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A mathematical model for spiral wound Reverse Osmosis membrane module is presented in this work. The
model incorporates spatial variations of pressure, flow and solute concentration in the feed channel and
uniform conditions of pressure in the permeate channel. Assuming solution–diffusion model to be valid,
explicit analytical equations were derived for spatial variations of pressure, flow, solvent flux and solute
concentration on the feed channel side of the module. Analytical procedures for estimation of model
parameters were presented. Graphical linear fit methods were developed for estimation of parameters Aw
(solvent transport coefficient), Bs (solute transport coefficient) and b (feed channel friction parameter). The
mass transfer coefficient k was assumed to vary along the length of the feed channel with varying conditions
of flow, solute concentration and pressure. Explicit analytical equations for estimation of mass transfer
coefficient were presented. In this paper (Part I), theoretical studies on development of mathematical model
and methods for estimation of model parameters are presented.
In Part II of this paper series [1], Studies on validation of this model with experimental data are presented.
The studies cover experimental work on a spiral wound RO module with an organic compound namely
chlorophenol as a solute.
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1. Introduction

Application of Reverse Osmosis (RO) membranes in the treatment
of wastewater has grown rapidly over the past 30 years [2–6]. This has
resulted in a global rise in the market for ROmembrane technology in
water and wastewater treatment and an increased interest in the
development of cost effective design strategies that are needed for the
optimal performance of RO systems. Development of appropriate
mathematical models that adequately describe the performance of RO
systems is very crucial for the optimal economic design of RO pro-
cesses. More specifically, the models that can predict the performance
of the RO systems under various operating conditions are essential for
the economic planning and design of these systems for the treatment
of waste water.

Industrial RO units are commonly available in three basic modular
designs, namely plate and frame module, hollow-fiber module and
spiral woundmodule [7–9]. Of these three modular designs, the spiral
wound module is widely used due to high packaging density, mode-
rate fouling resistance and lower capital and operating costs. In this
work, development of mathematical models applicable to spiral
wound RO modules is considered.

Any model that describes the behavior of complete spiral wound
RO module requires three sub-models: one which describes the flow
on the feed side of the module, the second one which describes the
flow on the permeate side of the module and the third one which
characterizes the separative properties of the membrane. Separative
properties of the membrane are characterized by certain parameters
that describe the relative transport of solute and solvent through
membranes. Although there is a substantial amount of research work
reported in the literature on the modeling of separative properties of
the RO membranes, only a few models describing the performance of
complete RO module have been developed.

More recently,Marriot et al., [10] have reported a general approach
for modeling membrane modules in which they presented model
equations that are applicable to both hollow fiber and spiral wound
modules. Models for describing the performance of membrane
modules are broadly classified as ‘Approximate Analytical Models’ that
typically assume average conditions on either side of the membrane
and ‘Rigorous Numerical Models’ that account for spatial variations in
fluid properties throughout the module. Analytical Models are useful
for simple design calculations, where as Numerical Models are used for
more accurate simulation studies.

K.K. Sirkar et al., [11] have developed simple analytical design equa-
tions to calculate channel length and average permeate concentration
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for spiral wound RO modules. In this work, pressure drop in feed and
permeate channels were neglected and linear approximation for
concentration polarization term eJv/k was assumed. Gupta et al., [12]
have developed analytical design equations by neglecting pressure
drops and assuming the mass transfer coefficient k to be a constant
throughout the channel length. Further, the membrane was assumed
to be a high rejection membrane. Ignoring the pressure drop in both
channels as well as the increase in feed concentrations along the
membrane, F. Evangelista and G. Jonsson [13] and F. Evangelista [14]
have developed explicit analytical equations for water flux and tested
these equations for dilute solutions. All these analytical solutions
mentioned above are based on assumptions of average and uniform
fluid conditions in feed and permeate channels. S. Avlontis et al.,
[15,16] have proposed an analytical solution for the spiral wound RO
modules, which is the only analytical model reported in the literature
that accounts for spatial variations in pressure, velocity and
concentration in both the feed and permeate channels. This analytical
model assumes constant value for mass transfer coefficient along the
membrane and a linear approximation for the concentration polari-
zation term eJv/k .

A number of rigorous models requiring numerical solutions are
proposed in the literature [17,18] for spiral wound RO modules. M.
Ben Bouldinar et al., [19] have developed a mathematical model
taking into account the spatial variations of concentration, pressure
and flow rates in feed and permeate channels and solved the model
equations using finite difference methods. Evangelista and Johnson
[18] have proposed a mathematical model using a three parameter
model for membrane transport and developed a numerical procedure
to solve the resulting nonlinear partial differential equations. Senthil
Murugan et al. [20] have presented amodel using Spiegler and Kedem
model equations for membrane transport and solved the model
equations by numerical method.

Any mathematical model can be regarded as reliable and
practically significant only after it is validated with the experimental
data. Also, validation of a mathematical model with the experimental
data will lead to estimation of model parameters. Most of the model
validation studies reported in the literature for spiral wound RO
modules are primarily on validation of models with salt water
desalination data. With an increasing trend in the application of spiral
wound RO modules for treatment of waste water, studies on
validation of mathematical models with experimental data on waste
water contaminated with organic solutes gain importance. Not many
investigations on validation of models with waste water data have
been reported in the literature for spiral wound RO membrane
modules.

This paper presents a new analytical model that yields explicit
equations for spatial variations of pressure, fluid velocity and solute
concentration on the feed channel side of the spiral wound RO
module. As the fluid flow in the permeate side is much lower than
the flow in the feed channel side, the pressure is assumed to be
uniform in the permeate side. In this work, the mass transfer coef-
ficient k is assumed to vary along the channel length of the module
with varying fluid properties. Unlike the other analytical model
reported by S. Avlontis et al., [15,16], the present work does not
assume a linear approximation for concentration polarization term
e Jv/k . Further, the analytical equations derived in this paper are
rearranged to give a new graphical method for the estimation of
model parameters.

This paper series is written in two parts with the ‘Theoretical
Studies’ covered in Part I and the ‘Experimental Work’ presented in
Part II [1] of the paper. Development of analytical model equations
and the graphical methods for estimation of model parameters are
presented in Part I of the paper. In Part II [1], experimental studies on
the removal of chlorophenol in a spiral wound RO module and the
validation of model equations using the experimental data are
reported.
2. Model development

A complete model for the spiral wound ROmodule is developed by
combining the ‘membrane transport equations’ that describe the solute
and solvent flux through the membranes with the ‘conservation and
flow equations’ that describe the flow of material through the feed and
the permeate channels of the module.

2.1. Membrane transport equations

The solution–diffusion model [21] is assumed to be valid for the
transport of solvent and solute through the membrane. According to
this model, solvent flux Jv and solute flux Js through themembrane are
expressed by the following equations

JV = AWðΔP−ΔΠÞ ð1Þ

JS = BSðCb−CpÞ ð2Þ

where AW is the solvent transport coefficient, BS is the solute transport
coefficient. The transmembrane pressure ΔP, which is the difference
in pressures across the membrane, is defined as

ΔP = ðPb−PPÞ ð3Þ

where Pb and Pp are the pressures on the retentate side and permeate
side of the membrane respectively. The osmotic pressure difference
Δπ across the membrane is given by the Vant hoff's relation as

ΔΠ = γTðCb−CpÞ ð4Þ

where γ is the gas law constant, T is the temperature, Cb and Cp are
solute concentrations on the retentate side and permeate side of the
membrane respectively. As the volumetric flux of solute is much lower
than the volumetric flux of solvent, the following equation holds good

JS = Jv⋅Cp: ð5Þ

Concentration polarization [22] is the phenomenon in which the
solute gets accumulated on the surface of the membrane causing
substantial reduction in the rejection coefficient of the membrane.
Accounting for the effect of concentration polarization, the concen-
tration of solute at the membrane wall CW is related to the bulk solute
concentration Cb on the retentate side and the solute concentration Cp

on the permeate side by the following relationship

CW−Cp

Cb−Cp
= e

Jv
k

� �
ð6Þ

where k is themass transfer coefficient that characterizes the diffusive
transport of solute through the boundary layer adjacent to the
membrane. Taking the effect of concentration polarization, the
equations for ΔΠ and Js are written in terms of CW as follows

ΔΠ = γTðCW−CpÞ ð7Þ

JS = BSðCW−CpÞ: ð8Þ

Substituting Eq. (7) for ΔΠ in Eq. (1), we get

Jv = AW½ΔP−γTðCW−CpÞ�: ð9Þ

Substituting Eq. (8) for (CW−Cp) in Eq. (9), we get

Jv = AW½ΔP−γT
BS

JS�: ð10Þ
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Writing Js as the product of Jv and Cp, Eq. (10) is written as

Jv = AW½ΔP− γ
BS

TCpJv�: ð11Þ

Rearranging the above equation, the solvent flux Jv is written as

Jv =
AW⋅ΔP

1 + AWγ
BS

ÞTCp:
� ð12Þ

The preceding equation shows that the solvent flux Jv through the
membrane at any position depends only on the values of transmem-
brane pressureΔP and permeate concentration Cp. Although the effect
of concentration polarization on the solvent flux is not expressed
explicitly in this equation, its effect is implicit in the calculation of Cp

value using Eq. (13) given below

Cp =
Cb

1 +
Jv=Bs

e Jv =k

#
:

" ð13Þ

The preceding equation is derived by combining the Eqs. (6), (8)
and (5).

2.2. Conservation and flow equations

The variation of fluid properties (flow, pressure and solute
concentration) from one end of the module to the other end is
described by writing the conservation and flow equations across the
feed and permeate channels of the whole module. An appropriate
description of the module geometry and dimensions is necessary to
define the spatial coordinates for the conservation equations. A spiral
woundmodule of length ‘L’ and diameter ‘D’ has a rectangular piece of
membrane wound into ‘n’ number of turns. When the membrane in
the spiral wound module is unwound, it assumes the shape of a
rectangular piece shown in Fig. 1.
Fig. 1. Unwound configuration of spiral
On one side of the membrane is the feed channel of thickness tf
and on the other side is the permeate channel of thickness tp. Feed
solution enters one end of the feed channel and comes out of the other
end as reject solution. The solvent and the solute permeate through
the membrane and gets collected in the permeate channel. One end of
the permeate channel is sealed and through the other end which is
open, the permeate flows out into a central duct. The flow of fluid is
along the X-coordinate in the feed channel and along the Y-coordinate
in the permeate channel.

The width of the feed channel ‘W’ is calculated using the equation

W = 2π nD� n n� 1ð Þ tf + tp
� �� �

: ð14Þ

The cross-sectional areas of feed channel Af and permeate channel Ap

are

Af = tfW ð15Þ

Ap = tPL ð16Þ

and the membrane area Am is

Am = L⋅W: ð17Þ

The following assumptions are made regarding the spatial
variations of flow, solute concentration and pressure in the feed and
permeate channels.

1. No gradients of fluid velocity, solute concentration and pressure
exist in the Z direction.

2. On the feed channel side, the fluid velocity u, fluid pressure Pb and
the solute concentration Cb vary only in the direction of fluid flow,
i.e. only in X direction and not in Y direction

Atx = 0;

uðxÞ = Fi
Af

; PbðxÞ = Pi; CbðxÞ = Ci

ð18Þ
wound reverse osmosis membrane.
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Atx = L;

uðxÞ = Fo
Af

; PbðxÞ = Po; CbðxÞ = Co:
ð19Þ

Here Fi, Pi and Ci are respectively the volumetric flow rate, pressure
and solute concentration at the feed channel inlet and Fo, Po and Co
are respectively the volumetric flow rate, pressure and solute
concentration at the feed channel outlet.

3. As flow in the permeate channel is much lower than the flow in the
feed channel, the pressure drop in the permeate channel is neglec-
ted leading to the assumption of uniform pressure Pp in the per-
meate channel.

4. On the permeate side, the fluid velocity up and permeate concen-
tration Cp are assumed to vary along the spatial coordinates X and
Y. As the permeate channel is sealed at one end (y=0)

At y = 0; up x; yð Þ = 0: ð20Þ

5. As the solution–diffusion model is assumed to be valid for the
transport of solvent and solute through the membrane, the Eq. (12)
derived for solvent flux Jv and the Eq. (5) for solute flux Js are
applicable at each andevery locationon the surface of themembrane.
Jv and Js also vary along X and Y co-ordinates as they are functions of
transmembrane pressure ΔP and permeate concentration Cp.

Taking total mass balance and solute balance across a small section
in the feed channel of the module, we get

duðxÞ
dx

= − Jv
tf

ð21Þ

d
dx

ðuðxÞ:CbðxÞÞ = − Jv
tf
Cpðx; yÞ: ð22Þ

Similarly, total mass balance and solute balance across a small
section in the permeate channel of the module gives

∂upðx; yÞ
∂y =

Jv
tp

ð23Þ

∂
∂y ðupðx; yÞ⋅Cpðx; yÞÞ =

Jv
tP
Cpðx; yÞ: ð24Þ

Applying product rule of differentiation, Eq. (24) can be written as

upðx; yÞ⋅
∂
∂y ðCpðx; yÞÞ + Cpðx; yÞ⋅

∂
∂yupðx; yÞ =

Jv
tp

⋅Cpðx; yÞ: ð25Þ

Substituting Eq. (23) for ∂up
∂y ðx; yÞ in Eq. (25), we have

∂Cpðx; yÞ
∂y = 0: ð26Þ

The preceding equation implies that Cp does not vary in Y direction
and may be considered to vary only along X direction, i.e. Cp(x,y)=
Cp(x). This combinedwith the fact that the transmembrane pressure
ΔP in Eq. (12) is only a function of x implies that the solvent flux Jv
varies only in X direction and not in Y direction, i.e. Jv(x,y)=Jv(x).
Integrating Eq. (23) and taking up(x,y)=0 at y=0, we get

upðx; yÞ =
JvðxÞ
tp

y: ð27Þ

The volumetric flow rate of permeate FP(x) in the central permeate
collection tube (y=W) at a distance x from the feed inlet is given by

FpðxÞ = tp ∫
x

0
upðx;WÞdx: ð28Þ
Substituting Eq. (27) for uP(x,W) in Eq. (28), we get

FpðxÞ = W ∫
x

0
JvðxÞdx: ð29Þ

The volumetric flow rate of fluid F(x) in the feed channel at a
distance x from the feed inlet is

F xð Þ = Af u xð Þ: ð30Þ

Substituting Eq. (30) for u(x) in Eqs. (21) and (22) and taking
Af=W tf, we have

dFðxÞ
dx

= −W⋅Jv xð Þ ð31Þ

d
dx

ðFðxÞ⋅CbðxÞÞ = −WJvðxÞ⋅CpðxÞ: ð32Þ

Combining Eq. (31) and (32), we get

d
dx

ðFðxÞ⋅CbðxÞÞ = CpðxÞ
dFðxÞ
dx

: ð33Þ

Taking total mass balance and solute balance between the feed
inlet position (x=0) and a position at distance x from the inlet of the
module, we have

Fi = FðxÞ + FpðxÞ ð34Þ

Fi:Ci = FðxÞ⋅CbðxÞ + FpðxÞ⋅CpðxÞ: ð35Þ

Taking derivatives with respect to x on both sides of the Eqs. (34)
and (35), we get

dFðxÞ
dx

= −
dFpðxÞ
dx

ð36Þ

d
dx

ðFðxÞ⋅CbðxÞÞ = − d
dx

ðFpðxÞ⋅CpðxÞÞ: ð37Þ

Combining Eqs. (33), (36) and (37) and applying product rule of
differentiation, we get

d
dx

ðCpðxÞÞ = 0: ð38Þ

The preceding equation implies that the permeate concentration
Cp does not vary in Y direction either. So the solute concentration is
uniform in the permeate channel and can be taken as a constant.
Although we assumed initially the permeate concentration to be
varying in both X and Y directions, we have actually shown by solving
the balance equations that the Cp value is indeed uniform in the
permeate channel. This is as a result of assuming uniform pressure Pp
in the permeate side. With Cp and Pp taking constant values in the
permeate channel and the values of Cb, Pb and F varying along X
direction in the feed channel, the spiral wound RO module can be
schematically represented by a simplified diagram shown in Fig. 2.

Taking Eq. (12) to be applicable at every position on the surface of
the membrane, The solvent flux Jv (x) through the membrane at a
distance x from the feed channel inlet is proportional to the local
transmembrane pressure ΔP(x)

JvðxÞ =
AW⋅ΔPðxÞ

1 + AWγ
BS

� �
TCp

ð39Þ



Fig. 2. Schematic representation of spiral wound reverse osmosis membrane module depicting spatial variations.
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and transmembrane pressure ΔP(x) is

ΔP xð Þ = Pb xð Þ–Pp ð40Þ

where Pb(x) is the fluid pressure on the feed channel side at a distance
x from the inlet. As the fluid flows through the feed channel, its
pressure reduces fromPi at inlet to Po at outlet. This pressure loss in the
feed channel is due to wall friction as well as due to the drag caused by
flow past internals. Assuming the Darcy's law to be applicable, the

pressure gradient
dpb xð Þ
dx

in the feed channel at a distance x from the

inlet is proportional to the volumetric flow rate F(x)

dpb xð Þ
dx

= � bF xð Þ ð41Þ

where the proportionality constant b is the feed channel friction
parameter, which is determined experimentally.

Taking derivative with respect to x on both sides of Eq. (31),

d2FðxÞ
dx2

¼ �W
dJvðxÞ
dx

: ð42Þ

Taking derivative of Jv(x) with respect to x in Eq. (39) and
combining it with Eq. (40), we have

dJv xð Þ
dx

=
AW⋅

1 + AWγ
BS

� �
TCp

dPbðxÞ
dx

: ð43Þ

Substituting Eq. (43) for
dJvðxÞ
dx

in Eq. (42) and combining it with
Eq. (41), we get

d2FðxÞ
dx2

¼ WbAw

ð1þ Awð γ
Bs
ÞTCpÞ

" #
FðxÞ ð44Þ

Defining a dimensionless term t as

t¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
WbAw

ð1þ Awð γ
Bs
ÞTCpÞ

s
ð45Þ

and writing the Eq. (44) in terms of this dimensionless term, we have

d2FðxÞ
dx2

=
t2

L2
F xð Þ: ð46Þ

The preceding second order differential equation, with the
boundary conditions for fluid flow rates defined at feed channel
inlet and outlet,

at x = 0; F xð Þ = Fi ð47Þ
at x = L; F xð Þ = Fo ð48Þ

is solved to obtain an explicit analytical equation to calculate the feed
channel fluid flow rate F(x) at a distance x from the feed inlet

F xð Þ = Fosinh tx
L + Fisinht 1− x

L

� �
sinht

: ð49Þ

Rearranging the Equation (31) and writing the solvent flux Jv(x) as

a function of gradient of flow rate
dF xð Þ
dx

,

Jv xð Þ = − 1
W

dF xð Þ
dx

ð50Þ

and substituting in this equation the derivative with respect to x of
F(x), we obtain an equation for solute flux Jv(x)

Jv xð Þ = t
Am sinh t

Fi cosh t 1−x
L

� �
−Fo cosh

tx
L

	 

: ð51Þ

Substituting the preceding equation for Jv(x) in Eq. (29), an
expression for F(x) is obtained

F xð Þ = Fi−
1

sinh t
Fi sinh t 1−x

L

� �
+ Fo sinh

tx
L

	 

: ð52Þ

Substituting F(x) from Eq. (49) in Eq. (41), we get an equation for
pressure gradient

dPb xð Þ
dx

=
−b
sinht

Fosinh
tx
L

+ Fisinht 1−x
L

� �	 

ð53Þ

which on integration yields an expression for pressure profile Pb(x)

Pb xð Þ = Pi−
bL

t sinh t
Fo cosh

tx
L
−1

� �
−Fi cosht 1− x

L

� �
−cosht

� �	 

:

ð54Þ

Substituting in the above equation, the boundary condition for
pressure at the feed channel outlet

at x = L; Pb xð Þ = Po ð55Þ

an expression for the outlet pressure Po is obtained

Po¼ Pi−
bL

t sinh t
Fi + Foð Þ cosht−1

� �� �
: ð56Þ
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Introducing the dimensionless parameter ϕ in Eq. (39), the
equation for Jv(x) is written as

Jv xð Þ = t2

L2bW
ΔP ð57Þ

where

ΔP ¼ Pb xð Þ−Pp: ð58Þ

Substituting in Eq. (57), Jv(x) from Eq. (51) and Pb(x) from Eq.
(54), we get

ΔPi =
bL

tsinht
Ficosht−Fo
� � ð59Þ

where

ΔPi = Pi−PP: ð60Þ

An expression for solute concentration Cb(x) in the feed channel is
derived by solving the balance Eq. (34) and (35).

CbðxÞ = Cp +
FiðCi−CpÞ

FðxÞ ð61Þ

In this section, analytical equations have been derived to calculate
the profiles of Flow F(x) (Eq. (49)), Solvent flux Jv(x) (Eq. (51)),
Pressure Pb(x) (Eq. (54)) and Solute concentration Cb(x) (Eq. (61)) in
the feed channel of the spiral wound RO module. All these equations
are functions of dimensionless parameter t (Eq. (45)), which in turn is
a function of permeate concentration Cp. The value of Cp is strongly
influenced by concentration polarizationwhose effect is characterized
by mass transfer coefficient ‘k’ as shown in the equation given below

Cp =
Cb xð Þ

1 +
Jv ðxÞ=Bs
e Jv xð Þ = k

	 
 : ð62Þ

The preceding equation is rearranged to get an expression for the
mass transfer coefficient k

k ¼ Jv xð Þ

ln Jv xð Þ
Bs

Cp

Cb xð Þ−Cp

 !" # : ð63Þ

It is evident from this equation that the mass transfer coefficient k
varies along the feed channel length with varying conditions of fluid
pressure, flow and solute concentration.

3. Estimation of model parameters

Reliability of any mathematical model in predicting the system
behavior depends largely on accuracy of the values of model
parameters. Appropriate estimation of parameter values is crucial
for the effective use of a mathematical model as an analytical tool.
Parameters of any model are usually estimated by matching the
experimental data with model predictions. This is done either by
using a rigorous least square optimization technique or by a graphical
method of linear fit. The graphical method of parameter estimation is
possible only if the model equations can be expressed in the form of a
linear fit. As the model equations for the spiral wound RO module are
solved and written in an analytical form, an attempt has been made in
this work to develop graphical procedures for the estimation of model
parameters.

The analytical model developed in the preceding section (Sec-
tion 2) for the spiral wound RO modules has four parameters namely
solvent transport coefficient AW, solute transport coefficient BS, mass
transfer coefficient k and the feed channel fluid friction parameter b.
The parameters AW and BS that characterize the transport of solvent
and solute through the membranes are intrinsic properties of the
membrane material and solvent and solute molecules. The parameter
b that accounts for pressure loss due to friction in the feed channel
depends onmodule dimensions and geometry. Graphical methods are
developed in this work for the estimation of these three parameters
AW, BS and b.

Unlike these three parameters, the other parameter namely the
mass transfer coefficient k is strongly influenced by operating
conditions such as flow. The mass transfer coefficient k characterizes
the transfer of solutes in the concentration polarization layer of RO
membranes. Usually, k is estimated using standard correlations
[23,24] for mass transfer coefficient reported for flow through tubes.
A method for estimation of k from the experimental data is presented
in this work.

Experimental data required for estimation of model parameters
are generally obtained by conducting suitable experiments on a spiral
wound RO module with solutions containing a specific chemical
compound. In these experiments, the operating parameters namely
feed flow Fi, feed pressure Pi and feed concentration Ci are varied over
a range of values and the readings of reject flow Fo, reject con-
centration Co, outlet pressure Po and permeate concentration Cp are
recorded. In the part II of this paper series, details of the experimental
studies carried out will be reported.

3.1. Estimation of parameters AW, BS and b

A graphical procedure for the estimation of parameters AW, BS and
b is developed in this section by deriving necessary equations. The
pressure drop (Pi−Po) on the feed channel side derived from Eq. (56)
is

Pi−Po =
bL

tsinht
Fi + Foð Þ cosht−1

� �� � ð64Þ

The transmembrane pressure (Pi−Pp) at the feed inlet derived
from Eq. (59) is

Pi−Pp =
bL

tsinht
Ficosht−Fo
� �

: ð65Þ

Define a dimensionless term β as the ratio of pressure drop (Pi−Po)
on the feed channel side to the transmembrane pressure (Pi−Pp) at the
feed inlet

β� Pi−Po
Pi−Pp

: ð66Þ

Combining Eqs. (64), (65) and (66), we have

β =
Fiþ Foð Þ⋅ cosht−1

� �
Ficosht�Fo

: ð67Þ

Rearranging the preceding equation, we get an expression for the
calculation of dimensionless parameter t as a function of measured
readings of Fi, Fo, Pi and Po

t = cosh−1 Fi + Foð Þβ:Fo
Fi + Foð ÞβFi

	 

: ð68Þ
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Taking the definition of t given in Eq. (45) and rearranging the
terms in this equation, we get

1

t2
γ

L2WbBs

� �
TCp +

1
L2WbAw
� � : ð69Þ

This equation represents a straight line fit on the plot of
1

t
2 vs T Cp

(Fig. 3) with slope S1 and Intercept I1.

S1 =
γ

L2WbBs

� �
ð70Þ

Il =
1

L2WbAw

� �
: ð71Þ

Similarly, it is implied from Eq. (64) that a plot of (Pi−Po) vs .
L

t sinht Fi + Foð Þ cosht−1
� �� �

(Fig. 4) is a straight line passing through
origin with slope S2 equal to b

S2 = b: ð72Þ

These two plots shown in Figs. 3 and 4 are drawn using the
experimental readings of Fi, Fo, Pi, Po, T and Cp. The slopes and inter-
cepts S1, I1 and S2 of the best linear fits matching the experimental
data points are calculated by the method of least squares. The values
of parameters AW, BS and b are estimated by solving the Eq. (70), (71)
and (72). Details of experimental studies and the estimation of values
of AW, BS and b using the experimental data are reported in Part II of
this paper series [1].

3.2. Estimation of mass transfer coefficient, k

The parameter k is the mass transfer coefficient, which is usually
estimated using standard correlations reported for estimation of mass
transfer coefficients for flow through tubes or rectangular channels
[23–27]. The correlations used for the estimation of k are of the
standard form

Sh = p ReqScr ð73Þ

where Sh is the Sherwood number (Sh=kde/DA), Re is the Reynolds
number (Re=deuρ /μ) and Sc is the Schmidt number (Sc=μ /ρDA).
These correlations establish the dependence of mass transfer
coefficient on the fluid dynamics and solute/solvent characteristics.
Correlations of this form are generally used for calculation of k in
concentration polarization layers of RO membranes. Critical reviews
Fig. 3. Plot of
1

t2
vs TCp for estimation of Aw and Bs.
have been reported [23] on the factors that need to be considered
in adapting the standard correlations for mass transfer in concentra-
tion polarization layers. Most of the reports [20,26,28] on validation
of standard mass transfer correlations for RO membranes are con-
fined to seawater desalination data and no report on validation of
these correlations for solutes other than salt has been found in the
literature.

Application of standard correlations for the estimation of mass
transfer coefficients for RO membranes have been severely criticized
[16,29,30]. According to standard correlations of the form represented
by Eq. (73), the mass transfer coefficient k is essentially influenced by
fluid velocity and solute/solvent properties. However, a number of
experiments reported in the literature [15,16,31] show that factors
like solvent flux, pressure and solute concentrations apart from fluid
velocity and solute/solvent properties also affect mass transfer
coefficient k. In any convective mass transfer process, the mass
transfer takes place by diffusion of solutes in boundary layer, while in
membrane process, solute transport in concentration polarization
layer occurs not only by convection but also by advection. The effect of
advection on concentration polarization can at times be more
significant than diffusion. The standard correlations account only for
the effect of diffusive transport of solute on mass transfer coefficient
but fail to take into consideration the effect of advective transport.
When the advective transport of solutes is also taken into account, the
actual mass transfer coefficient k, unlike the one estimated using
standard correlations, could possibly be influenced by a number of
factors in addition to fluid velocity and solute/solvent properties [32].

An attempt is made in this work to establish from experimental
data if the mass transfer coefficient k is influenced by factors other
than fluid velocity, solute and solvent properties. Hence, the method
developed here for estimation of mass transfer coefficient assumes
the value of k to be varying from one end of the module to the other
end with varying conditions of fluid velocity, pressure and solute
concentration along the feed channel length. Rewriting the Eq. (63),
themass transfer coefficient at a distance x from the feed inlet is given
by

k xð Þ =
Jv xð Þ

ln Jv xð Þ
BS

Cp

Cb xð Þ−Cp

� �	 
 : ð74Þ

As the conditions of flow, pressure and solute concentration at the
inlet (x=0) and outlet (x=L) ends of the module are measured, the
values of mass transfer coefficients at these two ends of the module
are estimated using these measured data.

At module inlet (x=0), the mass transfer coefficient ki is

ki =
Jv 0ð Þ

ln Jv oð Þ
BS

Cp

Ci−Cp

 !" # ð75Þ

where

Jvð0Þ =
AW:ΔPi

1 + AWγ
BS

� �
TCp

ð76Þ

ΔPi = Pi−Pp: ð77Þ

At module outlet (x=L), the mass transfer coefficient ko is

ko =
Jv Lð Þ

ln Jv Lð Þ
BS

Cp

Co−Cp

 !" # ð78Þ



Fig. 4. Plot of (Pi−Po) vs L
t sinh t Fi + Foð Þ cosh t−1

� �� �
for estimation of b.
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where

JvðLÞ =
AW⋅ΔPo

1 + ð AWγ
BS

ÞTCp

ð79Þ

ΔPo = Po−Pp: ð80Þ

The mass transfer coefficients are estimated at the inlet and outlet
ends of the spiral wound RO module by making use of the estimated
values of membrane transport parameters AW, BS and experimental
readings of Pi, Ci, Fi, Po, Co, Fo, T and Cp in Eqs. (75)–(80). A correlation
analysis of the estimated values of k will establish the influence of
various factors on mass transfer coefficient. The experimental studies
and the estimation of mass transfer coefficient are reported in Part II
of this paper series [1].

4. Conclusions

Amathematical model was developed for spiral wound ROmodule
assuming spatial variations of pressure, flow rate, and solute
concentration in the feed channel and uniform condition of pressure
in the permeate channel. Validity of the solution–diffusion model
with concentration polarization was assumed for transport of solvent
and solute through the membrane. As a result of these assumptions, it
was shown in this work that the permeate concentration Cp would
assume a uniform value in the permeate channel (Eq. (38)). Explicit
analytical equations were derived for prediction of spatial variations
of pressure, flow rate, solvent flux and solute concentration in the feed
channel.

The model has four parameters namely solvent transport coeffi-
cient AW, solute transport coefficient BS, feed channel friction
parameter b and the mass transfer coefficient k. Procedures for
estimation of these model parameters were presented in this work.
Explicit equations were derived for estimation of parameters AW, BS
and b by the method of linear graphical fit. The mass transfer
coefficient k is assumed to vary from one end to the other end of the
module with varying conditions of flow, pressure and solute concen-
tration in the feed channel. Explicit equations for the estimation of k
were derived.

Theoretical studies on the development of mathematical model
and the methods for estimation of model parameters are presented in
Part I of this paper and in the continuation of this paper series in Part II
[1], the experimental work on the validation of the mathematical
model and estimation of model parameters are presented.

Symbols

Af feed channel area (m2)
Am membrane area (m2)
Ap permeate channel area (m2)
Aw solvent transport coefficient (m/atm∙s)
b feed channel friction parameter (atm∙s/m4)
Bs solute transport coefficient(m/s)
Cb concentration of solute in the feed channel (kmole/m3)
Ci concentration of solute in the feed (kmole/m3)
Co concentration of solute in the retentate (kmole/m3)
Cp concentration of solute in the permeate (kmole/m3)
Cw concentration of solute at the membrane wall (kmole/m3)
Fi feed flow rate (m3/s)
Fp permeate flow rate (m3/s)
Fo retentate flow rate (m3/s)
Js solute flux (kmole of solute/m2 s)
Jv solvent flux (m/s)
k mass transfer coefficient (m/s)
ki mass transfer coefficient at the inlet (m/s)
ko mass transfer coefficient at the outlet (m/s)
L RO module length (m)
D module diameter(m)
DA diffusivity (m2/s)
de equivalent diameter of feed channel (m)
n number of turns in the spiral wound module
Pb pressure in the feed channel (atm)
Pi PRESSURE at the feed channel inlet (atm)
Po pressure at the feed channel outlet (atm)
Pp pressure in the permeate channel (atm)
p coefficient appearing in Eq. (73)
q exponent of Reynolds number appearing in Eq. (73)
r exponent of Schmidt number appearing in Eq. (73)
Re Reynolds number
Sh Sherwood number
Sc Schmidt number
tf feed spacer thickness, m
tP permeate channel thickness, m

image of Fig.�4
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T temperature (K)
u fluid velocity in feed channel (m/s)
up fluid velocity in permeate channel (m/s)
W RO module width (m)
x axial position in feed channel
y axial position in permeate channel
X, Y,Z Cartesian co-ordinates
Greek symbols

β a dimensionless parameter, defined in Eq. (66)
Δ difference across the membrane
ΔP transmembrane pressure(atm)
Δ П difference in osmotic pressures across the membrane (atm)
ϕ dimensionless term defined in Eq. (45)
γ gas law constant γ ¼ R;0:0820 atmm3

oKkmol

� �
μ viscosity (kg/ms)
П osmotic pressure (atm)
ρ density (kg/m3)
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