC plate is more 

compared to the VPC case in which the stiffness of the plate increases with an 

intensification in porosity coefficients. In general conclusion, it is noted for all 
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porosity distributions (i.e., VPC, UP, and VPS) the resonant amplitude is higher for 

the higher porosity coefficients value, due to less stiffness of porous FG-GRC plate 

for higher porosity coefficients. A similar, effect of variation in resonance amplitude 

of vibration response is observed from Figure 6.5 (b), (d), and (f) when different 

porosity distribution is compared. Resonant amplitude for non-porous FG-GRC plate 

is always lesser compared to different porosity distribution and coefficients, due to the 

greater value of cross-section inertia which increases flexural/bending stiffness of 

porous FG-GRC plate. A detailed explanation about variation in resonance peak 

amplitude for the corresponding NUE loads is presented in the section of acoustic 

response of porous FG-GRC. 

6.4. Sound radiation characteristics 

Impact of GNPs grading/weight percentage, porosity dispersion/coefficients on sound 

radiation behaviour of porous FG-GRC plate under the NUE loads is presented in 

Figure 6.6. The same excitation conditions used in forced vibration response of 

porous FG-GRC is considered for sound radiation analyses also. From Figure 6.6, it is 

evident that fundamental peak shift towards lower frequency side when there is a 

increase in magnitude of applied NUE load. Similarly, by comparison it can be seen 

that sound radiation plots have a similar trend as that of the forced vibration response 

plots. However, a very drastic reduction in the fundamental peak of sound power is 

observed compared to the higher mode peaks. As the magnitude of NUE load is 

varied as a function of Pcr, the reduction in resonant peak of fundamental mode is 

very significant compared to the higher modes. Another one important reason is SWL 

level radiated is directly related to excitation frequency also. As the sound power is 

directly proportional to the frequency, very low amplitude of frequency peak is 

observed at 0.975Pcr as observed in forced vibration response. One can clearly 

witness from Figure 6.6 that the change of first mode (1,1) to second mode (2,1) 

occurs at 0.975Pcr of NUE load case α=2, rest of the NUE load cases the fundamental 

mode (1,1) remains same for all the buckling load fractions. 
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(a) Effect of WGNP grading pattern 

 

(b) Effect of WGNP weight fraction 

 

(c) Effect of porosity coefficient 

(UP-γ1, UP-γ2 & UP-γ3) 

 

(d) Effect of porosity coefficient 

(UP-γ1, VPC- η1 & VPC- η*1) 

Figure 6.6: Effect of porosity coefficients on sound power level of porous FG-GRC plate. 
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Figure 6.6 (a) and Figure 6.6 (b) illustrate the effect of GNPs grading and 

weight percentage respectively on sound power level of porous FG-GRC plates 

subjected to NUE loads. In both cases, a increase in stiffness of plate shifts leads to 

shifting of peaks towards the higher frequency side with a reduction in resonant peak 

of fundamental mode. According to the nature of GNPs grading, fundamental peak of 

sound power level reduces in order of porous FG-GRC O, UD, X, and C for the given 

weight percentage of GNPs. It is observed that 3, 10, 14, and 20 dB level (i.e., porous 

FG-GRC O, UD, X, and C) reduction of sound power fundamental peak for 0Pcr, 

when compared to the pure metal. Further 10 & 29 dB level reduction of sound power 

for 0.5Pcr and 0.975Pcr respectively noted. Resonant amplitudes of sound power 

radiated reduce with a increase in weight fraction of GNPs due to increase in the 

enhancement of structural stiffness. Porous FG-GRC plate with C type grading pattern 

of GNPs proven to be a superior one as evident from the lowest sound power level 

peak associated with the fundamental mode compared to the other grading patterns of 

GNPs. Figure 6.6 (c) and Figure 6.6 (d) illustrates the impact of porosity grading 

pattern and coefficients on SWL of porous FG-GRC.  

It is noted that the porosity effect reduces the stiffness of the plate which 

further causes shifting of the peak towards the lower excitation frequency value, with 

the little increase in dB level as clearly seen in the fundamental mode. It is observed 

that 2, 4 and 8-dB level (i.e., UP-γ1, UP- γ2 & UP- γ3) increase and 2, 3 and 7-dB 

level (i.e., UP-γ1, VPC-η1 & VPS-η*1) increase in sound power fundamental peak 

for 0Pcr, when compared to the pure metal. Further 6 and 32-dB level reduction of 

SWL is noted for 0.5Pcr and 0.975Pcr loads respectively. It is found that peak 

amplitude of SWL radiated is influenced by the nature of the porosity grading and it 

reduces in the order of VPS, UP, VPC, and non-porous cases similar to forced 

vibration response of the plate. 

Figure 6.7 shows impact of NUE loads on porous FG-GRC and it is observed 

that there is a reduction in fundamental frequency peak with increase in the value of 

α. A mild shifting of fundamental frequency values is observed at 0.5Pcr load fraction. 

However, a very drastic reduction in the peak and natural frequency of the 

fundamental mode is observed for the 0.975Pcr load. Figure 6.8 illustrates the impact 
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of load fraction of NUE and porosity co-efficient on sound radiation efficiency, it 

denotes that the NUE  

 

(a) FG-GRCC, WGNP = 0.6%, UP-γ2 

 

(b) FG-GRCC, WGNP = 0.6%, UP-γ2 

Figure 6.7: Effect of different NUE load on sound power level of porous FG-GRC plate. 

 

(a) Effect of NUE load 

 

(b) Effect of porosity distribution 

Figure 6.8: Effect of NUE loads and porosity factor on sound radiation efficiency. 

load fraction and porosity grading does not have any impact on sound radiation 

efficiency. A similar trend of sound radiation efficiency is observed for rest of other 

cases. Figure 6.9 shows the influence of porous grading on sound power level in 

constant octave bandwidths. It indicates that the impact of porous grading pattern is 

substantial in lower frequency bandwidths as the increase of NUE load intensity, 

compared to mid and high octave frequency bandwidths. Overall sound power level 

(OSWL) corresponding NUE load intensity (i.e., 0Pcr, 0.5Pcr and 0.975 Pcr) for  
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(a) Effect of VPC porosity distribution,  

α = 1.5 

 

(b) Effect of VPS porosity distribution,  

α = 1.5 

 

(c) Effect of UP porosity distribution, α = 1.5 

Figure 6.9: Effect of porosity coefficient on overall sound power level (dB) vs octave frequency band. 

different porosity grading patterns are shown in Figure 6.10. Disparity in overall SWL 

with a increase of magnitude of NUE load is significant, OSWL increase 6 dB for 

0.5Pcr and 12 dB for 0.975Pcr compared to no-load case. 

The directivity pattern for porous FG-GRC plate is obtained at (x = 0.25 m, y 

= 0.2 m, and z = 1 m) from the lower left corner of the plate. The plate is excited at 

the fundamental frequency for this study. Figure 6.11 (a) and Figure 6.11 (c) shows 

the effect of NUE loads on SPL radiated by porous FG-GRC, whereas Figure 6.11 (b) 

and Figure 6.11 (d) shows the effect of porosity distribution and coefficients under the 
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buckling load (i.e., 0.5Pcr). A symmetric pattern of sound pressure radiation is 

observed due to symmetric mode (1,1) for the selected cases. 

 

Figure 6.10: Effect of NUE load and porosity factor on the overall sound power level (dB). 

 

(a) FG-GRCC, WGNP = 0.3%, α = 0, UP-γ1 

 

(b) FG-GRCC, WGNP = 0.3%, α = 1 

 

(c) FG-GRCC, WGNP = 0.6%, Triangle load, 

VPC-η3 

 

(d) FG-GRCC, WGNP = 0.6%, Sine load 

Figure 6.11: Effect of NUE load and porosity factor on directivity pattern is obtained at a one-meter 

radius above the centre of the plate (z-axis). 
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(a) SPL distribution pattern at 0 Pcr 

 

(b) SPL distribution pattern at 0 Pcr 

 

(c) SPL distribution pattern at 0.5 Pcr 

 

(d) SPL distribution pattern at 0.5 Pcr 

 

(e) SPL distribution pattern at 0.975 Pcr 

 

(f) SPL distribution pattern at 0,975 Pcr 

Figure 6.12: Contour representational effect of porosity coefficient on SPL radiated. 
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The sound pressure level distribution pattern of porous FG-GRC is 

significantly affected by the buckling load fraction and porosity factor as clearly seen 

in Figure 6.11. Contour plot representation of the SPL distribution under the influence 

of NUE loads and porosity factor is demonstrated in Figure 6.12. It is observed that 

for load factor α=2 at load fraction of 0.975Pcr the SPL distribution is un-symmetric 

in nature due to the jumping of fundamental mode from (1,1) to (2,1). However, 

symmetric distribution of SPL is observed in the remaining cases as there is no 

jumping of fundamental mode with an increase in load fraction. 

6.5. Sound transmission loss characteristics 

The porous FG-GRC plates subjected to a pressure wave having intensity of 1 N/m
2
 

under different types of NUE loads are analysed for the sound transmission loss 

characteristics. The sound transmission loss plot can be divided into three main 

sections which is dependent on stiffness, damping and mass. The stiffness region 

signifies a bandwidth between zero to the first resonance peak, where it is observed 

that increase in the magnitude of NUE load has a significant reduction in the dB level. 

This is due to the stiffness softening effect cause by the magnitude of NUE load, as a 

result it causes an increase of normal velocity of the plate and consequently decreases 

the resonant amplitude. Hence, it is revealed that increase in magnitude of NUE load 

tends to huge variation in frequencies peaks and reduction in the sound transmission 

loss level. The damping region signifies a narrow bandwidth of the resonance peak of 

the STL plot. This region represents the amount of damping which causes a negative 

STL region. However, the negative region signifies various inherent characteristics of 

the porous FG-GRC plate. It is observed that the fundamental resonance peak is 

suppressed when compared to the higher resonances peak due to the reinforcing effect 

of GNPs present in porous FG-GRC plate. The region after the fundamental peak is 

sensitive of mass, since there is no specific change in the mass of FG-Graphene 

reinforced plate subjected to NUE loads. Figure 6.13 shows the effect of different 

dispersion grading and weight percentage of GNPs on the FG-Graphene reinforced 

plates. Figure 6.14 shows the impact of different NUE loads on sound transmission 

loss of porous FG-GRC, it is noted that similar trend in sound radiation results is also 

observed in the sound transmission loss.      
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(a) Effect of WGNP grading pattern 

 

(b) Effect of WGNP weight fraction  

Figure 6.13: Effect of porosity coefficients on sound transmission loss of porous FG-GRC plate. 

 

(a) FG-GRCC, WGNP = 0.6%, VPC-γ2 

 

(b) FG-GRCC, WGNP = 0.6%, VPC-γ2 

Figure 6.14: Effect of different NUE load on sound transmission loss of porous FG-GRC plate. 
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6.6. Closure 

Vibro-acoustic characteristics of different porous FG-GRC plates subjected to the 

NUE loads are investigated analytically. Influence of various parameters like 

graphene nanoplatelets (GNPs) grading/weight percentage, porosity 

distribution/coefficients and nature of NUE load configuration on buckling and vibro-

acoustic behaviour of porous FG-GRC plate are investigated. Based on a detailed 

analytical study, due to equal combined effect of tensile and compressive load acting 

at the edge of porous FG-GRC plate, load case α=2 obtains high structural stability 

and buckling strength. The shifting of fundamental frequency modal indices from 

(1,1) to (2,1) occurs at the 0.975Pcr load fraction of the α=2 case. It is noted that both 

GNPs grading and weight fraction factors has a significant influence in enhancing 

stiffness of the porous FG-GRC plate, by shifting the frequency peaks towards the 

higher frequency value and reduces the sound power level emitted by the fundamental 

mode. Whereas both porosity distribution/coefficients act as a reducing stiffness 

effect, by shifting the frequency peak towards the lower frequency value and a slight 

increase in power level emitted by the fundamental mode. No significant effects of 

NUE loads and porosity factor observed in the sound radiation efficiency, but in 

OWSL plot it has significant effect in low frequency bandwidths when compared to 

mid and higher octave frequency bandwidths. FG-GRC with WGNP = 0.6% proven to 

be a superior grading pattern in porous FG-GRC plate, by obtaining high stiffness and 

less dB level emitted by the fundamental mode compared to the rest of the grading 

and weight percentage of GNPs. FG-GRCC of WGNP=0.6% with VPC porosity 

distribution obtains superior case with high stiffness strength then the UP and VPS 

porosity distribution, when compared to non-porous FG-GRC plate. 
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CHAPTER 7 

7. SUMMARY AND CONCLUSIONS 

7.1. Summary 

Detailed analytical investigation is carried out to analyze the vibration, sound 

radiation and transmission loss characteristics of metal and functionally graded 

graphene reinforced nanocomposites panels under the influence of non-uniform 

uniaxial edge loads is presented. Detailed parametric study is carried out to analyze 

the influence of different graphene nanoplatelets grading/weight percentage, porosity 

distribution/coefficients and nature of NUE load configurations on the vibro-acoustic 

performance of the nano composite plate. An analytical approach followed in the 

present work is based on the effective material properties of graphene reinforced 

nanocomposites with different grading pattern/weight fraction of graphene nanoplates 

are obtained by grouping of modified Halpin-Tsai model and rule of mixture. In order 

to model the porous graphene reinforced nanocomposites, closed-cell cellular solids 

under Gaussian Random Field (GRF) are used. An analytical method based on the 

strain energy approach is used to calculate the buckling load. Free and forced 

vibration responses of the plate are obtained using an analytical method based on 

Reddy's TSDT while acoustic behaviour is analysed using Rayleigh Integral. The 

analytical approach is validated by comparing its results with results available in 

published literature based on theoretically modelled 2D continuum orthotropic plate 

of FG-graphene reinforced nanocomposites.  
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7.2. Conclusions 

7.2.1. Studies of the isotropic plate 

From the analytical investigation carried out on vibro-acoustic behavior of isotropic 

plate under the influence of non-uniform uniaxial edge loads.  

 It is found that the buckling load parameter significantly influenced by NUE 

load variation. The fundamental buckling mode for α = 2 is (2,1) while for the 

remaining cases it is (1,1) for the aspect ratio (a/b) = 1.25.  

 Higher buckling load is observed for α=2 case due to the structural stability 

obtained by the combined effect of tensile and compressive forces.  

 Better variation in average RMS velocity with increase in magnitude of NUE 

load is observed when the plate is analysed by varying Pcr of the respective 

edge load case.  

 In acoustical radiation characteristics, the effect of NUE load has a major role 

which signifies the 17 dB level of SWL level reduces at 0.975Pcr of 

fundamental frequency peak when compared to the no-load condition, and 

slight increase in amplitude of fundamental frequency peak for the 0.5Pcr due 

to the stiffness interference of the structure.  

 In sound radiation efficiency, there is no significant variation has been 

observed concerning the non-uniform buckling load.  

 The increase in magnitude of the NUE load has a significant effect on the 

SWL only at the lower frequency band and there is no variation in the overall 

SWL. 

 The effect of applied NUE load is significant only in the stiffness region 

hence remarkable change in STL is observed only in the stiffness region 

compared to the damping and mass regions.   
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7.2.2. Free vibration studies of FG-GRC plate 

From the analytical investigation carried out on free vibration behavior of isotropic 

plate under the influence of non-uniform uniaxial edge loads.  

 It is evident from the isotropic studies, that the increase of load factor (α), 

increases the buckling strength of the FG-GRC plate subjected to the NUE 

load. Due to this reason, the FG-GRC plate under α = 2 load case obtains 

better stability and withstand higher buckling load when compared to rest of 

NUE loads because of addition stiffness gained by the tensile force.  

 It is noted that minute increase in WGNP of GNPs results in a significant 

increase of the stiffness parameter of rectangular FG-GRC plate, as an 

outcome it leads to a increase in buckling load and natural frequencies.  

 The distribution pattern of GNPs for a given fraction of GNPs has a huge 

impact on the stiffness parameter of the rectangular FG-GRC plate.  

 It is noted that the FG-GRCC pattern shows the superior buckling and free 

vibration characteristics when compared to the other cases due to the enhanced 

bending stiffness associated with FG-GRCC pattern. 

7.2.3. Vibro-acoustic studies of FG-GRC plate 

From the analytical investigation carried out on vibro-acoustic behavior of FG-GRC 

plate under the influence of non-uniform uniaxial edge loads.  

 The FG-GRC plate having a/b=0.5, buckles with (1,1) mode for all the load 

cases. However, when a/b = 1.25, the plate buckles with (1,1) mode for all 

cases, except for α=2 case for which it buckles with (2,1) mode. Hence, higher 

the aspect ratio (a/b), the FG-GRC plate buckles at higher modal indices for α 

= 2 case when compared to the rest of NUE loads. 

 In sound radiation characteristics, the influences of non-uniform compressive 

load have significant reduction of sound power level of approximately 30 dB 

level at 0.99Pcr of fundamental peak when compared to the no-load condition, 

and slight decrease in the amplitude of fundamental frequency peak for the 0.5 

Pcr due to the stiffness interference of the structure.  
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 In sound radiation efficiency, no significant variation has been observed 

concerning the variation in NUE load. But in overall sound power level plot, it 

indicates when load fraction increases the overall SWL also increased with 

increase of buckling load fraction. 

 It is evident from the isotropic studies, for FG-GRC plates same trend has 

been observed in change of dB level in the stiffness region compared to the 

damping and mass regions. Also, GNPs grading and weight fraction has 

significant influence in sound transmission loss characteristics. 

 It is observed that the FG-GRCC with WGNP = 0.6% proven to be a superior 

grading pattern in FG-GRC plate, by obtaining high stiffness and less dB level 

emitted by the fundamental mode compared to the rest of the grading and 

weight percentage of GNPs.  

7.2.4. Vibro-acoustic study of porous FG-GRC plate 

From the analytical investigation carried out on vibro-acoustic behavior of porous 

FG-GRC plate under the influence of non-uniform uniaxial edge loads. 

 It is evident from the previous study on vibro-acoustic characteristics of FG-

GRC plate, that both GNPs grading and weight fraction factors has a 

significant influence in enhancing stiffness of the porous FG-GRC plate, by 

shifting the frequency peaks towards the higher frequency value and reduces 

the sound power level emitted by the fundamental mode.  

 Whereas both porosity distribution/coefficients act as a reducing stiffness 

effect, by shifting the frequency peak towards the lower frequency value and a 

slight increase in power level emitted by the fundamental mode.  

 No significant effects of NUE loads and porosity factor observed in the sound 

radiation efficiency, but in OWSL plot it has significant effect in low 

frequency bandwidths when compared to mid and higher octave frequency 

bandwidths.  

 FG-GRCC of WGNP = 0.6% with VPC porosity distribution obtains superior 

case with high stiffness strength then the UP and VPS porosity distribution, 

when compared to non-porous FG-GRC plate. 
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7.3. Scope for Future Research 

The present work focuses on the influence of non-uniform uniaxial edge loads on the 

vibro-acoustic characteristics of flat isotropic/porous functionally graded graphene 

reinforced nanocomposites under simply supported boundary conditions. In future this 

work can be extended to carry out  

 The vibro-acoustic characteristics of isotropic/porous FG-graphene reinforced 

nanocomposites under different non-uniform biaxial/shear edge loads and 

boundary conditions.   

 Experimental investigation on vibro-acoustic characteristics of 

isotropic/porous FG-graphene reinforced nanocomposites under different 

NUE loads.  

 Vibro-acoustic behavior of skew isotropic/ FG-graphene reinforced 

nanocomposites under different NUE loads. 
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Appendix A. Different Coefficients of [K] and [M] are given as 
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